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Preface

Preface

Preface

This polycopy is intended for first-year students in the Science and Technology field
under the LMD system. The manuscript covers the syllabus of the Mathematics 11
module, which is dedicated to the second semester program. This course includes
numerous typical examples and exercises with solutions.

The syllabus of Mathematics II for the second semester consists of five chapters

as follows:

Chapter 1: primitive and integrals
Chapter 2: Differential equations
Chapter 3: Matrices and Determinants
Chapter 4: Systems of linear equations

Chapter 5: Functions of several variables
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Chapter 1

primitive and integrals

Introduction

This chapter primarily focuses on the technical aspects of integral calculus. Its aim
is to present the main techniques for computing primitive and definite integrals. All

functions considered here are real-valued functions of a single real variable.

1.1 Indefinite integrals (primitive)

Definition 1.1.1. Let f : I — R be a function defined on an interval I C R. A
function F' : I — R is called primitive of f on I if it is differentiable and satisfies:

F'(z) = f(z), Vzel.

The notation [ f(x)dx represents an indefinite integral of f, and denotes the set
of all primitive of f:
/f(x)dx:F(x)—l—c, ceR.

Example 1.1.1. Consider the function f(x) = 423 — 32% + 2z + 3. An primitive of
fis:
F(z) = 2" —2* + 2* + 3.

Thus, the general form of all primitive of f is:
/(4:1:3—3x2+2x+3)da::x4—x3+x2+3w+c, c€eR.
Example 1.1.2. The function f(x) = cos(2x) has the primitive:

F(z) = ;sin(Qx),
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so the general solution is:

Remark 1.1.1. The primitive of a function if it exists is not unique.
If F is an primitive of f, then all other primitive of f are of the form F(z) + c,

1
/cos(2x) dr = 5 sin(2z) +¢, ceR.

where ¢ is a constant.

Example 1.1.3. Let f(z) = 4z + 3. Then, the following are all primitive of f:

Proposition 1.1.1. Let F' and G be primitive of functions f and g on an interval

F(r) =22*+3z, G(r)=22%+3z+1,

I. Then:

1

2

o

E N

In case general,if f be a continuous function on I we have :

. fatdr =

J(f +9)(x) de = F(x) + G(x)

S )(x) de = AF(x) A eER,

J(JG + Fg)(x) dr = (F - G)(x),

S %@) dr = (g) (x), provided G(x) # 0.

.1 Primitives of usual functions

. Jadr=ax+c, a€eR,

xn+1
n+1

+ec, n#-—1,
Jtdz =Inl|z|+c,

= v+

[sin(x) dz = — cos(x) + ¢,

[ cos(z) dx = sin(z) + ¢,

1 _
| 1552 dz = arctanz + ¢,

: fﬁdw =arcsinz +¢, |z] <Ll

fﬁdx =arccosx +¢, |z| <1

H(z) =22 +3z+2,...
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fn+1

L [fxfrde="-7+c n#-1,

2. ff—/dlen|f|+c,

3. J f+c
vt
4. [sin(az +b)dz = —Lcos(az +b) +¢, a#0,

5. [cos(ax + b)dv = Lsin(az +b) +¢, a#0,

6. foQ dr = arctan(f) + ¢,

7.fﬁdx:arcsin(f)+c, |f] < 1.
—f' —

8.fﬁd:c—arccos(f)+c, Ifl <1

1.2 Techniques for calculate primitive

1.2.1 Integration by Parts

The first method for computing primitive is known as integration by parts, which

is based on the product rule for derivatives.

Proposition 1.2.1. Let U(z) and V (x) be two functions of class C* on [a,b]. Then:

/ﬁmwmmmzw@w@—/wawxdx

Proof. We start from the derivative of a product:

U@V (@) = U@V (@) + UV ().

Integrating both sides:

/vwwmmmzw@w@—/wmwxdx

Example 1.2.1. Let’s calculate the primitive /xe“” dz.
We set:

Ulx)=z, =U'(r)=1,
Viz)=¢€", =V(z)=

Then:

/xemdx:xem—/l-ezdx:xem—ex—f—c:(m—l)ez—kc.

7
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Remark 1.2.1. This method is especially useful for integrals of the forms:
/P(x) sin x dz, /P(x) cos x d, /P(x)e‘”’ dx, /P(x) Inxdz.

/P(x) arccos(x)dz, /P(x) arcsin(x)dz, /P(x) arctan(z)dz,

Such that P(z) is polynomial.

1.2.2 Integration by Substitution (Change of Variable)

Another technique for finding primitive is based on the chain rule for derivatives.
Substitution Rule. If a direct computation of [ f(x)dz is difficult, one may
perform a change of variable by letting x = ¢(t), where g is differentiable. Then:

de=g()dt = [ f@)de= [ fg)g'(t)dt.

Remark 1.2.2. The success of this technique depends on selecting an appropriate

substitution that simplifies the integral. The process involves three main steps:

1. Choose a suitable substitution t = g(x).
2. Ezpress dx in terms of dt using dx = ¢'(t) dt.

3. Rewrite and compute the new integral, adjusting limits if the integral is definite.

Example 1.2.2. Let’s calculate the primitive /(x —1)°dx.
Lett=x—1, sodt =dx. Then:

1 1
/(m—1)5dx:/t5dt:6t6+c:6(x—1)6+c.

Example 1.2.3. Let’s calculate the primitive /sinB(x) cos(z) dx.

Lett =cosx, so dt = —sinxdr = dxr = —Sicrlltz. Then:

/sinB(:c) cos(x) dx = —/sin2(x) ctdt = — /(1 —tHtdt = — /(t —t3) dt.

1 1 1 1
=— <2t2 — 4t4> +c=— <2 cos® () — 1 cos4(:1:)) +c.
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1.3 Calculation of integrals

Integration of Rational Functions

Rational functions (ratios of polynomials) can often be integrated using the method
of partial fraction decomposition. This reduces the integral to a combination of

simpler types, such as:

/1d:,; /de
(z+a)r 22+pr+q

where a,b,p,q,a € R, and n € N*.

(a) Polynomial Integration

When the integrand is a polynomial P(z), integrate term by term:

P(z) = ap2™ + ap12™ '+ -+ ayx + ag,

/P(m) dr =

Ap, Ay — a
7xn+1+71xn+...+ix2+aox+c-
n+1 n 2

(b) Integrals of the Form [ w%a dx

1
/ de =In|z+a| +c.
T+ o

(c) Integrals of the Form [ m dx, with n # 1

1 1
/(x+a)"dx X (z+ ) 1_n(:v+oz) +c

(d) Integrals of the Form [ x;f};iq dx

If the denominator can be factored into real roots «, 3, decompose:

ar +b ar +b A B

:L*2—|—px—|—q:(x—oz)(3:—ﬂ)_x—&+x—ﬁ’

and integrate each term separately:

: b
/md$:Aln|x—a|+Bln|x—ﬁ|—l—c.
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1
Example 1.3.1. Compute /ﬁdx
x —_
We use the decomposition.:

o 1 1
2—1 2@x-1) 2@+1)
s0: . . )
/xz_ldx: §1n|x—1| —§ln|x+1|+c.
Integration of Rational Functions with a Double Root in the Denom-
inator

To compute an integral of the form:

/

where P(z) is a polynomial of degree 1 and Q(x) is a polynomial of degree 2 with

P(z)
Q) "

a double root (i.e., A = 0), follow these steps:

1. Factor the denominator:

b
Q(z) = a(z — 29)*> where x5 = —5.

2. Use the substitution:

t=x—x9 = x=t4+x
3. Express the integral in terms of ¢:

K/‘ $)dm::./mfxt_%1b)ch

B(
Q(x) at?
4. Simplify and integrate using elementary rules:

11 1
S \dt=lt|l+-+C
/(t t2> ntf 5+

5. Return to the original variable z.

Example 1.3.2. Evaluate the integral:

/ z+1 d
—  dx
2?2+ 4z +4

We have : 2® + 4x + 4 = (v + 2)?

10
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Lett=x+2=2x=1t—2, so

z+1 (t_2)+1dt: t—1.,
(z +2)? t2 2
Xz

11 1
S )dt=Inlt|+-
/(t t2> nfff+3+0¢

after replace t by x + 2:

Then

r+1 1
———dr =1 2| + ——
/(x+2)2 r=Inl|zx+ H—x_i_z—i-C

If the denominator has no real roots, complete the square:

2 2
o= 2)'+ (%)

pose a = £ and f = (¢ — %) then 22 + pxr + q¢ = (v — a)? + B2 after use the

substitution:
r—a =Bt then dr = Bdt. and (x — a)* + % = [*(t* + 1)

The integral becomes a sum of:
ar +b ar +b

x2+px+c: (x — a)? 4 52

= . = [MENdt =M - 5In(t* + 1) + N -arctant + c.

Tz +4
E le 1.3.3. C t /7d )
xample ompute PR P T

Complete the square: x*+2x+5 = (z+1)>+4, and set x+1 = 2t, so dx = 2dt.

Then:
r+4 2t + 3 1 2t 3 1
-2dt:—/7dt —/7dt
/x2+2x+5 /4 2J) t2+1 +2 241

1 3 1 242 5 3 1
=3 In(t? 4 1) + 5 arctan(t) + ¢ = 5 In <x+4x+> + 3 arctan <$~2|—> +ec.

Integration of Expressions Involving Exponentials

To compute integrals of the form [ P(z)e** dx, where P(z) is a polynomial and

a € R, one can either:

o Use repeated integration by parts (if the degree of P is small),

11
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e Or assume a solution of the form Q(x)e**, where deg(Q) = deg(P), and

determine () using undetermined coefficients.

Example 1.3.4. Compute the integral:
/(59[:2 + 3z —1)e"dx
We know that an integral of the form:
/ P(z)e® dx
where P(x) is a polynomial, can be written as:
(az® + b + c)e”

We aim to find constants a,b,c € R such that:

d
. ((a:v2 +bx + c)e”) = (52® + 3x — 1)e”

Using the product rule:

dd ((ax2 + bz + c)ea”) = (ax2 + bx + c)/ e + (az® + bx + c)e”
T

= (2az + b)e* + (az”® + bx + c)e”
= (az2 + (2a+b)z+ (b+ c)) e’
We compare with the original integrand:

(522 + 31 — 1)e”

So by identifying terms:

a:
2a +b=3
b+c=-1

Solve the system:

From the first equation: a =5

Substitute into the second: 2(5) +b=3=10+b=3=0b= -7
Substitute into the third: —7+c=—-1=c=06

Final Result is :

/(’c')x2 + 3z — 1)e" dv = (52 — Tx + 6)e” + C

12
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1.3.1 Integration of Trigonometric Functions
Integration of Trigonometric Powers

To integrate expressions like [ cos? zsin?xdx, where p,q € N, use the following

rules:

Case 1: p is odd. Extract one cosine and express the rest in terms of sine:
/ cos® ! xsin? x dr = /(1 — sin® x)¥ sin? z cos x du.

Use the substitution ¢ = sin x.

Case 2: ¢ is odd. Extract one sine and express the rest in terms of cosine:
/ cos? xsin®* ™ g da = /cosp z(1 — cos® x)*sin x dz.

Use the substitution ¢t = cos x.

