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Preamble

This handout is a course support and corrected exercises on functions and integrals, a
support with many examples which allows students to become familiar with mathematics
and to go beyond the stage of "mathematics is difficult” and to let them know that

mathematics is simple and accessible to all, whatever their level.

The document is structured in two parts, the first part constitutes a reminder on numer-
ical functions with one real variable (domains of definition, limits, continuity, derivability,
etc.) and the second covers the calculation of integrals (definite and indefinite integrals,

improper integrals, integration methods, etc.).

iii



Chapter 1

Numerical functions of a real variable

1

1.1

1.

4.

D.

6.

General Overview

Basic concepts and notations

R is the set of real numbers.

. R* =] — 00, 0[U]0, +00[ is the set of non-zero real numbers.

R4 = [0, +o0[ is the set of positive real numbers.
R% =]0, 400 is the set of non-zero positive real numbers.
R_ =] — 00, 0] is the set of negative real numbers.

R* =] — 00, 0] is the set of non-zero negative real numbers.

Definition 1.1. A numerical function of a real variable is a defined application of a set F

of R with values ?7in R, to any antecedent x (an element of its starting set £) we associate

at most a single image, denoted f(z), in its arrival set. We note

f: E—=R

The graph of f is the set denoted Gy formed by the points (z, f(z)) in the plane, defined

by

Gy =A{(z, f(z)),z € E}.
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Identity function :

The identity function is a function which returns the same value.

Ip : E—=F

x> Ip(z) = x.

Bounded function :

The function f, defined from E to R is said to be bounded if
Ja,AcR:a< f(z) < AVx € E.

Example 1.1. The functions cos(z) and sin(x) are bounded in R, Vx € R we have

—1<cos(z) <1land —1 <sin(z) < 1.

1.2 Domain of a function
A numerical function is not necessarily defined for all real numbers.

Definition 1.2. The set of real numbers for which the function f is defined is called the
definition set or the domain of the function f and is denoted Dy.

Remark 1.1. When the domain is not indicated, it is sufficient to examine the expression
of the function to determine the conditions of existence of f(z):

e Is the function defined by a polynomial? (this is defined on R);

Is there a denominator? (this must be non-zero);

Is there a square root (the interior of the root must be positive or zero);

Is there a particular function not defined on R, for example the function In (In(z) is
defined on R ).

Example 1.2. Give the domains of the functions defined by:
fla) =21 g(x) =2 —6 and h(z) =z +3+ 2.

Answers :
The areas of definition or the domains are as follows:
1. Dy =] — o0, —1[U] — 1, 400].
f is defined if and only if the denominator of f(z) is non-zero, i.e. x + 1 # 0, which
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means x # —1. Then the domain will be R/{—1}.
2. D, =[6,+00].

Indeed, g is defined if and only if x — 6 > 0 (the interior of the root must be positive
or zero), which is true for x > 6.
3. D, =R*.

h is defined by the sum of a polynomial (z + 3 defined on D, = R) and a quotient (2
defined on Dy, = R*). The domain of definition of h is

Dy = Dy, N Dy, = RNR* = R*.

1.3 Parity function (even and odd functions)

Let f be a function defined from a set F of R to R, where E is symmetric about the
origin. (Vo € E we have —x € F).

1. fis said to be even on E if and only if f(—z) = f(z), Vx € E.
2. f is said to be odd on E if and only if f(—z) = —f(x), Vo € E.

Remark 1.2. If the graph of the function is symmetric about the ordinate axis (the y axis)
the function is even and if the graph is symmetric about the origin O(0,0) the function is
odd.

Example 1.3. Let f, g and h three functions defined by:

f @ [-1L,1]—=R
T flx) =27
g : [0,1] =R
s g(x) =22
h : R—=R
3

x> h(z) =2°.
e [ is an even function, because Vz € [—1,1], we have f(—z) = (—z)? = 2* = f(x).

e The domain [0, 1] of the function g is not symmetrical about 0, then we cannot study

the parity of this function, so g is neither even nor odd.

e Vz € R we have h(—z) = (—x)® = —23 = —h(z), so h is an odd function.
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1.4 Periodicity of functions

Let p be a non-zero real number. The function f is said to be periodic if and only if
flz+p) = f(z), Vo € E.

The smallest positive value of p is called the period of f.

Example 1.4. The functions f(z) = cos(x) and g(x) = sin(z) are periodic with period
2m.

1. The function f(z) = cos(x) is an even periodic function with the period 2.
Indeed,
e For any z in R and k € Z we have cos(z + 2km) = cos(z).
p = 27 is the period of the function cos(z) defined on R (the smallest non-zero
positive value of 2km).
flz+2m) = cos(x+ 27m) = cos(x) cos(2m) — sin(z) sin(27)

= cos(z) x 1 —sin(z) x 0

= cos(z) = f(x),
then f is periodic.

o Vz € R, f(—x) = cos(—z) = cos(z) = f(x), so f is an even function on R.

iy=rcos|(x)

\\
/ n 3k . i ) F .'?\\ T %1 fn
\ 2 2 2 /
e X’ z/ | \\\-\.__.- o

i e S -I

y=isin | x)

Figure 1.1: Functions curves cos(x) and sin(z).

2. The function g(z) = sin(z) is an odd function and periodic with the period 2.
In fact,
e For any x in R we have
g(x +2m) = sin(z + 27) = sin(z) cos(27) + cos(z) sin(27)
= sin(z) x 1 —sin(z) x 0

— sinx) = g(a),
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so g is periodic with period 27.
o Vr € R, g(—x) =sin(—z) = —sin(z) = —g(x), then ¢ is an odd function on R.
1.5 Compound (composite) function

Definition 1.3. Let f: £ — F and g: F — G two real-variable functions. The compound
function of g and f is the function gof : E — F defined by gof(z) = g(f(z)).

Properties

1. (fog)oh = fo(goh) = fogoh.
2. In general, the fog function is different from gof (fog(z) # gof(x)).

Example 1.5. Let f and g be two real-variable functions defined by

f T R=>R, |, g:R, —[-1,1]

2

r— f(r)==x x> g(x) = sin(z).