Case 3: p and ¢ both even. Use double-angle identities or the substitution

t = tan g, which converts all sine and cosine terms to rational expressions in ¢:

_ 2t 1—¢2 2
siny = ——, cosxr=-——, dr=-—=dt.
1+t2 142 14 ¢2
And we can use the identities:
1— 2 1 2
sin?(z) = cos( :c)’ cos?(z) = + cos(2x)
2 2
Example 1.3.5. case 1
We consider the integral:
/6083(x) sin®(z) dx

Since the power of cosine is odd, we can write:
cos®(z) = cos(x)(1 — sin?(z))
Then the integral becomes:
/0053(x) sin?(z) do = /cos(x)(l — sin®(z)) sin®(z) dz

Let:
t =sin(z) = dt =cos(z)dx

13
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Then:

/cos(m)(l — sin®(z)) sin®(z) do = /(1 — )t dt
Sitmplify:

/(1—t2)t2dt:/(t2—t4)dt:/t2dt—/t4dt
Compute:

Return to variable x: _ 3( ) in% ()
sin®(x sin®(x
— C
3 5 *

Then

/cosg(x) sin®(z) dr = - +C

case 2 We consider the integral:
/COS2(I> sin®(z) dx
Rewrite sin®(x) = sin(z)(1 — cos?(x)), so:
/cosz(a:)(l — cos?(x)) sin(z) dx

Let t = cos(z), dt = —sin(x)dzx, we get:

—/tz(l—tQ)dt:—/(tQ—t‘*)dt:—(t;—t55>+C

Back-substitute:
_cos’(z)  cos®(x)

2 . 3 _
/COS (x)sin’(z) dx = 3 3 +C

Case 3We consider the integral:
/COSQ<£L‘) sin®(z) dx

Use identities:

cos? () sin’ (z) = (1 +C(;s(2x)> (1 - 0(2)8(230)> _1- czsz(zx)

1+cos(4z) 1—cos®*(2x) 1 1 + cos(4x) 1 1—cos(4z) 1 — cos(4x)
2(2x) = = (1-——7) =" =
cos™(22) > 4 1 2 VR S
Then:
_ 1 — cos(4x) 1
2 2 = _— = — 1 — 4 - =
/COS (x) sin*(x) dz / 3 dx 3 /( cos(4x)) dx 3 39 +C

2 .2 _T_
/cos (x) sin”(z) dx 3 35 +C

14
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Products of Trigonometric Functions with Different Angles

Use product-to-sum identities to simplify expressions such as:

cos(aux) cos(fx), sin(ax)cos(fzx), sin(ax)sin(fz).

[cos((ev + B)z) + cos((a = B)a)],
[sin((ev + B)z) + sin((er — B)x)],
sin(ax) sin(fz) = = [cos((a — f)x) — cos((a + 5)x)].

cos(aur) cos(fx) =

sin(au) cos(fz) =

N RN~ =

Example 1.3.6.

1 1 1
/008(595) cos(z) dr = 5 / cos(6x) + cos(4x) dx = D sin(6x) + 3 sin(4z) + c.

1.4 The Definite Integral

Definition 1.4.1. If F' is an primitive of a continuous function f on the interval

[a,b], then:
/a flz)da = F(b) — F(a).

This result emphasizes the importance of knowing the primitive of a function

when computing definite integrals.

Remark 1.4.1. There is a fundamental distinction between indefinite and definite

integrals:

o [ f(z)dz: an indefinite integral, represents a family of functions (the primi-

tive of f).

b
. / f(x)dz: a definite integral, represents a real number (the net area under
a

the curve between x = a and x = b).

o If f is differentiable on [a,b], then:
[ 5y de = £6) - (o)

Example 1.4.1. Compute the definite integral:

1 1 .10 1
/ 22 dr = {x?’} = —.
0 3 lo 3

15
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Basic Properties of the Definite Integral

Let f and g be integrable functions on [a,b], and let A € R. Then:

—_

. f+g9, fg, \f, and |f| are all integrable on |[a, b].

/ab[f(l’)-i-g(x)] dxz/abf(x) dm—i—/abg(x) dx

3. Reversal of limits:

2. Linearity:

/abf(:c)dx: —/baf(ac)dx.

4. Scalar multiplication:

/ab)\f(x)dxzk/abf(x)dx

5. Absolute value inequality:

‘/ z)dz| <

6. If f(xz) =0 for all = € [a, b], then:

[ #(wyde =

7. If f(z) < g(x) for all = € [a, b], then:

[ fwar< [ gt)ar

8. If n < f(zr) <mforall z € [a,b], then:

/ | (x)] d.

9. If n < f(z) <m and g(x) > 0 on [a,b], then:

n [ gwyir< [ f@gydr <m [ o) dr

Cauchy—Schwarz Inequality (Integral Form)

Proposition 1.4.1. Let f and g be integrable on |a,b]. Then:

(/abf(a:)g(x) dx>2 < </abf2(x) da:) </abg2<x> dx),

16
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1.5 Exercises on Integration Techniques

Exercise 01 Compute the following indefinite integral:

2

2

/x + du
r+1

Solution. We perform polynomial division:

x2 42 3
=z—1+
z+1 z+1

Thus:

2 2 3 2
/I+ dxz/(x—l—i— )dxzx—x+31n|x+1|+c
x+1 r+1 2

Exercise 02 Compute:
/ (xlnzx)dx

Solution. Use integration by parts. Let:

u=Inz :>du:%dx
2

dv = xdx :>v:%

Then:
2 2 q 2 2 2
/xlnxdx:%lnx—/%-gd:p:%lnx—/gdaﬂ:%lnx—%+c
Exercise 03 Compute:
/ eQz p
x
et +1

Solution. Let ¢t = ¢ + 1 = dt = e¢®dx, and note that e** = (e®)?.
So:

2z _12 2_2 1 1
/ ¢ dm:/(t ). _dt :/wdt:/(t—ﬂt)dt

e* +1 t t—1 t

t2 T 12
:2—2t+1n]t\+c:(e;—)—2(ex+1)—|—ln(6x+1)+c

1
/xz _4da:

Solution. Factor the denominator:

Exercise 04 Compute:

2 —4=(z—2)(z+2)

17
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Use partial fractions:

I A%_B N
22—4 x—2 T+2

Solve for A and B:

l1=A(z+2)+ B(z —2)

r=2=1=A4)+B(0)=>A=1
$:—2:>1:A(0)+B(—4):>B:_%
Therefore:
/ R S R P Y
e r = 1 nlx 1 n|z c
B 1 | T — 2‘ N
4 . T+ 2 ¢
Exercise 05 Evaluate: )
/ dx
1+e”
Solution. Let u =14 e* = du = e*dx
But dx = Cel—;‘ = %, S0:
1 1 ) o 1
/ —- du is messy. Better: try substitution u =
u u—1 1 + ez

Or use the trick:

1 e "

1+e® - 1+e®

, thenletu=1+¢"" du=—e"*dr

So:

e 1
/ ‘ dq::—/fdu:—lnll—i—e’ﬂ—i—c
u

1+ e =
Exercise 06 Evaluate:

/ sin® x dx
x = sinz(1 — cos? x)

Solution. Use identity: sin?

Let u = cosz = du = —sinxdx = —du = sin xdx

3 3
/sin3xdx = /Sin$(1_0052 r)dr = — /(1—u2)du = — (u - u) +e=— cosx—l—coz e

/elnxdx
1

18
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Solution. Use integration by parts:

{ulnx :>du:%dq;

dv=dr =v=ux

1 e
/lnxda::xlnx—/x~—dx:arlnx—x+c:>/ Inzdr =[zlnz — 2|

x 1

=(e-l—e)—(1-0-1)=(e—¢e)—(-1)=1

19
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Differential equations

Introduction

The laws of physics and mechanics, as well as many chemical, biological, and eco-
nomic phenomena, can often be reduced to finding functions whose derivatives sat-

isfy specific relationships.

2.1 Generalities

Definition 2.1.1. A differential equation is any equation involving an unknown

function y of a variable x and its derivatives of various orders:
F(z,y,y,....,y™) =0

where F' expresses a relationship between x, vy, and its derivatives.

The order of the differential equation is the order of the highest derivative ap-
pearing in the equation.

Such an equation is called an ordinary differential equation (ODE), as the un-

known function depends on a single variable.

Example 2.1.1. o '+ (y)®+2y =0 is a second-order differential equation.

x
o Y + xi—f:—yl = 0 is a first-order differential equation.

o 2%y + a2y + 2y* = 0 is a second-order differential equation.

"

o 2y + 2y + xe® =0 is a third-order differential equation.

20
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Definition 2.1.2. A solution (or integral) of a differential equation is a pair (I, f)

consisting of an interval I C R and a function f satisfying:
o f s k-times differentiable on I;
o forallz €I, F(z, f(z), f'(z),..., f®(x)) = 0.
The graph of a solution f is called an integral curve of the differential equation.

Remark 2.1.1. Solving (or integrating) a differential equation means finding all of

its solutions, when they exist.

2.2 Differential equations of the first order

2.2.1 Differential equations of separate variables

A 1% differential equation with separate variables is any equation of the form :

fw).y =g(x)

where f and g are two real functions defined and continuous on the intervals I and
J of R respectively.
Solving method: Let F' and G be two primitives of f and g respectively, we have

!/

fWy =g(x) < fly ) = g()

<:>/f dy—/g

F(y) = G(x) + ¢,

dy

where ¢ is a real constant.

Example 2.2.1. Solve the differential equation y = ysin(z).
Assume that y does not cancel, hence

/

y = ysin(z) <= LA sin(x)
Y

= /CZJ = /sin(x)dx

<= Inly| = — cos(z) + ¢, ceR
=y = e @ AeR.

21
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2.2.2 Homogeneous differential equations

Let f : I — R be a continuous function on I of R. A homogeneous differential
equation is any equation of the form

y = f(%)-

Solving method:

we use the change of unknown y = 22 =y = 2’z + 2. As a result

’ )

Yy :f(;)<:>z/x+z:f(z)
<:>z+xfl;:f(z)

< xdz = (f(2) — 2)dx

dz dz
@/x:/f(z)—z
<:>lna::/f<;§z_z+c ,ceR

i dz
1=\ f(z)—zj A eR.

dz
Then the solutions of equation defined by y = zz where z = \e flz) =z,

Example 2.2.2. Integrate the following equation
vy =y — .

For x # 0, equation is written asy = Y —1=f(Y).

let’s pose the change of variable y = 2o =y = 2'x + 2z, then

vy =y—r=x(Zr+2) =20 -z

=>zlx—|—z:z—1

— Zr=—1

d
:>/dz:— ax

x
= z=—Inlz|+c ,ceR.

but y = zx, so we conclate y = x(—In|z| + ¢).
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2.3 First-order linear differential equations

Definition 2.3.1. Let b(x) and f(x) be two continuous defferential functions on an
open interval I of R. A linear differential equation (LDE) of the first order is an
equation of the type

y +b(x)y = f(x) (E)
The associated homogeneous equation of (E) is
y +b(x)y =0
We also say equation without a second member.

Resolution method:

a) The homogeneous equation is an equation with separate variables.

— Inl|y| = —/b(x)dx—!—c
— Yy = e(—fb(a:)dx—l—c)
z)dz

=y = cle_fb( where c¢; € R

Then,the homogeneous solution is y, = cie” Jb@yde

b) The equation with second member:
If y, is a particular solution of y + b(z)y = f(x), then the general solution is

Yg = yh+yp-

Remark 2.3.1. To find y,, we use the method of variation of the constant and put
Yp = cl(x)e_fb(x)dx.

Example 2.3.1. Solve the linear differential equation y —y = e*.
e The homogeneous solution yp:

/ d
Y —y:0:>—y:d:v
)

= Inly|=2+c¢

=y, = c1e”, ¢ € R.
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o The particular solution y,:
by the method of variation of the constant, we pose y, = ¢1(v)e* = y; = ¢\ (z)e* +
c1(x)e”, then
y —y=e" — cll(:v)ex + c1(x)e” — cy(x)e” = e”
— ¢ (z) =1
= @) =v+4+c, ceR
=y, = (x + c2)e”.

Finally the general solution is y, = yp + yp = c1€” + (x + c2)e” = ze® + cze”.
Theorem 2.3.1. Cauchy-Lipschitz) For zo € I and yo € R, the equation (F)

admits a single solution of class C' at I such that y(xy) = yo-

2.3.1 Bernoulli’s differential equation

Let f,g be two continuous functions on an interval I and « a real with o # 0 and

a # 1. Bernoulli’s differential equation is an equation of the form

y + flx)y = gla)y™.

Solving method
If y#0,a# 1 and a # 0, divide the two members of equation by y®, then

2+ f@) L (@) =y Fa)y 0 = (o).

yal,l =yl = 2 = (1 — a)y~*y, then last equation becomes in z

We put z =

/

= T @)z =g(2)

1

which is a 15 order (LDFE). After calculate we deduce the solution (y = 2T-=)

Example 2.3.2. Integrate the Bernoulli’s equation

3y cos(z) — ysin(x) = .

We have

: 3y 1
3y cos(r) — ysin(z) = y* <= %s(x) — —sin(z) =1
Y Y
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1

we pose z = Iy

— 2 = —3y'y~*, then 2 cos(x) + zsin(z) = —1 ,is a (EDL).
Solution zy:
2 cos(x) + zsin(z) = 0 <= 2 = (—tan(z))z

<= Inz = In(cos(z)) + ¢

<z, = crcos(x), ¢ €R.
Solution z, : By the constant variation method, we put

z=¢)(z) cos(z) = 2 = ¢, () cos(x) — ¢1 () sin(x)

then
(cll (x) cos(x) — ¢ () sin(x)) cos(x) + ¢1(z) cos(z) sin(x) = —1
hence .
/ 2 -
c(x)cos™(x) = —1 <= ¢y (x) = / Mdm = —tan(x) + co,
consequently, the solution y, is
= ) cos(a) = () 4 1) cos(a) = —sinfa) + e cos(a)
2, = c1(x) cos(x) = cos(a) c2) cos(x) = —sin(z) + o cos(x).
hence
29 = 2 + 2zp = €1 cos(x) — sin(x) + ¢ cos(x) = —sin(z) + ¢ cos(z).

As z = y% ==y = 3\1/5, then the solution final is

1

= R.
y 3\/— sin(z)+cs cos(z) ’ €3 €

2.4 Second-order differential equations

Definition 2.4.1. A second-order differential equation is any relation of the form

F(x,y,y,y") = 0 between the variable x; the unknown function y; and its derivatives

/ "

Y,y

Example 2.4.1. y' +4y = 0 and 2y + 4y — 5y = 0 are 2"-order differential

equation.

25



chapter 02

2.4.1 Differential equations without y

Let be the differential equation of the form F(x,y',y") = 0. Let’s apply the change

of variable y" = z, hence
F(z,y,y)=0<= F(z,2,2) =0.

Example 2.4.2. Let the 2" order differential equation xy” + 2y = 0,
If we pose z =y = 2z =1, hence vz + 2z = 0; is a linear differential equation

of the 15 order, we will have

dz dx 1 1 e
—:—2/—:>lnz:ln—+c:>z:—:>y = =
z T x2 72 72

We conclude y = =+ + c3. where ¢1, ¢y € R.

2.4.2 Differential equation with constant coefficients

Definition 2.4.2. Let f a continuous function on an open interval I. A second-

order linear differential equation with constant coefficients is an equation of the form
ay +by +cy= f(x) (E)

Where a,b,c € R (a # 0).

The associated homogeneous equation of (E) is
ay +by +cy=0. (H.E)
it’s an equation without a second member.

Proposition 2.4.1. A general solution y, of (E) is y, = yn + Yp, where yp is a
solution of (H.E) and y, is particular solution of (E).

Resolution of the homogeneous equation (H.E)

Let’s look for solutions of equation (H.E) in the form y = € where r € R. So we

"

have y' = re’ and y' = r2e™. Then (H.E) become
ar® +br + ¢ = 0. (C.E)

Equation (C.E) is called the characteristic equation associated with (H.FE), and its
roots r1, 1 are called the characteristic values. There are three cases depending on

the sign of discriminant A = b*> — 4ac.
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1. If A > 0: the equation (C.E) has two distinct real roots r; # ro, and the
solution of (H.E) is

y(x) = c1e™* + coe™”.

2. If A = 0: the equation (C.E) has 1 double root r = ry = r, and the solution
of (H.E) is
y(z) = (qx + cp)e’™.

3. If A < 0: the equation (C.E) has two conjugate complex roots 1 = «a +
pi, re =« — [3i, and the solution of (H.E) is

y(x) = e (¢ cos(Br) + casin(fx)).
where c1,co € R.

Example 2.4.3. 3y — 4y’ + 3y = 0, the characteristic equation is r> — 4r +3 = 0
A =4=ry =1,ry = 3. The solutions is y(x) = c1e® + c23* with c;, ¢ € R.

Example 2.4.4. 3y + 2y 4+ y = 0, the characteristic equation is > 4+ 2r +1 = 0
A=0= 1 =ry=r=—1. The solutions is y(x) = (c1x + c3)e® with ¢y, cs € R.

Example 2.4.5. y  + 2y + 4y = 0, the characteristic equation is 7> + 2r +4 = 0
A=—-12=r = —1+3i,ry = —1 — /3i. The solutions is y(x) = (c; cos /3 +
cosiny/3z)e ™ with ¢y, c; € R.

Solving equations with second member Solving equations with second

member

Proposition 2.4.2. The general solution of (E) is the sum of the general solution
of (H.E) and a particular solution of (E). So yy = yn + yp.

Theorem 2.4.1. Cauchy-Lipschitz) For (yo,y:) € R?, the equation (F) admits
a single solution y at I such that y(xo) = yo and y (zo) = y1.

Finding a particular solution y,:
I) Constant variation method
If 41, y2 are two linearly independent solutions of the homogeneous equation (F.H),
we search a particular solution of (E) in the form y = c;y; + cays, where ¢; and ¢y

are two functions verifying

cy(x)yr + 0/2@)92 =0
(@)Y, + y(x)yy = f(ax)
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Example 2.4.6. Solve the differential equation:
y =3y +2y=¢" (2.1)

1) Fory" — 3y + 2y = 0, the associated characteristic equation is r> —3r +2 =0

where 11 = 1 and ry = 2 s0 yp = c1€% + cpe*®

2x

2) A particular solution y, is in the form y, = ci(z)e® + co(x)e*® where ¢i(z) and

co(x) are two functions which verify

{ ¢ (z)e” 4+ cy(z)e?* =0

cy(x)e® + 2cy(x)e*® = e®
By multiplying the first line by (2) and substract from the second lines, we obtain
¢ =—1=ci(z) = —x +c3

By substracting the second line from the first line, we obtain

’

=€ "= cr)=—e"+c

Then y, = (—x + c3)e” + (—e % + ¢4)e**
Finally yy, = yn + Yp-

IT) Method of Undetermined Coefficients: Case of f(z) = e’ P(z)
If the non homogeneous term is of the form e** P(x), where A € R and P(x) €

R]z], then we look for a particular solution of the form:
_ m Az
Yp = 2" e Q(x)
where Q(x) is a polynomial of the same degree as P(z), and:

o If X is not a root of the characteristic equation (C,E), then we set m = 0, i.e.,

Yp = eMQ@)-

o If X is a simple root of the characteristic equation (C,E), then m = 1, i.e.,
Yp = :L’e’\xQ(I).

o If X\ is a double root of the characteristic equation (C,E), then m = 2, i.e.,
Yp = xzeAzQ(l‘)'

Example 2.4.7. Solve the following differential equation:

y' — 4y +4y =62 —2x+ 1
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Then solve the following Cauchy problem:

1. Homogeneous Equation

We first solve the associated homogeneous equation:
' — 4y +4y =0
The characteristic equation is:
P —dr+4=0 & (r—20°=0

This gives a double root r = 2. Hence, the general solution of the homogeneous

equation is:
yn(r) = (A+ Bx)e*, A, BeR

2. Particular Solution

We now find a particular solution y,. The non homogeneous term is:
f(z) =62* =224+ 1 = (62% — 22 + 1)e™
Since a = 0 is not a root of the characteristic equation, we try:
yp(z) = ax® + bx + ¢

Then:
Yy, (r) = 2ax +b, y,(r) =2a

Substitute into the differential equation:
y" — 4y + 4y = 2a — 4(2ax + b) + 4(az® + bx + ¢)

= 2a — 8ax — 4b + 4az? + 4bzx + 4c
= dax® + (—8a + 4b)x + (2a — 4b + 4c)

We compare with the right-hand side: 6x* — 2x + 1 Matching coefficients:

3
4a:6:>a:§
—8a+4b:—2:>—12+4b:—2:>b:2

2a —4b+4c=1=3-10+4c=1=c=2
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Thus, the particular solution is:

3 5
yp(r) = 5372 +oet2

The general solution of the differential equation is:
3 5
y(l‘) = yh<x> + yp(x) = (A + Bx)eh + 51;2 + 51. +9

3. Solving the Cauchy Problem
Apply the initial conditions:

At x = 0 we have
y0)=A4+040+0+2=1=A=-1

after we have :
5
y'(x) = [(B)e* + (A + Bx) - 2¢™] + 3z + 5

:[B+2A+23$]62x+3$+g

then at x = 0: . .
ymp43+zm&+§:3+2A+§

5 1
0=B+2(-1)+; = B=—

Final we have the solution of the Cauchy problem is:

1 3 5
y(x) = <—1 - 23:) e + 5932 + 5T +2

Example 2.4.8. Solve the following differential equation:
y' =3y +2y=e"(z—1)
Then solve the Cauchy problem:

y(0) =2
—1

1. Homogeneous Equation We first solve the associated homogeneous equation:
y' =3y +2y=0
The characteristic equation is: > —3r+2=0 = (r—1)(r—-2)=0=1r =

1, ry =2 So the general solution of the homogeneous equation is:

yn(r) = Ae” + Be**, A, BER
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2. Particular Solution We now look for a particular solution y,. The non ho-
mogeneous term is: f(z) = (x — 1)e* = P(x)e®, where P(z) =z —1

Since o = 1 is a simple root of the characteristic equation, we take: y,(z) =
ze®(ax +b) Now compute derivatives:

y, = 4L [z(ax + b)e*] = [(2ax + b) + (aa® 4 bx)] e* = (az® + (2a + b)z + b)e” and
vy = “L(ax® + (2a+ b)z + b)e”] = (2ax + (2a + b) + ax® + (2a + b)x + b)e” =
(ax?® + (4a + b)x + (2a + 2b))e”

Now substitute into the differential equation: y, — 3y, + 2y, = f(x) Substitute

and collect terms:
[amz + (4da +b)z + (2a + 2b)}
—3 a2+ (2a+b)z+b] = [0+ (da+b— 6a— 3b+ 2b)z + (20 +2b — 3b)] €
+2 [axQ + bx]
Final expression becomes:

(—2a)r+ (2a—b)=x—1

Now match coefficients:

—2a=1=a=—=
20 —b=—-1=-1-b=-1=0b=0

1
So the particular solution is: y,(r) = xe”(—-x) = —§x26” So the general Solution

given by :
T 2x 1 2 x
y(z) = yp(x) + yp(z) = Ae” + Be™ — Jre
3. Apply Initial Conditions
y(0) = A+B =2 (1)y(v) = Ae"+2Be** —(2*+x)e” = ¢/(0) = A+2B-0=1 (2)

Solve system:
A+B=2
A+2B=1
Then the Final Solution is :
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If second member sous form f(z) = (P, (z) cos pz + Py(x)sin ox)
Let f(z) = (P (z) cos gz + Py(z)sin ¢x), where 8 € R and Py(x), Py(7) € Rx].
We search for a particular solution in the form:

o Yy, = e"(Q1(x) cos px + Qo(x) sin ), if B+ iy is not a root of the character-
istic equation.

o Yy, = 2" (Q1(z) cos px + Qo) sin ), if B+ iy is a root of the characteristic
equation.