The function gof is defined as
gof : R—[-1,1]
z = gof (x) = g(f(2)) = g(2*) = sin(a?).
1.6 Bijection functions

Let f be a function defined from F to F' (f : E — F).

1. Injection:
The function f is said to be injective if and only if every element of F' is the image

of at most one element of E by f, i.e.:
f is injective & Vo, 2’ € E, f(z) = f(2') =z =1
In other words,

f is injective & Va,2' € B,z # 1’ = f(z) # f(2).

2. Surjection:
f is said to be injective if and only if every element of F' is the image of at least one
element of E by f, that is:

f is surjective < Vy € F, 3z € E such that y = f(z).
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3. Bijection:
If f is both injective and surjective, then f is said to be bijective. The function f
associates with every element of F' a unique antecedent in F.

f is bijective & Vy € F, 3| x € E such that y = f(z).

(3 ! means "there is a unique”).

Example 1.6. A small change in the starting or ending point of the same function can
affect the nature of that function. Take the case of f(z) = x?, for example.

a. The function f; defined by
fi + R=>Ry
r = fi(r) = 2”
is not injective (for x = —2 # 2’ = 2 we have f(—2) = f(2), i.e. f(z) = f(z')), but
it is surjective.
b. The function f5 defined below
fo i Ry =R
x> fo(r) = 27
is not surjective (for y = —2 we have no antecedent), but it is injective.

c. The function f5 defined as follows
fi o Ry =Ry
r s fy(r) = 2°.

is bijective, because every real y > 0 admits a unique antecedent r = ,/y in R, by

f.

1.7 The inverse function (the reciprocal function)

Let f be a bijective function defined from a set E to aset F (f : E — F) and y = f(x) is
the image of an antecedent x by f. Knowing that f is bijective then there exists a unique

x € F such that y = f(z), let us denote this unique antecedent by x = f~*(y).
The function denoted !, defined by

' FSE
yrra=f"(y)

is called the reciprocal (or inverse) function of f, which is also bijective, and verifies:
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Vo e E, f~lof(x)
vy € F, fof~!(y)

f~tof = Ig (the identity function in E) and fof~! = I (the identity function in F).
If E=F, we will have f~lof = fof=!' = Ig.

€,
Y.

Example 1.7. Let f be a function defined by

f : R+ —>R+
2

The function f is bijective and its reciprocal function is

7t Ry =Ry
v [T (x) = V.

The following table is a summary of inverses of some known functions:

f | In(z):]0,+oo[ | sin(z):[-7,7] cos(x) : [0, 7] tg(z) ;5,51
! e’ R arcsin(z) : [-1,1] | arccos(x) : [—1,1] | arctg(x) : R

2 Limits
2.1 Limits at a point z

Let xy be a real number and f be a function defined in a domain D containing xy (except
perhaps in zg itself).

Definition 1.4. We say that f admits the number [ as limit at the point x if:

Ve > 0, 3n > 0 (dependent on €) such that for all x # zy verifying |  — x¢ |< n we have

| flz)—l|<e.

We note
lim f(x)=1or lim f(z)—IL.

T—T0 T—T0

In simpler terms, f(z) tends to [ as x tends to z; in other words, as x approaches x,
f(z) approaches [.

Remark 1.3. When the limit of f at x( exists, it is unique.
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Example 1.8. The function f(x) = 3z + 2 tends to 8 when x tends to 2.
By definition

lim f(x) =8 & Ve > 0,3n > 0, such that Vo #2:|x — 2 |<n =] f(x) — 8 |<¢,

r—2

This means that

lim3z+2=8«Ve>0,3n>0such that |z —2|<n=|f(z) -8 |<e.

z—2

We have
flz) —8=32+2—-8=3x—6=3(zx—2).
So for a e (any positive real), we get
| f(z) —8|<e & 3|lx—2]|<e¢
€
< —2|< 5.
7 -2]<
So just take n < .
1. Left and Right-hand Limits at a point (sided limits)

(a) Left-hand limit at z:
Let xg be a real number and f a function defined at least to the left of xy,. We
say that f admits the number [; as a limit to the left of xy if:

lim f(z) =1 with x < .

Tr—TQ
In other words,
Ve > 0, In > 0 such that for any x # ¢ verifying o — x < 1 we get
| flz) =l [<e

We note
lim f(z)=I,or lim f(z)=1.

Tz T—<z0

(b) Right-hand limit at z:
Let 2y be a real number and f be a function defined at least to the right of z.
We say that f admits the number [z as a right-hand limit of x, if:

lim f(x) =g with = > x.

T—T0

In other words,
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Ve > 0, In > 0 such that for all x # xq vérifiant x — xq < n we get
| f(z) =R |<e

We note
lim f(z) =Ilgor lim f(x)=Ig.

z—ad T—>T0

Remark 1.4. The function f has a limit at z0 if both the left-hand and right-hand
limits exist and are equal.

When the function f is defined at x, then the limit of f as x tends to z is equal to
the value of f(zo).

2. Infinite limit at x,

In this case, the limit of f as x tends to z( tends to infinity (400 or —o0).

(a)

First case:

lim f(z) = 4+o00 < VA > 0,3n > 0 such that | z — o |< 7 involves f(z) > A.

T—T0

That is, for a positive real A arbitrarily chosen as large as desired, then all

values of f(z) exceed this real, as soon as x is close enough to z.
Example 1.9. The function f(z) = - tends to +00 when z tends to 0.
Par définition

lim f(z) = 400 < VA > 0,35 > 0 such that |z — 0 |<n implies f(z) > A

x—0

1.e.

1 1
lim — =+o00 < VA > 0,379 > 0such that |z —0|<n= —= > A.
z—0 2 22

Let A be any positive real.

If | 2 — 0 |< 7, so 22 < n?, which implies & > 77%’ ie., f(x) > n%’
then just take n% > A, that is n < \/LZ'

Second case:

lim f(z) =400 < VA > 0,3n > 0 such that | z —zo |< n implies f(z) < —A.
T—T0

Example 1.10. The function f(z) = ;—21 tends to —oo when z tends to 0.