In both cases, Q1 (x) and Q2 (z) are polynomials of degree n = max(deg Py, deg P»).

Example 2.4.9. Solve the differential equation: y" + 4y = cosx (1)

1. Homogeneous Equation The associated homogeneous equation is:
y' +4y=0 (2)

The characteristic equation is: > +4 =0 = r = +2i

Therefore, the general solution of the homogeneous equation is:
yp(z) = Acos2zx + Bsin2z, A, BeR

2. Particular Solution

We look for a particular solution y,(x). The forcing term is: f(x) = cosx

Since i is not a root of the characteristic equation r*> +4 = 0, we propose:
Yp(z) = hcosx + ksinx

Compute derivatives:

y,(r) = —hsinz + kcosx
y,(x) = —hcosz — ksinz

Substitute into the differential equation:
Yy, + 4y, = (—hcosz — ksinz) + 4(hcosx + ksinz) = (3hcosz + 3ksin z)

Set equal to f(x) = cosx, then identify coefficients:

3h=1=h=

Wl =

3hcosx + 3ksinx = cosx =
3k=0=%k=0
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So the particular solution is:

1
yp(x) = 3 CoS®

The general solution is:

1
y(x) :Ac052x+Bsin2x+§cosx with A, B € R

Example 2.4.10. Solve the differential equation: y"—21y'+2y = e* sin x (1)
1. Homogeneous Equation:

We first solve the associated homogeneous equation:
y' =2 +2y=0 (2)

The characteristic equation is: 1> —2r +2 =0

Solving:

=1=£1

2P a®) 24 VISE 24 v
B 2 B 2 2

So the general solution of the homogeneous equation is:
yn(x) = e“(Acosx + Bsinz), A, BeR

2. Particular Solution
The non homogeneous term is: f(x) = e*sinx
Since e* cosx and e”sinx are already part of the homogeneous solution (due to re-
peated complex root r =1+ i), we multiply by x to avoid duplication.
We propose: y,(x) = ze*(hcosx + ksinx)
Compute derivatives:

yy(x) = e*(hcosx + ksinx) 4 ze*[h(—sinz) + kcosz] + e”(hcosz + ksin x)

=e"(hcosz + ksinz) + xe”(—hsinz + kcosx) + e”(hcosz + ksin )
= 2¢"(hcosx + ksinx) + xe®(—hsinz + kcos x)

Now: By similar way calculate y;(x) Rather than ezpanding everything, we substitute
Yp, Yy, and y, into the left-hand side of equation (1), simplify, and match coefficients
with the right-hand side:

y' — 2y + 2y =e"sinx

After simplifying and comparing coefficients, we find:
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Thus, the particular solution is:

1
Yp(x) = e sine

The general solution of the differential equation is:

1
y(x) = e*(Acosx + Bsinx) + iazex sinz| where A, B € R

2.5 Principle of Superposition

Let y" + ay’ + by = f(z) we have :
If f(x) = fi(x) + fa(x), then a particular solution y, is given by:

Yp = Yp1 + Yp2
where y,,; is a particular solution of the equation:
y" +ay +by = fi(z)
and ypp is a particular solution of the equation:
y'+ay' +by = fo(z)

SO Yo = Yn + Yp1 + Yp2

Example 2.5.1. Solve the differential equation: 1" —5y' +6y = 237 +¢e** (1)

1. Associated Homogeneous Equation
y' =5y +6y=0 (2)

The characteristic equation is: * — 5r +6 = 0 (3)
Discriminant: A = (—5)* —4(1)(6) =1 Roots: 1y =2, ry=3

General solution of the homogeneous equation:
yn(xr) = Ae*™ + Be**, A BER

2. Finding a Particular Solution for (1)
Using the superposition principle, it suffices to find a particular solution of each
of the following:

y”—5y’+6y=263z (4)
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y// . 5y/ 4 6y — 6435 (5)
Particular Solution vy, of (4)
Let fi(z) = 2€3. Since 3 is a simple root of the characteristic equation, we try:
Yp1 () = Aze®”
Compute derivatives:
o1 (2) = Xe™ + 3hze™
Yo (2) = 6Xe™ + 9Nze™

Substitute into (4):
(6A*” + 9Aze®) — 5N 4 3Aze™) + 6Axe® = 23

APt =2e3 =\ =2

Thus,

i () = 206>

Particular Solution y,, of (5)

Let fo(x) = €. Since 4 is not a root of the characteristic equation, try:

Yp2 (z) = ke

Compute derivatives:
Yro(x) = 4ke™, ) (x) = 16ke™”

Substitute into (5):

1
16ke™™ — 20ke™™ + 6ke™ = % = 2ke™ = ¥ = |k = 5

Thus,
1
Yp2 () = 56436

Final we have the general Solution is

1
y(x) = yn(x) + yp () + ypa(x) = Ae®® 4+ Be®® 4 2xe3® + 564:5, A BeR
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Exercises

Exercise 1: Solve the following separable variable equations:

(a) v = 2%y

(b) v/ = y*sinx

Y
() y o241
1—y2

d) v =
() y 1+ 22

Exercise 2: Solve the following first-order linear equations:
(a) y +2y=e"
(b) ¥ =3y==
(¢) ¥ +ytanx =sinx
Exercise 3: Solve the following Bernoulli equations:
(@) ¥ +y=y
(b) ¥ —y=y’
(c) ¥ +ylnz = zy?

Exercise 4: Solve the following second-order linear differential equations with con-

stant coeflicients:
(a) ¥y +4y=0
(b) ¥" =2y +y=0
(€) y' =3y +2y=e
d) v/ +vy=cosz
(d) ¥ +y

(e) ' =2y +5y=¢€"
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Matrices and Determinants

Introduction

In mathematics, matrices are used to express the theoretical results of linear algebra
in terms of operational calculations. All disciplines that study linear phenomena use
matrices.

In this chapter, (K, +, -) denotes a commutative field, typically K = Ror K = C.

3.1 Basic Concepts of Matrices

3.1.1 Definitions and Notations

Definition 3.1.1. A matrixz with n rows and p columns and entries in K is an

object A consisting of np elements of K, written as:

aip Q2 -+ Qi o Glp

Q21 Q22 -+ Q25 -+ Q(gzp
A = (aij)icicni<j<p =

Aix Qg2 0 Qi ot Qgp

Ap1 Gp2 - Apj - Gpp

Here, 1 € {1,2,...,n} refers to rows and j € {1,2,...,p} refers to columns. The

element a;; is the entry in the i-th row and j-th column.
Notations:

1. The set of all n x p matrices with entries in K is denoted by M,, ,(K).
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2. If n = p, the matrix A is called a square matrix of order n, and the set of
such matrices is denoted M., (K).

3. The square matrix of order n with all diagonal entries equal to 1 and all off-

diagonal entries equal to 0 is called the identity matrix of order n, denoted

by I,:
0 --- 0
01 --- 0
I, = .
00 --- 1

4. For all (n,p) € (N*)? and for 1 <i < n, 1 < j < p, the matrix in M,, ,(K)
whose (i, 7)-th entry is 1 and all others are 0 is called an elementary matrix,
denoted by ;.

5. The matrix in which all elements are zero is called the zero matrix, denoted

by 0,,,(K).

Example 3.1.1. 1. General matriz in M,, ,(K):

9 _1 0
Let A = € Mss(R).
‘ (5 3 4) 23(R)

This is a matriz with 2 rows and 3 columns with real entries, so A € My 3(R).

2. Square matriz in M, (K):

Let B = ((1) 4) € Ms(R).

—2

This matriz is square of order 2 (2 rows and 2 columns), so it belongs to

M, (R).
3. Identity matrix I,:

The identity matrixz of order 3 is:

Is =

O O =
O = O
_ O O

This matriz satisfies [3A = Al = A for any A € M3(R).
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4. Elementary matriz LE;;:

Let Eyz € M34(R) be the matriz where the element in the 2nd row and 3rd

column is 1, and all other entries are 0:

0
Egg = 0
0

o O O
S = O
o O O

5. Zero matrix 0,,,(K):

The zero matriz in Ma3(R) is:

0 00
0o~ —
e (000)
Fvery entry in this matriz is zero.

3.1.2 Operations on Matrices

a) Equality of Two Matrices

Definition 3.1.2. Two matrices A = (a;;) € My p(K) and B = (b;;) € M, ,(K)

are said to be equal if and only if
Qjj Zbij Vi € {1,...,%}, \V/] € {1,...,]9}.

Note: Two matrices must be of the same size to be compared.

a=(12), B={! 2 a=5
3 4 3 4

b) Sum and Difference of Matrices

Example 3.1.2.

Definition 3.1.3. Let A = (a;), B = (bij) € M, ,(K). The sum A+B € M,, ,(K)
is defined by:
(A+ B)ij = ai; + by

for all i, 5. The difference A — B is defined similarly.
Necessary Condition: The matrices must have the same number of rows and
columns: A, B € M,, ,(K).
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Example 3.1.3.

A:13,B:27:>A+B:310
4 5 0 1 4 6
Non-example: If
1 2
O 3
4 5 6

then A+ C' is not defined because A € Msy and C' € Mygs.
c¢) Scalar Multiplication

Definition 3.1.4. Let A = (a;j) € M,,,(K), and A € K. The scalar multiplication
is defined as:
A = (/\aij) S Mmp(K)

Example 3.1.4. Let

I ., A=3=3A= 6 =3
0 3 0 9

d) Product of Two Matrices

Definition 3.1.5. Let A € M,, ,(K) and B € M, ,(K). The matriz product C =
AB e M, ,(K) is defined by:

p
Cik = Y aij - by
=1

Necessary Condition: The number of columns of A must equal the number
of rows of B, i.e., A:n X p, B:pXxaq.

A:12,B:01:>AB:21
3 4 10 4 3

Non-example: Let

Example 3.1.5.

and

1 2
D = e M

Then CD is not defined because the number of columns in C' (3) is not equal to the

number of rows in D (2).
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Proposition 3.1.1.  « Matriz multiplication is associative: A(BC) = (AB)C
o [t is distributive: A(B+ C) = AB + AC
o It is not commutative in general: AB # BA

Example 3.1.6.

A= (") o ("N ea= (P YY), Ba= (" ") 2 aB2BA
0 0 10 00 0 1

Invertible Matrices

Definition 3.1.6. Let A € M, (K). The matriz A is called invertible if and only
if there exists a matriz A~ € M, (K) such that:

AAT =AT1A=1,
In this case, A™' is called the inverse of A.