By definition

—1 —1
lim — = —00 & VA > 0,97 > 0such that [z -0 |<n= — <A
z—0 T X
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Let A be any positive real.
If | 2 — 0 |< 7, so z? < n?, which involves x% > n%, and multiplying both sides
of the inequality by 7 —1" we get = < ;—21, e f(x) < ;—21

. _1 . 1 . 1
Then simply take = < —A, or in other words iz A that is n < T3

2.2 Limits at infinity (+o0o0 or —oo)

These limits can be defined in the same way as above:

lim f(z)=10 < Ve>0,3B >0, such that Vz,z > B =| f(z) -l |< e

r—r—+00

lim f(x)=1 < Ve>0,3B >0, such that Vo, < =B =| f(z) =l |<e.

T—r—00

In the two previous limits, it is a matter of finding and writing B as a function of e.

m1_151300]”(:16) =400 < VA>0,3B >0, such that Vz,z > B= f(z) > A
wl_l)IE)O f(z) =400 < VA>0,39B >0, such that Vo,x < —B = f(z) > A
Iggloof(x) =—00 & VA>0,3B >0, such that Yo,z > B = f(z) < —A.
xEEnoo f(z) = —00 & VA >0,3B >0, such that Vz,z < —B = f(z) < —A

In these last previous limits, it is a question of expressing B as a function of A.

Example 1.11. The function f(z) = 2> + 1 tends to +oco when x tends to +oo.
This involves choosing a positive real number A as large as desired and then finding a
positive number B such that x > B induces f(z) > A.

flz)>A & 2°+1>A
s P> A-1

S r>vVA-1.
Just take B = v A — 1.

Remark 1.5. In practice, we obviously have a number of methods and theorems which
allow us to calculate the limits directly without having to resort to these definitions each

time.

2.3 Operations on limits

Determinate Forms:

Let f and g be two functions and A a real number.
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1. The limits of f and g are constants which we denote respectively by {; and [,:

Af tends to Ay, VA € R.
f+ g tends to Iy + (.

fg tends to Ifl,.

§ tends to %, with [, # 0.

2. The limit of f is a real constant {; and the limit of g is infinite:

(a) Ag tends to oo (400 or —oo according to the rule of signs), with A # 0.
(b) f 4+ g tends to oo (+o0 if g tends to 400 or —oo if ¢ tends to —o0).
(

(c
d

(e

3. Les limites de f et g sont infinies:

)
)
) fg tends to oo (400 or —oo according to the sign rule), for Iy # 0.
) £ tends to 0 (0" or 0~ according to the sign rule).

)

tends to 0o (400 or —oo according to the sign rule).

e @ =

(a) fg tends to oo (400 or —oo according to the sign rule).

(b) f+g:
e f+ g tends to +oo if f and g tendent vers +oo.
e f+ g tends to —oo if f and g tendent vers —oo.
e is presented in the form of an indeterminate +00 — oo, when one of the
functions tends to 400 and the other to —oo.

(c) 5 is an indeterminate form <2.
Indeterminate forms:

The known indeterminate forms are: %, >, 0 x 00, +00—00, 1%, 0% and oc®.

2.4 Some theorems and methods for calculating limits

In practice, the calculation of limits that requires development is much more concerned
with cases where indeterminate forms are present. Here we present a few fundamental

theorems that allow us to remove these indeterminate forms.
1. Limit of a polynomial when z tends to infinity:

Theorem 1.1. The limit of a polynomial as x tends to infinity is equal to the limit

of its highest degree monomial.
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Example 1.12. The polynomial 423+ 3x%—x+6 has the same limit as the polynomial

4723 when z tends to 4+00.

Indeed,
, 5 5 3 1 6
lim 4z° + 3z —x+6:x(4—|————2+ —)=+00(4+0—-0+0) = +o0
T—>+00 X

and

lim 423 = +00.
Tr—400

2. Limit of a ratio of two polynomials when x tends to infinity :

Theorem 1.2. The limit of a ratio of two polynOmwls Q( ) when x tends to infinity
is equal to the limit of the ratio of the highest degree monomials of P(x) and Q(x)

respectively.

Example 1.13. Using this theorem, the calculation of the limits of a ratio of two

polynomials as x tends to infinity becomes very simple.

322 +dx—5

507 3.7 admits the same limit as 32 that is 2 When x tends to

(a) The expression

400 or —oo.

3 — . .. 3
(b) ZF52=2 admits the same limit as 23 = £ when z tends to oco.
2x2—z+6 2x 2

fim 45 —2 r 3 i L
im ————— im — = lim — =400
z—+o00 232 — 1 —+ 6 z—+o00 202 z—+o00 2

and
! 23+ bx — 2 ! x3 I T
m —F—---:- m —: = 1im — = —0Q.
T—r— oo2x2—x—|—6 T—— 002(1,’2 z——00 2

(¢) The limit of f(z) = ‘“?“—zﬂ when z tends to 400 is

4o + 1+ 1 4 4
lim f(z) = lim e lim — = lim — =0%.
T—r+00 T—>+00 .175 e r—+00 I T—r+00 ;EQ
3. Indeterminate form J (ratio of two polynomials) :
If a ratio % of two polynomials is in the indeterminate form 2 o, when z tends
towards a constant a, we can remove this indeterminacy by factoring P(x) and Q(x)

by (z — a).

Example 1.14. Let us consider
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R(z) takes the indeterminate form § when  tends to 1.

We can then factorize each of the polynomials 22 + 5z — 6 (numerator of R(z)) and
2% + z — 2 (denominator of R(x)) by (z — 1) and we obtain:

22 +52—6=(zr—1)(r+6)and 2° + 2 — 2= (z — 1)(z + 2).
_2?45r—-6 (r—1)(x+6) 46

R(x) = = = )
() 2?4+r—-2 (z—1D(x+2) x+2
Then ) -
5r — 6 6
limR(x):hmH—m:lim$+ = —.
z—1 o1 24+ x—2 =12+ 2 3
Example 1.15. Limits calculus:
_ 23— Hr + 2 _ 23— 3 — 2 . w2 —4
lim , im , im .
z—2 2x4 — 622 — 20 — 12 a——1 123 4+ 5x? + Tx + 3 a2 T — 2

The three limits correspond to the indeterminate form 8 and the indeterminacy is

removed after factoring, division and simplification.