Example 3.1.7. Let

1 20
A=1[0 11
1 01
To find A=Y, we suppose:
1 T XT3
Al = Y Y2 Ys
Z1 k9 Z3
We impose the condition:
1 20 T1 To9 X3 1 00
AA71:[3:> 011 Y Yz Ys | — 010
1 01 Z1 k92 Z3 0 0 1
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This yields the system:

$1+2y1:1
To+ 2y, =0
x3+2y3:0
y1+21:O
Y2+ 20 =1
yz3+23 =0
$1+21:O
ZE2+22:O
$3+23:1
Solving gives:
1 -2 2
,zrl—1 1 1 -1
-3
-1 2 1

Proposition 3.1.2. Let A and B be two invertible matrices in M, (K). Then the
product AB is invertible and:

(AB) ' =pB1'A!
Proof. Let C = B~*A~!. Then:
(AB)C = A(BB YA ' = AL A = AA™ =1,
and similarly:
C(AB) =B 'A'AB=B"'I,B=B"'B=1,
Thus, C' = (AB)™ % O
Transpose of a Matrix

Definition 3.1.7. Let A = (a;;) € M, ,(K). The transpose of A, denoted AT (or
tA), is the matriz in M,,,(K) defined by:

AT = (az)
Example 3.1.8. Let
1 4 6 L2
= then AT =14 3
2 3 5
6 5
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Proposition 3.1.3. Let A,B e M, ,(K) and o € K. Then:
1. (AT =A
2. (aA)T = aAT
3. (A+ B)T = AT + BT
4. For Ae M, ,(K) and B € M, ,(K):
(AB)" = BT AT
5. If A is invertible, then:
(AT = (47)
6. rank(A) = rank(AT)
Symmetric and Antisymmetric Matrices

Definition 3.1.8. A square matriz A is called symmetric if:

AT = A
Example 3.1.9.
1 2 4
2 2 6
A= s symmetric
3 5 —
4 6 -1 3

Definition 3.1.9. A square matriz A is called antisymmetric if:
AT = —A
Triangular and Diagonal Matrices
Definition 3.1.10. Let A € M, (K).

1. A is upper triangular if:
Vi > g, Qi = 0
2. A is lower triangular if:

Vi < g, aijzo
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3. A is diagonal if:
Vi#j, ai;=0

Example 3.1.10. Upper triangular:

Lower triangular:

Diagonal:
1 00
A=1[0 2 0
0 0 3

Definition 3.1.11. The trace of a square matriz A = (a;;) € M, (K) is defined
as:

TI'(A) = Z (077
=1

3.2 Determinants

3.2.1 Computing Determinants

Definition 3.2.1 (Determinant of a square matrix). Let A = (a;;) be a square
matriz in M, (K). The determinant of A expanded along the i-th row is the scalar
defined by:

det A =" (=1)"*ay det Ay,
k=1

where A, is the matriz of order n — 1 obtained from A by removing the i-th row and
the k-th column.

Similarly, the determinant of A expanded along the j-th column is given by:

det A = Z(—l)k+jak]‘ det Akj'
k=1
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We also use the notation:

@11 Q12 -+ A1 Qin

Q21 Q22 -+ QA2; -+ Q2n
det

Qi1 Q2 Qg ottt Qi

n1 Ap2 *°+ Qpg - App

Remark 3.2.1. Determinants apply only to square matrices. The determinant of a

square matrix 1S unique.

Case of order 2 determinant: Let

A= (“” ‘“2) e My(K).

a21 A2
Then,
det A = i = 11022 — A21012.
Q21 Q22
Example 3.2.1.
3 4
—(3)(2) — ()(1) =6 —4=2
1 2
5 «

. =5-7T—4-a=35—4a.

Case of order 3 determinant: Let

@11 diz2 13
A: 921 Q929 Q923 EM?,(K)

a31 daz2 a33

Then,
a1; a2 ais
det A = a1 Q22 A23| .

az1 azz Gas3

First method: Expansion along the first row

Q22 A23 Q21 A23 a1 Q22

det A = (—1)1+1a11

+ (_1)1+2a12 + (_1)14-3&13

Q32 Aa33 a3y ass azy ass
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= a11(a220l33 - CL23CL32) - Cl12(61216133 - a23a31) + a13(a21a32 - Cl22a31)~

Second method: Expansion along the third column

Q21 A22 aix a2 ailr aig

detA = (—1)1+36L13 —|— (—1)2+3CL23 + (—1)3+3a33

a31 a3z az1 as2 a1 Q22

= 013(61216132 - a22a31) - a23(a11a32 - G12(131) + G33(&11&22 - (1126121)-

Example 3.2.2. Let

3 =78
A=|[-3 4 2
5 -1 1

Using the first row expansion:
detA=3-4-1-2-(-1)—(=7)-(-3-1—-2-5)4+8-(=3-(=1)—4-5)=209.
Using the third column expansion:
det A=8-(=3-(—=1)—4-5)—2-3-(=1)=(=7)-5)+1-(3-4—(=7)-(=3)) = 209.

Sarrus’ Rule (Order 3 only)

a11 Q13 Q13 ail G2 @13 G411 G12
(21 Q22 Q23| = |ag; Q99 Qo3 G2 G99

ds1 dsz 33 31 a3z ass ECL31 a32

= Q11022033 + Q12023031 + 13021032 — (31022013 — (32023011 — (33021G12.

Example 3.2.3 (Using Sarrus’ Rule). Let

2 -1 3
A= 0
-2 5 2
We compute det A using Sarrus’ Rule:
2 -1 3
detA=14 0 1/=2-0-24+(-1)-1-(-2)+3-4-5—(-2)-0-3—5-1-2—2-4-(—1)
-2 5 2

Compute step by step:
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Positive diagonals: 0, 2, 60

Negative diagonals: 0, 10, —8

= det A= (04+24+60)— (0+10—-8)=62—2=[60]
Proposition 3.2.1. Let A, B € M,(K), and a € K:
1. det [, =1,
2. det(aA) = a™det A,
3. det(AB) = det A - det B,
4. det(A™) = (det A)™, for m € N,
5. A is invertible < det A # 0, and det(A™") = 1,

6. det(*A) = det A,

7. The determinant of A remains unchanged if we add to a column a linear com-

bination of other columns,
8. det A = 0 if one column is zero,
9. det A = 0 if the columns (or rows) are linearly dependent,

10. If A is a lower or upper triangular matriz, then det A = [T, aj;.

3.2.2 Calculation of the Inverse of a Matrix Using the De-

terminant

The formula AA~! = I,, allows us to compute the inverse A~! of an invertible matrix

A. A more efficient formula uses cofactors.

Definition 3.2.2 (Cofactor). Let A = (a;;) € M, (K). The cofactor of the element

in position (i,7) in A, denoted by c;j, is given by:
cij = (=1)"™ det(Ay),

where A;j is the matriz of order n — 1 obtained from A by deleting the i-th row and

the j-th column.
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Definition 3.2.3 (Comatrix). The comatrix (or matriz of cofactors) of A, denoted

com(A), is the square matriz of order n defined as:

€11 C2 -+ Cin

Ca1 Co2 +++ Cop
com(A)=| e

Cn1 Cn2 " Cpp

where ¢;; is the cofactor of the element in position (i, 7).

Theorem 3.2.1. Let A = (a;;) € M, (K). Then:

-1 Ly,
= det(A) (com(4),

where t(com(A)) is the transpose of the comatriz.

Example 3.2.4. Let A € M5(R) be the matriz:
A= 24 .
1 3

det(A) = (2)(3) = (4)(1) =6 -4 =2 #0,

Calculate A=1 if it exists.
We have:

so A is invertible.

The comatriz of A is:

com(A) = (_i _;> : t(com(A)) = (_i) _;L> .

Thus:

Compute B™1, if it exists.

We first compute the determinant:
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2 2
1 2

3 2
1 2

2
) 3

det(B) = 2- .
et(B) L1

So B is invertible.

Now we compute each cofactor c;; = (—1)"+7 - det(B;;):

2 2 3 2 3 2
1 2 1 2 11
31 21 2 3 2 4
com(B):—12 Lol Tl =|1-5 3 1
4 -1 =5
3 1 2 1 2 3
2 2 3 2 3 2
Transpose the comatriz:
2 =5 4
1t(com(B)): -4 3 -1
1 1 -5
Thus:
2 5 4
1 L (2 A -7 7
B~ = HNeom(B))=—2|-4 3 -1|=|2 -2 1
det(B) ( ) 7 L - Toor I
B A B

3.3 Matrix associated with a linear application

3.3.1 Linear applications

We say that the application f: R™ — R™ is a linear application if:
V(X,Y) € (R")?, V(a, ) € R, we have

flaX +5Y) = af (X) + Bf(Y)

We can express any linear function f : R" — R™ as follows:

T 1,171 e +a1,n$n
L2

f : = ;11 + - +(Ii7]‘ZL‘j —+ -+ i T
I Q1T F oo +am nLn

= 2(4—2)—3(6—2)+1(3—2) = 4—12+41 = —7 £ 0.
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3.3.2 Associated matrix

Let E and F be two vector spaces of finite dimension n over the same field K. We
denote by B = {ey, - -, e,} a basis of E and B' = {fi,- - -, fn} a basis of F. Let
f: E — F be a linear mapping from F to F.

Definition 3.3.1. The matriz associated with the linear application f with respect
to the bases B,B' is the matriz MB’BI(f), whose columns represent the wvectors

f(er), -, f(en) expressed in the basis B'. It is written as

f(el) e e f(en)
11 - Airy o Qip f1
f2
MBB'(f)_ ;1 ; j Qjn ;
am71 .. am,j o .. am,n fm

Example 3.3.1. Let f be a linear application defined by
f:R?—R?
(2,y) — f(z,y) = (32 — 4y, 4o — dy, —3x + 2y)

Let B = {e; = (1,0),e2 = (0,1)} be the canonical basis of R? and
B = {fi = (1,0,0), f, = (0,1,0), fs = (0,0,1)} be the canonical basis of R>.
Determine the matriz My p(f), we have:

f(el) = f((l,O)) = (374’ _3) = (3’070) + (074’0) + (OvOa _3) =3fi+4f2—3f3

f(el) = f((()? 1)) = (_47 —4, 2) = (_47 0, 0) + (O’ —4, 0) + (07 0, 2) = _4f1 - 4f2 + 2f3
We conclude:
3 —4
MB,B'(f) =14 -4
-3 2

Definition 3.3.2 (Matrix Rank). The rank of a matriz A € M, ,(K), denoted
by rk(A), is the rank of the linear application f associated with a matriz A. It is
written as rk(A) = rk(f) .
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3.4 Change of basis, transition matrix

Let B ={e, -, ey} and B = {f1,---, f.} be two bases of the same vector space £
of dimension n.