24 -2 2
(a)  lim ’ = lim (z = 2)(x+2) = lim(z +2) = 4.
=2 ¢ — 2 z—2 Tz —2 T2
3 — 2 —2)(z*+ 2z -1
(b)  lim v brt = lim (z =)@+ 20— 1)
=2 204 — 622 — 20 — 12 2-2 (x — 2)(223 + 422 4 22 + 6)

. 24 2r—1 7 1
= lim = — = _.
=2223 + 422 + 22 +6 42 6

13—2_—3

. 3 — 3z —2 . (z+1)*(x—2) .
(c) lim = lim = lim = —.
o134+ 522+ 70 +3  eo-1(x+1)2(x+3) =2o-12+3 2

4. Indeterminate forms { (irrational expressions) :
Generally, when an irrational expression is in the indeterminate form %, the indeter-
minacy can be removed by multiplying the expression by the conjugate expression.

Expression | Conjugate expression
VA+B VA-B
A+VB A-VB

VA-VB| _VA+VEB

Let us recall the usual product:

(A+ B)(A— B) = A>-B?,

thus

(VA-VB)(VA-VB)=A-B.
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Example 1.16. The limit of f(x) = ;;"":j_’;, when x tends to 1 is in the indetermi-
0

nate form 0

JiT3-2  JiT3o2
J(x) = 224+r—2 (v—1)(z+2)

Let us multiply the numerator and denominator of f(x) by the conjugate expression

of Vx+3—2 ie by v+ 3+2.

We obtain
) = VT +3-2 (\/x——|—3+2)_ (Vx +3)% —22
(e -D@+2) Ve+34+2 (-DE+2)(Vr+3+2)
r+3—4 z—1
T -1)@+2)Vz+3+2) @-DE+2)(Vr+3+2)
1
T @+2)(Vrr3+2)

Thus, the indeterminate form is lifted and the limit of f(x) as x tends to 1 is:

1 1
lim f(z) = lim = —.

x—1 x—1 (x—|—2)(\/x—|—3—|—2) 12

Example 1.17.

h(z) vVr+6-3
r) = ———
V2x —5—1
V 6—3
lim h(z) = lim vrrdv=s 0 is an indeterminate form.
z—3 =3 /20 — 5 —1 0

To remove the indeterminacy, we multiply and divide the two terms of this expres-
sion by the product of the conjugate expression of the numerator and the conjugate
expression of the denominator, which are respectively: v/x 4+ 6 4+ 3 and v/2x — 5+ 1

and we get:
h(x) B \/.r+6—3(\/:1:—1—6—1—3)(\/2:5—5—1—1)_ x+6—9(\/2x—5+1)
V22 —-5-1V22—-5+1"Vz+6+3" 20-5—-1 /2+6+3
x—3(\/2x—5—|—1)_ xr—3 <\/2x—5—|—1)_1\/2x—5+1
20— 6 Vr+6+3" 2@—-3) Vr+6+3" 2Vr+6+3
So

1V2r —5+1 2 1

limh(z) = lim -~ "~ = = =~
fim h(w) =l S e s = 10 7 6

5. Indeterminate forms ”+oco — c0” and 7”0 x 00”:

These forms are often written as 8 or %
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Example 1.18. Let f and g be two functions defined by:
f)=VaTo—n  glr)=t -
(a) f(z)=vr+6—u

lim f(z)= lim v + 6 — z is in the form of an indeterminate +o0o — co.

T—+00 T—+00

Multiplying and dividing f(z) by the conjugate expression of v/x + 6 — x gives:

Vi+6+x  x+6— 27

fla)=votbme=(Vetb-0) e = oot

So

: . r+6—2? . o—xr
A flo) = lim e = i = i (=) = —oo
(b) g(z) =3 - 3=
: o1 : .
lim g(z) = lim (= — —) indeterminate form +o0o — oo.
z—0+t z—0t T x
lim g(e) = lim (5 = =) = lim —(r—1) = +00(0 — 1
im g(z) = lim(-—- =)= lim —(z—1)=+00(0—-1) = —oc.
z—07F g z—0t T 22 0+ 22
Example 1.19.
. 3 9 1 . .
lim (z° + 2° 4+ 2)— = 0 X (+00) indeterminate form.
z—0t rer
1 3 2 2 1
lim (2 + 2 + 2)— = lim TAUAT gy, TR
z—0+ re® z—0+ re® z—0+ e’

6. Indeterminate form ”0°”:
In the case of the indeterminate form 0°, we return to the exponential and logarithmic

forms.

Example 1.20.

lim 2° = 0" indeterminate form.
z—0t
. . T .
lim 2° = lim &™) = lim e*"@) — 0 =1,

z—0t z—0t z—0+
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3 Continuity

3.1 Definitions

Let f be a function defined on F and z a point on F.

Continuity at a point xg :

We say that f is continuous at the point xg, if and only if:

lim f(z) = f(wo),

T—T0

i.e. the function is defined at xy and its limit when x tends to xg is equal to f(zg). In
other words, f is continuous at xg is equivalent to

Ve > 0,3n > 0 such that |z —zo |<n =] f(x) — f(z0) |<e.

Left continuity at a point x; :

We say that f is left continuous at the point xg, if and only if the limit of f to the left of
xo is equal to f(xo):
lim f(z) = f(xo).

z—<x(

Right continuity at a point x; :

We say that f is right continuous at the point zg, if and only if the limit of f to the right
of g is equal to f(zo):

lim f(z) = f(zo)-

T—> 10

Theorem 1.3. The function f is continuous at the point xq, belonging to its domain of
definition, if and only if it is continuous to the left and to the right of xg.

If f is continuous at every point in its domain of definition F, then it is said to be

continuous on F.
Example 1.21. Let f and g be two functions defined on R:

@, for = #£ 0;

fle) =" and g(z) = { 1, for z = 0.

1. The function f is continuous at every point of R (because f(z) is a polynomial of
degree three and all polynomials are continuous on R).
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2. The function g is not continuous at the point x = 0.

In fact,

V2 x

lim g(z) = lim — = lim — = 1.
x—07t z—0t T xz—0t T

2
lim g(z) = lim — = lim — = —1.
z—0~ z—0- T z—0" X

The two limits are different ( lim g(z) # lim g(x)), so lim g(x) does not exist.
z—0t z—0— z—0

Therefore, g is not continuous at x = 0.

3.2 Continuous extension

Definition 1.5. Let [ be an interval of R, a € I and f a continuous function on I \ {a}.
If lim f(z) = a (with @ € R), so f admits an extension by continuity at x = a, denoted f,
T—a
defined onl by :
. { f(@), forz #a

flz) = «Q, for x = a.

Example 1.22. Let f be the function defined by
f: R"R=>R
x> f(z) =

sin(x) |

The function f admits an extension by continuity at x = 0, because the limit of f when x

tends to 0 exists. )
sin(x T
lim f(z) = lim sin(z) = lim — = 1.
x—0 x—0 €T x—0

The extension by continuity of f is the function denoted fdeﬁned on R by:

~ —Sin(m), for x # 0;
flo) = { 1, for x = 0.

3.3 Properties of continuous functions
1. If f and g are two continuous functions at a point g, then :
e The function f + g is continuous at x.

e The function f.g is continuous at z.

o If g(xy) # 0, so the function g is continuous at .
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e The function \f is continuous at z(, for any value of A € R.

2. If f is a continuous function at a point xg and g is a continuous function at the point

f(z0), then the function gof is continuous at x.

3.4 Continuous Functions Theorems

Here are some important theorems for continuous numerical functions.

Theorem 1.4. Intermediate Value theorem (Bolzano’s theorem)

Let f be a continuous function on an interval a,b]. For any real number u between f(a)
and f(b), the equation f(x) =u has at least one solution on [a,b].

Thus, the segment with endpoints f(a) and f(b), is included in f([a,b]).

e e e EE e

[g]

Figure 1.2: Bolzano’s theorem illustration (3¢ € [a,b] \ f(z) = u).

Theorem 1.5. Any continuous function on an interval [a,b] and taking values of opposite
signs at the limits of this interval (f(a)f(b) < 0), vanishes at least once on this segment;
in other words, the equation f(x) = 0 admits at least one solution in [a,b], that is to say
dc € [a,b] such that f(c) = 0. The number of existing solutions is always odd.
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Remark 1.6. Any continuous and strictly monotone function (strictly increasing or strictly
decreasing) on an interval [a,b] and f(a).f(b) < 0, vanishes once and only once on this
interval, that is to say that the equation f(x) = 0 admits a unique solution in [a, b].

Borne Sup

H(b)

-
=2

Figure 1.3: In the figure f(a)f(b) < 0 and Jc € [a, b], such that f(c) = 0.

Theorem 1.6. Weierstrass’s theorem (or bounds theorem)

Any continuous function on a bounded (non-empty) closed interval is bounded and reaches
its limits there. In other words, if f is a continuous function on an interval [a,b], then
there ezists o and B € [a,b] such that

inf(f(la,0])) = f(@) and sup(f(la,b])) = f(B),

or again, taking into account the previous theorem f([a,b]) = [f(«), f(5)], with inf(f([a,b]))
is the lower bound of f([a,b]) and sup(f([a,b])) is the upper bound of f(|a,b]).

Example 1.23. The function f(z) = 2* — 32% + 1 is defined on R and has three roots,
i.e. the equation f(z) = 0 has three solutions. The points of intersection of the curve of f
with the z axis (see figure 1.4), c1, ¢2 and c¢3, are the solutions of this equation:

e A solution cl in | — 1,0].
The function f is strictly increasing in the interval | — 1,0[, and f(—1) = —3 has a
sign that is not the same as f(0) = 1. (f(—1).f(0) < 0).
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e A solution ¢2 in |0, 1[.
The function f is strictly decreasing in the interval |0, 1[, and f(0) = 1 has a sign

that is not the same as f(1) = —1 (f(0).f(1) < 0).

e Une solution ¢3 dans ]2, 3.
The function f is strictly increasing in the interval |2, 3[, and f(2)

that is not the same as f(3) =1 (f(2).£(3) <0).
If we want more precision on these solutions, for example cl1, it will be enough to choose

a smaller interval |a, b[C] — 1,0[ such that f(a).f(b) <O0.

= —3 has a sign

3‘3X2+ 1

f(X):X

Max local

Min local

Figure 1.4: Graph of the function f(z) = 23 — 322 + 1.

4 Differentiability of a function

4.1 Definitions

Let f be a function defined and continuous on an interval Ja,b[ and zo a point of this

interval.
Differentiability at a point xg:
We say that f is differentiable at z, if and only if:
iy 4 (@) = f(@o)
T—T0 T — :CO

exists.
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This number, when it exists, is called the derivative of the function f at xy and denoted
f' (o).

Example 1.24. The derivative f(z) = 2% at 2o = 1 is 2.
Indeed,
f(x) = f(xo) v’ 17 (z = D(x+1)

lim = lim ——— = lim =lim(z+1)=2.
T—a0 T — xg z—=1 r—1 z—1 z—1 z—1

Left-hand derivative at a point z :
We say that f is left-derivative at the point xg, if and only if:

@) = fao)

) T — X

exists.

This number, if it exists, is denoted by f; (o).

Right-hand derivative at a point x; :
We say that f is right-derivative at the point xy, if and only if:

@)= Fao)

T—>x0 T — X

exists.

This number, if it exists, is denoted by fp (o).

Theorem 1.7. A function f which is continuous at xq is derivable at xq if and only if it
1s derivable to the left and right of xg.

Derivability on a set :
We say that f is derivable on a set E of R if it is derivable at any point of E, and we
denote the derivative function associated with any point z of E by f/(x).