Definition 3.4.1. The matriz of change of basis from the basis Bto the basis B’ is
called P, denoted as My p(idg), and it is written as

idp(er) =e1 =anfi+anfo+---- + a1 fn
idg(e2) = e = arnfi + asafo +---- - + anafrn
idg(en) = en = ainfi +aopfo+------ + ann fr
which gives
f(el) e e f(en)
a1 a9 e e Qg fl
a1 Qe - - Qg f2
P - azg
anp1 Ap2 - s App fn

Example 3.4.1. Let B = {ey, es,e3} be the canonical basis of R®. Let’s choose the
vectors of the basis B' = {€), ey, e5} defined by

!
61:61+€2+063
/
ey = Oep + €3 + €3

!
83:61+62—|—63

The transition matriz P from B to B’ is the matriz in Ms(K)

v

I
o =
—_ = O
S S —
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The matriz P~ will be the transition matriz from B to B, obtained by expressing

the basis vectors of B in B'. So:

1 1 0 1
er= 0| =e,+ B +mes =1 [ 1| +68 |1 +n |1
0 0 1 1
That is,
051+061—|—’}/1:1 06120
art+fi+mn=0 == {bh=-1
Oar +p1+m =0 =1
therefore,
e = —6/2 + e;.

In the same way, we calculate

0 1 0 1
e = |1 20[26/1+526,2+’}/26/3:O{1 L|+68 |1 +m |1
0 0 1 1
Finally, we get
e1=—¢y+eg 0 1 -1
er=¢€ +ey—ey =P l=[-1 1 0
e3 = —e’l + e;, =11

Diagonalization of a matrix: A square matrix A is said to be diagonalizable
over R if there exists a diagonal matrix D € M,,(K) and an invertible matrix P such
that: A= PDP~!aswellas D = P 'AP.

Exercise 01

Let the matrix

Answer the following:

1. calculate A+ B and A — B
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2. calculate AB

3. calculate the inverse of A, if it exists, using the definition AA™! =T

4. calculate det(A)

5. calculate A™! using the formula involving the determinant and comatrix

Solution

1. Addition:
2+1 2
A+ B— +1 3+ _ 3 5
1+0 4+1 1 5

2. Subtraction:

3. Multiplication:
2.1 . . .
AB — —1—3022—1—31:27
1-14+4-0 1-2+4-1 1 6

b
4. Inverse by definition: We check if there exists a matrix A=! = (a d) such

c
at g (23 [a by _ (10
1 4 c d 0 1

This gives the system:

that:

20 +3c=1

20+3d=0

a+4c=0

b+4d=1
Solving:
a:—4c:>2(—4c)—|—3c:1:>—80+SC:1:>—5c:1:>c:—;, a:;l
b=1-4d = 2(1-4d)+3d = 0 = 2—8d+3d = 0 = —5d = —2 = d = ? b=1-

So:
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5. Determinant:
det(A)=2-4-3-1=8-3=5

6. Inverse using determinant and comatrix:

Cofactors:

cofactor;; = det(4) =4, cofactor;s = —det(1l) = —1, cofactory; = —det(3) = —3, cofactc

Comatrix:
4 -1 4 -3
com(A) = ., Transpose: com(A)T =
(A4) (_3 2) D (A4) (_1 2)
Then:
1 14 -3 4 3
A_l — . A T J—— — 5 5
w3 (4 3)- (4 )
Exercise 02
Let the matrices:
1 2 3 2 01
A=101 4|, B=|1 2 1
5 6 0 010

Answer the following:
1. calculate A+ B and AB

2. calculate det(A)

3. Compute the inverse of A, if it exists, using the determinant and the comatrix

Solution
1. Addition:
1+2 240 341 3 2 4
A+B=|0+1 1+2 44+1|=1|1 3 5
5+0 641 040 5 7 0
2. Multiplication:
1-2+2-14+3-0 1-0+2-2+3-1 1-1+2-1+3-0 4 7 3
AB=10-2+1-1+4-0 0-0+1-2+4-1 0-1+1-14+4-0]=1 6 1
5-246-1+0-0 5:046-24+0-1 5-14+6-14+0-0 16 12 11
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3. Determinant of A:

1 4
6 0

0 4
5 0

01

det(A) =1-
et(4) -,

—9. +3.

= 1(1-0—4-6)—2(0-0—4-5)+3(0-6—1-5) = 1(—24)—2(—20)+3(—5) = —24+40—15 = 1

4. Inverse of A: Since det(A) =1 # 0, A is invertible.

To compute A~ = detl( 7y -com(A)T, we calculate the cofactor matrix (you may

expand all 9 cofactors similarly):

Cofactors of A :

1 4
6 0

0 4 01

cofj; = = —24, cofjy = — = —(—20) =20, cofi3= =-5
11 12 5 0 ( ) B=1 6

(Continue similarly for the remaining 6 cofactors...)

After computing all cofactors we get:

—-24 20 -5
com(A)=| 18 —15 4 | = A" =com(A4)"
5) -4 1
So:
—24 18 5)
At=120 -15 —4
-5 4 1
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Systems of linear equations

Introduction

Linear systems are fundamental in many fields due to their wide range of applica-
tions. They form the computational backbone of linear algebra and provide essential
tools for the study of finite-dimensional vector spaces. Therefore, this chapter begins
with an in-depth exploration of linear equations and methods for solving them.
Specifically, we will study and compare three standard techniques used to solve

linear systems:
e Cramer’s Rule,
e The Inverse Matrix Method,
o Gaussian Elimination.

Each method has its own advantages and is suited for particular types of problems.
Understanding these techniques is crucial for mastering the broader concepts of

linear algebra.
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4.1 General concepts

Definition 4.1.1. We call a system of linear equations with m equations in n un-

knowns a system of the form:

a1121 + @192 + - - -+ a1 Ty, = by

211 + Q29T + - - 4 A2, Ty, = by

(4.1)

Qm,121 + Qm,2T2 + -+ Amnln = bm

where the coefficients a; ; and b; are given, and the z; are unknowns in R or C.

Matrix notation Can be written in matrix form:

AX =B
where
a/171 “ e e e aLn 'xl bl
x b
A= Cx=|"7|,B=]|"
Am,1 Qm,n Tn bm
Example 4.1.1.
—r+4+2y—12z =14
3r+ Ty = -9
or —y —4z = —16
The associated matrix is:
-1 2 -12 x 14
A=13 7 0|, andX=|y|, and B=| -9
5 —1 —4 z —16
Then, we have
-1 2 =12\ [z 14
0 =1 -9
5 —1 -4 z —16
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4.2 Methods of solving a linear system

4.2.1 Solving systems using Cramer’s method

Let (S) be a square system, meaning its matrix A is square, with the matrix inter-
pretation: AX = B. If the matrix A is invertible, we can solve this system using

Cramer’s method.

We will denote by A; the matrix A of coefficients in which we have replaced the
i-th column with the matrix B.
The solution of the system, using Cramer’s method, yields
T, = )
det (A)

Example 4.2.1. Using Cramer’s method, solve

r—2y="7
3z +Hy =12

) e ()

Thus,
-2
Al: ! 5 A2: L7
12 5 3 12
and
7T =2 1 7
o det(A) 1251 59 Cdet(4y) 3 12] -9
Codet(A) ;] _o| 117 y= det (A) |1 _of 11
3 5 3 5

(x,y) = (%), I—f) is a unique solution to this system.

Example 4.2.2. Solve the following system
20 — 3y + 2 =10
—x—4y+3z =14
0T —y — 22 =12
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with Cramer’s method.

Let’s first identify the coefficients matriz:

2 -3
A=|-1 -4 3|,
5 —1 =2
and the matriz of constants:
10
B=114
12
We get
10 -3 1 2 10 1 2 =3 10
Air=114 -4 3|, A=]-1 14 3|, As=|-1 -4 14
12 -1 -2 5 12 =2 5 —1 12
thus
—4 3 14 3 14 —4
10 —(-3) 1
det (Ay) 1 -2 12 2| 12 -1
xr = =
det (A) —4 3 -1 3 -1 —4
2 — (-3) +1
-1 =2 5 —2 5 —1
10X 11 +3x (—64)+1x34 48 19
C2x114+3x(=13)+1x21 4 7
14 3 — 3 -1 14
— (10) 1
det (4y) 12 =2 -2 12
Y= det (4) 4
2% (—64) =10 x (=13) +1 x (—82) 80 90
B 4 o4 T
—4 14 -1 14 -1 —4
2 —(—3) + 10
det (45) |-1 12 5 12 5 —
T det (A) 4
_2x (=343 x (82 +10x (21) _ 104
B 4 T4

Therefore, (x,y,z) = (—12,—20,—26) is a unique solution to this system.
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4.2.2 Solving systems using the method of the inverse ma-
trix

Let (S) be a square system, with the matrix interpretation: AX = B.
If the matrix A is invertible, we can solve this system using the inverse matrix

method as follows:
AX =B<+<= X=A"'B

Example 4.2.3. Using the method of the inverse matriz, solve the following system.:

r+y+z =5
—r+3y+2z =2
20+ 2y + 2 =1
We have
1 5
A=|-1 3 2|, and B=|2
2 1

det A = —4, then A is invertible. Let’s calculate A~!

3 2 -1 2 -1
+ det —det +det s
2 1 2 1 2
11 11 1 1
Cof(A) = [ —det +det —det
2 1 2 1 2
11 1 1 1
+ det —det + det
3 2 -1 -1 3
-1 5 -8 -1 1 -1
Cof(A)=11 -1 0|, <= (Cof(A)'=|5 -1 -3
-1 -3 4 -8 0 4
Thus,
1 I -1 1 -1
-1 _ t_ _ = -1 —
A = detA(COf(A>) 1 5 1 -3
-8 0 4
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Therefore,
T ] -1 1 -1 5)
X=\y :A—lB:—Z 5 —1 -3]]2
z -8 0 4 1
. —1x5+1x2+(-1)x1 . —4 1
== |5x5 (=) x2+ (B x1|=—7| 20 | =|-5
—8x5+0x2+4x1 —36 9

So, (x,y,2) = (1,—5,9) is a unique solution to this system.

4.2.3 Solving systems using Gauss method

Elementary operations

Definition 4.2.1. Let (S) be a linear system of n equations, p unknowns, with co-
efficients in R. Let FEy, Es, - - -, E, be the equations of (S).

An elementary operation on the rows of (S) is defined as one of the following
operations:

o Multiply equation E; by a non-zero scalar .
This operation is denoted as: E; — aF;.

« Add to one of the equations E; a multiple of another equation Ej.
This operation is denoted as: E; — E; + BE;.

o Exchanging two equations E; and E;. This operation is denoted as: E; = Ej.

Proposition 4.2.1. An elementary row operation on the lines of (S) transforms the

system (S) into an equivalent system (S"), meaning it has exactly the same solutions

as (9).

Gaussian method

By a series of elementary operations, we transform the system (S) into an equivalent
system (S’) with an upper triangular matrix.
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Example 4.2.4.

Let’s solve this system

r+2y+3z+4t =11
2¢ + 3y + 4z +t =12
3r+4y+ 2+ 2t =13
dr+y+22z+3t=14

r4+2y+3z+4 =11
20 + 3y + 4z +t =12
3v+4y+2+2t =13
dr+y+2z+3t=14

EQ — E2 — 2E1
E3 — E3 —3F;
E,— E,—4F,

r+2y+3z2+4 =11
—y — 22— 1Tt =—10
—2y —8z—10t = -20 Es — FE3 —2F,
—T7y — 10z — 13t = —-30 Ey,— E,—TE,
r4+2y+3z2+4 =11
—y—2z—Tt =—10
—4z + 4t =0
4z + 36t =40 E,— E,+ E3
r+2y+3z+4 =11
—y—2z—Tt = —10
—4z + 4t =0
40t =40
t=1
z=t=1

y=—-2z—-Tt+10=1
r=11-2y+3z2+4 =2

Therefore, the system has a unique solution (2,1,1,1).
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Example 4.2.5.