Remark 1.7. Any function differentiable at a point zy (or on an interval I of R) is
continuous at this point (on this interval), but the reverse is not always true.

Any function that is not continuous at a point xy (or on an interval I) is not differentiable
at this point (on this interval).

L is not differentiable at = = 0.

Tz

Example 1.25. The function f(z)

In fact,
1 1
li = lim — = d li = lim — = —o0.
S = i g = reoand i flm)= g o= e
The two limits (left and right of 0) tend to infinity and are different ( 111})1+ f(z) # liI[I)l f(z)),
T—> z—0~

so lim f(x) does not exist.
z—0

Therefore, f is not continuous and is not differentiable at x = 0.
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4.2 Differentiable functions’ properties

1. If f and g are two functions that can be differentiated at a point zy or on an interval
I, then:

e The function f+ g is differentiable at z (on the interval I'). Its derivative function
at any point x of I, when it exists, is defined by:

/

(f@)+9@) = f(@)+4 (@)

The function f.g is differentiable at z (on the interval I). Its derivative function

at any point z is:

(f@)9@)) = F @)9@) +9 (@) (@),

The function f" is differentiable at xy (on the interval I), with n € R%. Its

derivative function is:

(@) =nf @)

If g(z9) # 0 (g(x) # 0, Vo € I), then the function § is differentiable at zo (on the

interval I). Its derivative function at any point x, when it exists, is:
(f(@)' _ [(2)g(2) — g'(ff)f(x)'
9(x) (9(x))>

The function Af is differentiable at z (on the interval I), for all A € R and its

derivative is:

(V@) =2 (@),
Example 1.26. Calculation of the derivatives of the following functions: real con-

stant k, z, 2", 1, \/z and / f(x).

/

k = 0with k e R.
= 1.

/

/

= nz" L

1 :
= m with « > 0.
’ flx) .
= ——~_ with f(z 0.
NI f(x) >

)
) - ;—Qlwithx#o.
)
)
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2. If f is differentiable at a point xy and g is differentiable at f(z(), then the composite
function gof is differentiable at zy and the derivative of the function gof at xq is:

/

(90f(@0)) = g (F(x0))f

/

(o).
Example 1.27. Calculation of the derivatives of the functions:

In(zx), In(f(x)), e and /@,

1.(
2 (
-

3 e“”) = e”.

) — 1 with > 0.

In(x) ,
() F(@)

In(f ))/ — L@ Gith f(z) > 0.
, (&

4 () = f (@)

Example 1.28. The derivatives of the following functions:

f(z) =32 + 42% =5, g(x) = (22% +3)°, h(z) = (2° +1)(2z — 1) and k(z) = Qfljj-fx

f(x) = 922+ 8.

g(z) = 3222 +3) (222 +3)°! = 3(4x) (222 + 3)? = 122(22% + 3)%

W(z) = (@®+1) 2z -1+ (@®+1)2zx—1) = 2220 — 1) +2(2® + 1) = 62 — 22 + 2.
: (202 +32) (v — 1) — (z — 1) (222 +32) (4o +3)(z — 1) — 1(222 + 37)

k(z) = (z — 1)2 - (x—1)2

2x% — 4o —
x_

4.3 The derivative, direction of variation, and extremas.

A function’s monotonicity

A function f is said to be monotonic on an interval [ if it is increasing or decreasing on

this interval.

Theorem 1.8. A function is increasing (respectively decreasing) on an interval I if and

only if its derivative is positive (respectively negative) on this interval.
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2 on the interval

Example 1.29. Let us study the monotonicity of the function f(z) = x
| —2,2].
The derivative of f is f'(x) = 2z, which is strictly positive for z > 0 and strictly negative

for z < 0.

Figure 1.5: Curve of f(x) = z? on the interval | — 2, 2[.

The figure 1.5 shows us that for # < 0 (where f'(z) < 0) the function f is strictly
decreasing and for > 0 (where f'(2) > 0) the function f is strictly increasing.

Function extremas

0.10 7 Max global

Min| lecal

Figure 1.6: Local minimum and global maximum.

Let f: I — R be a function defined on an interval I and let a € I.
We say that f has a maximum at a, if

Ve el f(z) < f(a);
and f admits a minimum in a, if

Ve el f(x) = f(a).
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We sometimes speak of a global maximum or global minimum of the function, and we say
that f(a) is the maximum (respectively the minimum) of f on I.

f has a local maximum at a if there exists an open interval J containing a such that, for
all z € JN I, we have f(z) < f(a). A local minimum is defined similarly by reversing the

direction of inequality. Local extremum refers to a local maximum or minimum.

Theorem 1.9. The abscissas of the extrema can be identified by the values of x where the

derivative vanishes and changes sign :

1 If f(x) =0, f(z) >0 forx > a and f(z) < 0 for x < a, then a represents the
abscissa of a maximum.

2. If f(x) =0, f(x) <0 forx > a and f'(x) > 0 for x < a, then a represents he
abscissa of a minimum.

Example 1.30. Let us look for the extrema of the function f(x) = 23 — 32 + 1.
The derivative function of f(z) is f () = 32 — 62 = 3x(z — 2), which vanishes for x = 0

and x = 2.

[
1

Max

'
(]
1

Min local

Figure 1.7: Extrema of the function f(z) = 2® — 322 + 1.

e 1 =0 is the abscissa of the local maximum (0, 1) of the function f (see the figure 1.7):

f(xz) >0, x<0;
f(x) <0, 0<z<2.
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e 1 = 2 is the abscissa of the local minimum (2, —3) of the function f (see the figure 1.7):

2 =0
fi(r)<0, 0<z<2;
f(z) >0, =>2.

4.4 L’Hopital’s rule

L’Hopital’s rule can only be applied in the case where direct substitution yields an

indeterminate form, meaning % or 2.