Let’s solve this system

x+3y+52—2t—Tu

3r+y+z2—2t—u

20 —y — 3z + Tt + du

=3
=1
=2

3r—2y—52+Tt+8u =2

rT+3y+52—-2t—Tu =3
3x+y+2—2t—u =1 Ey, — Ey — 3E,
20 —y —3z+T7t+du =2 Eys — E3—2F,
3r —2y—5z+T7t+8u =2 E,— E,—3E;
r+3y+52—2t—Tu =3
—8y — 14z + 4t 4 20u = -8
—Ty—132+11t+ 190 = —4 Es — 8FE3 — TE,
—11y — 2024+ 13t +29u = -7 Ey — 8E; — 11FE,
rT+3y+52—-2t—Tu =3
—8y — 14z + 4t +20u = —8
—62 4+ 60t + 12u =24
—62 + 60t + 12u =24 E,— FE,— Ej3
r+3y+52—2t—Tu =3
—8y — 14z + 4t +20u = -8
—62 + 60t + 12u =24
0 =38

then this system has no solution.

Example : Solving a Linear System by Three Methods: Cramer’s

Rule, Inverse Matrix, and Gaussian Elimination
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Solve the system:

r4+2y+z2="7
20+ 3y +22 =14
r+y+22=9
Method 1: Cramer’s Rule Step 1: Write the system in matrix form

1 21 x 7
A=12 3 2|, x=|y|, B=|14
11 2 z 9
Step 2: Calculate det(A)
1 21
det(A)=12 3 2/=1xBx2—-2x1)—2x(2x2—-2x1)+1x(2x1-3x1)
11 2

—1x(6-2)—2x(4—2)+1x(2-3)=4—4—1=—1#0

Since det(A) # 0, the system has a unique solution.
Step 3: Calculate determinants of Ay, Ay, A3 Replace the respective columns of A

with the vector B:
7T 2

det(A;) =7Tx(3x2—-2x1)—2x(14x2-2x9)+1x(14x1—-3x%x9)
—T7x(6-2)—2x(28—18)+1x (14—27) =28 —20 — 13 = —5

1 7 1
Ay =12 14 2
1 9 2

det(Ay) =1x (14x2—-2x9)—7Tx(2x2—-2x1)+1x(2x9—-14x1)
—1x(28-18) —7x (4—2)+1x(18-14)=10—14+4=0

12 7
As=12 3 14
119

det(A3) =1x(B3x9—-14x1)—2x(2x9—-14x1)+7x(2x1-3x1)
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=1x(27—14)—2x (18—14)+7x(2-3)=13—-8—-7= -2
Step 4: Calculate the solution

T det(a)  —1 Y

“det(d) o1 T ey o1

T

Method 2: Using the Inverse Matrix Step 1: Calculate the cofactor matrix C'

det 3 2 —det 2 2 det 23

1 2 1 2 11

2 1 1 1 1 2
C=1]—det det —det

1 2 1 2 1 1

det 21 —det L1 det 2

3 2 2 2 2 3

Bx2—-1x2) —(2x2-1x2) (2x1-3x1)
=|1-2x2-1x1) (Ix2—-1x1) —(1x1-1x2)
2x2-3x1) —(Ix2—-2x1) (I1x3—-2x2)

4 -2 -1

4 -3 1
ct=1-2 1 o0
-1 1 -1
Step 3: Calculate the inverse matrix
L 4 -3 1 -4 3 -1
Al = A) =—-1 -2 1 =2 -1
det(A) (4) 8 0 0
-1 1 -1 1 -1 1
Step 4: Calculate X = A~'B
-4 3 -1 7 —4x7+3x14—-1x%x9 —28 +42—-9 5
X=12 -1 0 Mdl=] 2x7—-1x144+0x9 | =] 14—-144+0 (=10
1 -1 1 9 I1x7—1x14+1x%x9 7—14+9 2

Method 3: Gaussian Elimination Start with the augmented matrix
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1 2 1|7
2 3 2|14
11 219
Step 1: Make zeros below the pivot in the first column

1 2 7
Ry < Ry — 2Ry : 0 —1 010
1 1 219
1 2 1|7
R3 <+ Rs — Ry : 0 -1 010
0 -1 1|2

S

R3<—R3—R21 0 -1 0

(@]
]
—_
[\

Step 3: Back substitution
From the third row:

From the second row:

From the first row:

Final solution is :
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Functions of several variables

Introduction

In this chapter, we introduce the fundamental concepts of multivariable calculus.
The aim is to extend the notions of limit, differentiability, and integrability well
known in the context of single variable functions to functions of several variables.

Our approach will emphasize the rigorous mathematical formulation of these ideas.

5.1 Limits, Continuity, and Partial Derivatives

of a Function

Dot Product, Euclidean Norm, and Distance in R"

Definition 5.1.1 (Dot Product). Let X = (x1,22,...,2,) and Y = (Y1, Y2, -+, Yn)
be two vectors in R™. The dot product of X and Y is defined as:

(X,Y) =zy1 + 222+ - - + Tnly.

Definition 5.1.2 (Euclidean Norm and Distance). The Euclidean norm (or length)

of a vector X is given by:

I1X]| = (X, X) = \Ja? +af+ - +a2.
The distance between two vectors X and Y is defined by:
dX,Y) =X -Y].

Theorem 5.1.1 (Properties of the Norm). For any vector X € R™ and any scalar
AeR:
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1. || X|| =0 if and only if X = 0.

2. | X|| > 0 if and only if X # 0.

3 IAX = AL [1X)-

4. |IX+YI <IX+ IV (Triangle Inequality).

Common Norms on R" Let X = (x1,29,...,2,) € R" The following are

commonly used norms:

1. infinity norm || X/, = max{|z1], |za]|,. .., |zal}-
2. l-norm || X|; =X, |zl
3. Euclidean norm (or 2-norm || X|; = n g,

Functions of several variables

Definition 5.1.3 (Function of Several Variables). A function f defined on a subset

D C R"™ with values in R is called a function of n variables. It is written as:
[ DCR" >R, (x1,29,...,2,) = f(x1,29,...,2,) = 2,

where D is the domain of f.
The set {f(z) | x € D} C R is called the image of f, and the set {(x, f(x)) |
r € D} CR" X R is called the graph of f.

Example 5.1.1. 1. Consider the function f :R?> — R defined by:

2t —ay+2

A e

This function is defined for all (x,y) € R

2. Let g: D C R? = R be defined by: g(x,y) = /1 — 22 —y2. The domain of g
is the closed disk:
D ={(z,y) e R*| 2 +y* < 1}.

Definition 5.1.4 (Partial Functions). Let f be a function defined on D C R? and
A = (ay,a3) € D. The partial functions of f at point A are defined as:

1 f(x1,a9) and x9— f(ay,xs),

on open intervals containing ay and as, respectively.
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5.1.1 Limit of a Function of Two Variables

Let f(z,y) be a function defined in a neighborhood of the point My = (a,b). We

define the limit as follows:

Definition 5.1.5 (Limit). Let f : Dy C R* = R and My = (x0,y0) € Dy. We say
that f has a limit L at My if f(x,y) becomes arbitrarily close to L whenever (z,y)

is sufficiently close to (xo,yo). This is written as:

lim  f(z,y)=L or lim f(z,y) =L,
0

(z,y)—(w0,y0) M— M,

if for every e > 0, there exists 6 > 0 such that:
|f(x,y) — L| <e whenever |(x,y)— (xo,y0)| <.

Remark 5.1.1. The properties of limits (sum, product, quotient, composition) for

functions of several variables are similar to those for single-variable functions.

5.1.2 Continuity

Definition 5.1.6 (Continuity). Let f : Dy € R*> — R and My = (z0,y0) € Dy.

The function f is said to be continuous at My if:

lim  f(z,y) = f(zo, y0).
(z,y)—(x0,y0)

The function f is continuous on Dy if it is continuous at every point of Dy.
Example 5.1.2. Let f : R? — R be defined by:  f(x,y) = 2> + y* Then [ is
continuous on R? since:

(2. y) = f(@o,p0)] = |2 +y* — 25 — yo| < |2* — x| + Iy* — wil.
and both terms tend to 0 as (z,y) — (xo, Yo)-

Example 5.1.3. Let f : R* = R be defined by:

(1+ 22+ 2?) - Sin(y)‘

f(xvyaz): ZEQ—f-IZ—i—y

To study the limit as (z,y,z) — (0,0,0), observe:

f(x,y,z)%smy as x,z — 0,
s0: )
. . siny
lim xr,y,z) = lim = 1.

Hence, the function has a limit and is continuous at the origin.
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Operations on Functions Let f and g be two functions continuous at a point

Mo(g,70) € R?, and let A € R. Then the following functions are also continuous at
Moi

Ftg f—g M andg(ifg(l"o,yo)?éo)-

Moreover, the composition of continuous functions is continuous.

5.1.3 Partial Derivatives

Definition 5.1.7. Let
f:Dy CR* =R, (z,y) — 2= f(z,y),

be a function of two variables defined on a domain Dy, and let My(zo,yo) € Dy.
If the partial function f, : x — f(x,y0) is defined in a neighborhood of xy and
differentiable at xqy, then this derivative is called the partial derivative of f with

respect to x at the point (xg,yo). It is denoted by:

a P
ai@Oa?JO) = fi(xo,y0) = a:lgfplo f(x,yoi - ismo,yo)'

Similarly, the partial derivative with respect to y is:

g]yc(:co;yo) = [} (%0, 50) = yh_{lylo /(o ygi : ?1;0(%’ yo).

If both partial derivatives exist at (zo,yo), then we say f is partially differentiable
at that point.

A function f is said to be of class C* on Dy if % and % are continuous on Dy.

Definition 5.1.8 (Gradient). Let f : Dy C R* — R, and (x0,y0) € Dy. The
gradient of [ at (xg,yo) is the vector:

0 0
Vf(l’o, yO) = (a{é(%, yO)? az;(x(byo)) :

Example 5.1.4. Let  f(z,y) = 2° + xy® + y>. Then the partial derivatives are:

ﬂ 9.2 2 @ _ 2
ax(ﬂcwy)—?xlr + 97, ay(ﬂff,y)—2rcy+3y-
At the point (4,5):
of aof

(4,5) = 3-16 + 25 = 73, (4,5) =2-4-5+75 = 115.

Ox
Vf(4,5) = (73,115)

ay
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Example 5.1.5. Let g : R*\ {(0,0)} — R be defined by:

=Yy

g(z,y) = 2492

Then we compute:

g _ (W +y?) — (= —y)(22)

%(l’,y) - (122'2 _|_y2)2 ’
g _ (=DE 4y — (= —y)(2y)
N T

Successive derivatives

Definition 5.1.9. If the first-order partial derivatives of f are differentiable, we
define the second-order partial derivatives as:

Pf  0*f o0 f 0 f

ox2’  Oy?’ Oxdy’  Oydr

These are computed by taking partial derivatives of the first-order derivatives.
A function f is said to be of class C* on Dy if all partial derivatives up to order

k exist and are continuous on Dy.

Theorem 5.1.2 (Schwarz’s Theorem). If ggy and % exist and are continuous in

a neighborhood of (x¢,yo), then:

PI o) = 2 2o 10
6x8y Lo, Yo) = 8y8x Lo, Yo)-

Example 5.1.6. Let  f(z,y) = 2*y* Then we compute:

2 2 2 2
%(ma y) = 12$2y2: %(QJ, y) = 2$4> aaw@fy (1'7 y) = 8x3y, 8ag/8fcc (‘Ta y) = 8.1'3y.