Soient f et g deux fonctions continues au voisinage d'un point a, tels que lim f(z) = 0
r—a

(respectivement 0o) et lim g(x) = 0 (respectivement o).
T—a

According to L’Hopital’s rule, if the limit lim % exists, then :
T—a z

lim /() = lim fl (z)

T—a g(l‘) o T—a gl(l‘) '

Example 1.31. hH(l) Smmﬂ = % is an indeterminate form.
T—

Given that the functions sin(x) and x are continuous at the point z = 0, then we can use
the L’Hopital’s rule and we obtain:

sin(x sin(z))’

fig S _ jy, (BI0E)).

/

z—=0 z—0 T z—0 1

4.5 Successive derivatives and Leibniz’s formula

Given an open interval I, we say that f is differentiable on I, if it is differentiable at every
point of I.

Let f be a function differentiable on I. Tts derivative f can itself be differentiable. We
call the second derivative of f the derivative of f', and we denote it f . This function can
itself be differentiable, etc.

If fis k times differentiable, we denote f*) its derivative of order k. By definition, the
derivative of order 0 is the function itself.

Definition 1.6. Let f be a function defined on an interval I of R. We say that f is of class
C* on I, or again f is k times continuously differentiable, if it admits a k-th continuous
derivative on I.

We say that f is of class C* on [, if it admits successive derivatives of any order (they are
necessarily continuous since they are differentiable).

Remark 1.8. The following functions are of class C* on the open intervals where they

are defined: polynomial, power, exponential, sine, cosine functions.
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Leibniz’s formula

Leibniz’s formula, very close to Newton’s binomial formula, expresses the n-th derivative

of a product using the successive derivatives of the components.

Proposition 1.1. If f and g are two functions defined from R to R, n times differentiable
on an interval I, then the product fg is n times differentiable on I and:

(reta)” = 3ck(s10) o)

where |
CS:Wandn!:1x2><3><...><(n—1)><n.
n—k)k!

By convention 0! =1 and 1! = 1.

Example 1.32. Calculation of the nth derivative of f(z) = €**(z 4+ 1)?, with n > 3.

(f(x))(") _ (e2x($ 4 1)2) (n) _ ics ((x N 1)2>(k) (e%)(n_k).

We have
(@+12)” = @y
(<x+1)2)(” — 2+ 1)
(@+12) = 2
((:13—|—1)2)(3) -0
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2x

= 2%

()
()
(€2x>(2) — 922
()

— 236293

(n)
<e2x> — 2n62x

(k)
Since the k-th derivatives of (x + 1)? for k > 3 are zero (((:r; + 1)2) =0, k > 3), then all
terms of the Leibniz form, which corresponds to a derivative k > 3 will be equal to 0.
Let us calculate C°, C'} and C2.

o n! _nl

Cn = (n—0)10!  n!
T n! _nx(n-1)!

= moon T o "

o2 n! _nn—1)xn-2) n(n-1)
" (n—2)20 (n —2)12 2

The nth derivative of f(x) is:

(f(x))(") _ Cg((:c + 1)2) (0) (e2a:> (n) 1 Cﬁ((l’ + 1)2>(1) (623,;)(71—1) N Oﬁ((w n 1)2)(2) (6%) (n—2) Lo

1
= 1(z+1)22% 4 2n(z + 1)27 L 4 2%

( 4 271—2621‘
= 2"z +1)%* +n2"(z + 1)e* + n(n — 1)2" 2>
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5 Exercises with answers

5.1 Exercises

Exercise 1: Study the parity of the following functions:

e$

fle) =sin(>), f(a) = VI, f(x) = tan(x), f(x) = /in(21), f(r) =

cos(z)

Exercise 2: Calculate the following limits:

3 —8 1 . sin(3z) . V14+az-—1
—), lim lim ——.

lim —— lim sin( ), ,
z—2 12 — 47 z—1 x—1"" z—0 tan(?)q;) x—0 T

Exercise 3: Let f, g and h three functions defined by:

e —b, six <O
2cos(z), siz > 0.

fa) = — ’ (z) = 2sin(2) and h(z) = {

-z 1-—27 x
1. Study the continuity of the three functions on their domains of definition.

2. Study the existence of extension by continuity of functions f, g and h.

Exercise 4: Let f be a function defined on R* by:

f(z) =22 COS%.

1. Show that the function f admits an extension by continuity on R.
2. Let fbe the continuous extension of f on R. Study the continuity and deriv-

ability of fon R.

Exercise 5: Calculate the derivatives of the following functions:

$4

(xQ + 2)4 ’

f5(x) = In(cos(z)), fo(z) = /22 +In(z) et fr(x) = 2.

Exercise 6: Determine the 10th-order derivative of the following function:

fule) = %%, fo(a) = & sin(3), filw) = (@ +2)*, fulw) =

h(z) = (2° + 2)e*".
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5.2 Correction

Exercise 1: Parity for the following functions:

T

filz) = sin(i), fo(z) = V1 —x, fs(z) =tan(x), fa(z) = V/In(2z), f5(x) = c(:)s(x).
1. fi(z) =sin(2).
Dy, =R,
For any z € R*, we have fi(—z) = sin(=}) = —sin(2) = —fi(z), so f is an

odd function.

2. folw) =V1—ua.
Dp={reR/1-z>0}={zeR/1 >z} =]—o0,1].
The domain of definition Dy, of the function f; is not symmetrical about 0, so
the parity of this function cannot be studied. Consequently, fs is neither even
nor odd.

3. f3(z) = tan(z) = 22;((2))
Dy, = {z €R/cos(x) #0} = {zr e R/zx # T + km,k € Z}.
For any & € Dy,, we have fa(—x) = 228 — —E) — _fy(x), then fs is an

cos(—x) cos(x)

odd function.
4. fi(z) = +/In(22).
Dy, = {z€R/2z>0etln(2z) >0} ={z €R/z > 0et 2z > 1}
1 1
{zreR/z> 2} [2,+oo[

f1 is neither even nor odd, because its domain of definition is not symmetrical

about 0.
5. fs(z) = %(x)
Dy, ={z €eR/cos(z) >0} = U] — Z + 2km, § + 2kn|.

kEZ
f5 is neither even nor odd, because Vax € Dy,, we have:

—x e®

fs(—z) = \/czs(—x) = \/i;:(x) # f5(x) et f5(—x) # _\/m = —f5(x).