5.1.4 Differentiability

Definition 5.1.10. Let f : R? = R, (z,y) — f(x,y). We say that [ is differen-
tiable at the point (a,b) € R? if there exist real numbers X\ and p such that:

f(a + hl, b+ hz) — f(a, b) = )\hl + /th + H(hl, hg)”é‘(hl, h2),
where

lim  e(hy, hy) = 0.
1kt h2) |50 (i 2)
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Remark 5.1.2. The differential of f is denoted as follows:
af of

df : (hy, h —hy + =ho.
f + (ha, 2)’—>ax1+ay2
We also write more simply:
of (9f
df = —dx + —
F= ox * 8y

5.2 Double and Triple Integrals

In this section, we provide some elements related to the calculation of double and
triple integrals.

5.2.1 Double Integrals

Theorem 5.2.1 (Fubini’s Theorem). Let h and k be two continuous functions on
the interval [a,b] such that for all x € [a,b], we have h(x) < k(x). Define the
domain:

Q={(z,y) eR?|a<z<bandh(z) <y < k(z)}

If f:Q — R is a continuous function, then f is integrable over €2 and we have:

//Q f(z,y)dxdy = /ab (/h’:g) flz,y) dy) dr.

Remark 5.2.1. If f(x,y) = 1, then the double integral [[,dxdy gives the area of
Q.

Example 5.2.1. Let
fiR =R, (z,y) = flz,y) =2 +ay +y° +2,

and let Q@ = {(z,y) € R?* | 1 <z < 2,0 <y <3}, a rectangle. First, integrate with

respect to y:

//Qf(gc,y)d:z:dy:/12 (/03(x2+:cy+y2+2)dy)dx:/12

2 9 2 9
:/ (3x2+§x—|—27+6)dx:/ <3x2+2x+33) dz.
1 1

1 1 3
2y + —xy’ + <y’ + 2y| dr.
2 3 0

9 2 115
= {[B?’ + =2 + 33x] = —.
4 1
Alternatively, integrate first with respect to x:

//Qf(fﬁ,y)d:vdy:/ofi (/12($2+£By+y2+2)d:17> dy = T
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Change of Variables

Proposition 5.2.1. Let
fQCV =R (z,9) = flz,y),

be a continuous function on a compact Q C 'V, with V. C R? open. Let D C U C R?
be a compact subset, and let o : U — V be a C' bijection such that o(D) = Q.
Define the change of variables by:

(U,U) = SO(U’U) = (:E(u,v),y(u, 'U))

Let J(u,v) = det (8(:py ) be the Jacobian. Then:

J| f@yydeay = [[ o)) 1 0)| dud.

Change to polar coordinates: v = rcost, y = rsinf

=>//Qf(a:,y)dxdy://Df(TCOSG,rsiHG)TdeG.

5.2.2 Triple Integrals

Theorem 5.2.2 (Fubini’s Theorem — Triple Integral). Let D C R? be compact,
and h,k : D — R continuous functions. Define

Q= {(z,y,2) € R®| (x,y) € D, h(x,y) < z < k(z,y)},

and let
Q=R (z,y,2) = f(z,y,2).

// f(z,y, 2) dedydz = // (/kfy? T,Y,2) dz) dxdy.

Remark 5.2.2. In the special case:

Then:

Q={(z,y,2) eER*|a<z<bc<y<dn<z<m},

JJ[ .y, 2) dadyaz = [ (/d </abf(x,y,z) d:c) dy) dz.

then:
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Example 5.2.2. Let
fiR =R, (2,y,2) = f(r,y,2) =2 +yz,

and let
Q={(z,y,2) €ER* | x>0,y >0,x+y+2z<1}.

1/2 pl1-2z pl-2z—y
/// f(z,y, 2) dedydz = / / / (2% 4 yz) dedydz.
Q o Jo 0
1/2 p1-2z 1=2z—y /2 p1-2z ((1 — 22 — )3
= / / dydz = / / ((zy) +yz(l — 2z — y)) dydz.
o Jo 0 o Jo

3
After full calculation, we find:

///Q f(z,y, 2) dedydz = 916

Then:

Loy
—-X TYz
3 y

Change of Variables

Proposition 5.2.2. Let

be a continuous function on a compact Q CV C R3. Let D C U C R? be a compact,
and let @ : U — V be a bijective C* function such that o(D) = 2. Define:

(u,v,w) = o(u,v,w) = (x(u,v,w), y(u,v,w), z(u, v,w)).

Let J(u,v,w) = det (g((fgz)))) be the Jacobian. Then:

I 1@y 2 dedyaz = [[[ patu,v,w), g, 0,w), 20, 0,0) 1 (w0, 0)] dudodw,
Q D
Change to cylindrical coordinates:
r=rcosf, y=rsinf, z=z,

=>///Qf(:n,y,z)dxdydz:///Df(rcosﬁ,rsinﬁ,z)rdrd@dz.

Change to spherical coordinates:
x =pcosfsing, y=psinfsing, z= pcosaq,

=>///Q f(x,y, z) dxdydz:///Dg(p,Q,qu)pQSin¢dpd9d¢,
where g(p,0,9) = f(x,y, 2).
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Fxercise 01 :
dx

I) By using a change of variable, compute the integral : [ 2(1 + In(2))

IT) Solve the following differential equation:
Y~y = VI Ties
I1T) We consider the differential equation : 3’ +y'—6y = >+ (62> +4x—3)  (E)
a) Solve the homogeneous equation associated with (F) : y”" +1y — 6y =0
b) Determine a particular solution ,; of the equation : y” + 1y — 6y = €5
¢) Find a particular solution y,» of the equation : y” + ' — 6y = (62 + 4z — 3)
d) Deduce the general solution of the equation (E).

Ezxercise 02 : Let a be a real parameter. We consider the following system (5) :
T+ T+ ary =«

(S)S o1 +axy —a3=1

X1+ Ty — Ty = 1
1. Write the system (S) in matrix form (AX = B ).

2. Calculate the determinant of A as a function of a and for which values of «

the matrix A is invertible.

3. For a = -2
Calculate the inverse matrix A~ , And by using A~! solve the system S.

Fxercise 03 :

We consider the integrals
I = /(Zx +1)cos?*(z)dxr , J = /(Qx + 1)sin?(x)dzx
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a) Calculate the integral:  [(2z + 1)cos(2x)dz.
b) Calculate I + J and I — J.

¢) Deduce the values of the integrals: I and J .

NB. cos?(z) = JFC;S(I) and  sin(z) — c;s(a:)
FEzercise 04 :
I) Solve the following differential equation: ¥’ + y __ 2c0s(x).

tan(x)

IT) We consider the following differential equation:

2
" / _ — O El
V' ! Y (E1)
Show that the change of function: Z =1/ + an( )y transforms the equation
an(x
Z
(E1) into the differential equation Z’ + =0
tan(x)

IIT) Consider the following second-order differential equation: y” + ¢’ = 4ze®
1) Determine the homogeneous and particular solutions of this equation
2) Find the general solution for y(0) =5 and ¢'(0) =5

-1 2 1
Ezxercise 05 : Let the matrices A and B be defined by: A = 0o 2 0|,
-3 2
0 1 -1
B=| -3 4 -3
-1 1 0

1. Show that A% = 24 and deduce that A3 =44 .

2. Deduce A" for all n € N

3. The matrices A is invertible 7 .

4. Calculate the matrix C' = B? — 3B + 2I3. (I3 is the identity matrix)

5. Deduce B~!
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FEzercise 06 :
I)Calculate the integral:

1 2
[:/ ze® dx.
0

IT) Solve the following differential equation:

y// _ 3y/ + 2y — 6236.

A:(1 2)’ B:(z 0))
3 4 13

1) calculate the matrix product AB.

ITI) Let the matrices

2) By using matrix methods Solve the linear system:

rT+2y=>5
3r+4y =11

FExercise 07 :

1) Evaluate the integral:
J:/ sin?(z) dz.
0

2) Find the general solution of the differential equation:
Y + ytanx = sin(2x).

3) Consider the matrix

2 -1 0
C=10 3 1
1 0 4

a)Calculate the determinant of C' and determine if C' is invertible.
b)Solve the system Cx = b where

o
I
o ot w

using the inverse matrix method.
Ezercise 8 :
I)Calculate the integral:

2 2
I :/ (322 4 22)e” " da.
0
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IT) Solve the first-order differential equation:
(2zy + y*) dx + (2* + 22y) dy = 0.

IIT) Given the matrices:

A:

I
S =N
_— w O
o
I

a) Calculate the determinant of A.

b) Determine if A is invertible.

c) If invertible, find A~

d) Solve the linear system Ax = b using A~

FExercise 9 :
1)

a) Calculate the integral:

b) Calculate the integral:

2)
a) Solve the first-order differential equation:
y' + ytanz = sin(2z).
b) Solve the second-order differential equation:
y' — 4y +dy = e*.
FEzercise 10 :

1)

a) Calculate the integral:
2 2
I, = / ze® dx.
0
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b) Calculate the integral:

RVA
1

t+1
IT)

a) Solve the first-order differential equation:

Y +ycotr = sinz.

b) Solve the second-order differential equation:

y" + 1y = coszx.

IIT) Solve the system:
T+ 2y —z =3,
2r —y+3z=1,
3r+y+ 2z =4.
Solve it by:
i) Cramer’s rule,
ii) inverse matrix method,
iii) Gaussian elimination.

FExercise 11 :

1)

a) Calculate the integral:
/2
J1 = / sin® z dz.
0

b) Calculate the integral:
el
b= [ 25 dr.
1

xr2

2)

a) Solve the first-order differential equation:

(x +y)dx + (x —y)dy = 0.
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b) Solve the second-order differential equation:
y// _ 2y/+y — ot

3) Let the system:
20 —y + 2 =4,
—x + 3y — 2z = —0,
3r+y+4z =5.
Solve it by:

i) Cramer’s rule,
ii) inverse matrix method,
iii) Gaussian elimination.

Fxercise 12 :

Let the function ) )

if x4y #0,
0 if o +y=0.
1. Compute the limit of f(x,y) as (x,y) — (0,0). Does the limit exist?

2. Is f continuous at the origin?

0 0
3. Compute the partial derivatives 8f and (()f at points where x + y # 0.
z )
4. Determine if the function is differentiable at the origin.

5. Compute the double integral

/] flay) dedy
where R = [0, 1] x [0, 1].

FExercise 13 :
Let the function

22— 2
+22 ifrx+y#£0,

fl,y,z) =4 T+y
22 if v +y=0.
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1. Compute the limit of f(x,y,2) as (x,y,z) — (0,0,0). Is f continuous at the

origin?

2. Compute the partial derivatives % g nd g where defined.

ox’ Oy’ e a2
3. Compute the gradient vector V f(x,y, z) at the point (1,1, 1).

4. Evaluate the triple integral

///g f(z,y,2)dvdydz

where Q = {(z,y,2) e R} |0<2 <1, 0<y<1, 0<z2<1}.
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Conclusion

I hope that this material will help first-year students in assimilating mathematics,
and more particularly Analysis and Algebra II, which constitute the foundation of
mathematics at the university.

Finally, errors may be found. Please communicate them to me by email at the fol-

lowing addresses: rachid.lakehal93@gmail.com ’‘or’ rachid.lakehalQuniv-bejaia.dz.
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