Exercise 2: Calcul des limites:

3 — 8 1 " sin(3z) oy Y1t -1

lim —— lim sin( ), ,
z—2 2 — 4’ z—51 x—1"" z—0 tan(3x) z—0 xT
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2

L Jim, 5= = § (IF).

3 —8 _ (x—2)(:v2+2a7+4)_1_ 22 + 27 + 4

- - =3
e 4 s (z—2)(x +2) T 2

1 ) At
2. xlin1 sin(—=5) n’existe pas.

Sachant que lim1 ﬁ n’existe pas, car les limites a gauche et a droite de 1 sont
r—r

différentes ( lim -1 = 400 et lim - = —00), alors lim sin(-15) n’existe
z—>1 77 a—<1 771 x—> z—1
pas aussi.
. . > . 1 _ . _ 1
En particulier, pour + —~ 1, on a Zlirgl —5 = +oo. Sion poset = —,
1 . . . . . 9 . 9
alors lim sin(==5) = lim sin(¢) et cette limite n’existe pas, car elle n’est pas
z—>1 t—+o0

unique, voir:
lim sin(2k7) = 0;

k—+o00
lim sin(§ + 2km) = 1;

k— 400
lim sin(5* + 2k7) = —1.

k— 400

sin(3x)
3. 11 Otan(?)x) (IF)
in(3 in(3 in(3 3
On a lim sin(3a) = lim sm( z) = lim sin( x) cos(3z) = lim cos(3z) = 1.
z—0 tan(SgL‘) x—0 % x—0 5111(31‘) z—0

4. lim Y=L = 0 (TF).

x—0

oA+ 1-1 o Vr+1—-1,Vz+1+1 i (x+1)—1
Ona lim —— = lim ( ): lim

z—0 T z—0 T vVer+1+1 z—0 :E(\/x—i—l-f—l)

1
= lim li —— =

1
IIH —=.

Exercise 3: Study the continuity and extension by continuity of the functions f, g and h defined

1 3 .1 e’ —b, six <O
fz) = T3 g(x) = “m(;) and h(z) = { 2cos(x), six >0.

L. f(‘r) = ﬁ - 1_3:,33-
(a) Domain of f: Dy =] — oo, 1{U]1, +oo[=R/{1}.
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(b) Continuity of the function f on D;: f is continuous on R/{1} by
construction (sum of two continuous functions on R/{1}).

(c) Continuous extension of f on R (in z = 1): f can be extended by
continuity at x = 1 if and only if lim1 f(z) exists and finite.
T—>

1 3 1 3
I — i . — i -
xgllf(x) xgll(l—x 1—x3) th(l—x (1—x)(x2—|—a:—|—1))
. ?+r+1-3 , ’+x—2
= lim = llm
e—1 (1 —z)(2?4+2+1) =1 (1—2)(22+2+1)
-1 2 — 2 —
SN C e C ) B Ve e ) e B
e—1(l1—-z)(22+2+1) e—1(224+2+1 3
lim1 f(z) = =1, so f can be extended by continuity to R. This extension,
T—>

denoted f, is defined by:

1 3 .
~ {E_l—x% for x # 1,

-1, for z = 1.

2. g(z) = .:Esin(%).
(a) Domain of ¢g: D, =] — 00, 0[U]0, +-00[= R*.
(b) Continuity of g on D,: The function g is the product and composite of
continuous functions on R*, so ¢ is continuous on R*.
(c) Continuity extension of g on R (at x = 0): Given that

. . !
xlinog(x) = xlinoxsm(g) =0,

then g admits an extension by continuity, denoted by g, on R (at = = 0):

~ + [ xsin(), forz #0;
g(w) = { 0, for x = 0.

3. h(z) = { ;cos(bl”), Ei i i 8’

(a) Domain of h: D, =] — 00, 0[U]0, +00[= R*.

(b) Continuity of 4 on Dj: The function e” — b is continuous on | — 0o, 0] and
the function 2 cos(x) is continuous on |0, +00[, so h is continuous over R*.

(c) Extension by continuity of h on R (at x = 0): The function h can be
extended by continuity to x = 0 if:

lim h(z) = lim (e —b) = lim 2cos(z) = 2,

z—0 z—0~ z—0t
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in other words lim (e* —b) =1 — b = 2, which is verified for b = —1.
T—0~

Consequently, h can be extended by continuity to z = 0 for b = —1 and

this extension is : M), § 7&
~ x), for x #0;
W) = { 2, for x = 0.

e’ +1, for x <O

For b = —1, we have : h(z) = { 2 cos(z), for x> 0.

Exercise 4: Let f be a function defined on R* by:

f(z) = 2? cos(l).
x
1. Showing that the function f has an extension by continuity on R.
(a) Dy =R
(b) f is the product and compound of continuous functions on R*, it is also
continuous on R*.
(¢) f f can be extended by continuity on R and in particular at x = 0, because
xliglof(x) = xliglo 2% cos(L) = 0.
2. The continuity extension, noted f, of f on R is:

[ a?cos(), siz#0;
f(x){()’ sixz=0.

fis continuous by construction (and by definition) of an extension by continuity
on R.

Exercise 5: Calculation of the derivatives of the following functions: fi(z) = e***3,
4

folw) = esin(3), folw) = (@ +2)*, fule) = gy, So(e) = In(eos(a)),

fo(r) = /22 + In(z) and fr(z) = 2°@),

1. f1<l’> — (621"'1‘3)/ _ 2621‘-&-3‘
2. fy(x) = (e"sin(5)) = e"sin(5) + je” cos(§).
3. fy(x) = (22 +2)") = 4(22)(2® +2)D = 8z(s* + 2)°.

4 . 4 ! _ 4$3(Z2+2)4—8$5(1‘2+2)3 _ 43:3(3;24—2)—83;5 o 813 —455
4 fi@) = () = @+2)° T T@Rr T @
5. fs(z) = (In(cos(z))) = %IZS) = — tan(z).

() = (
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. fila) = (@) = (expne ) = (exprsnt) )
falw) = (= sin(x)in(z) + <=2) expes@n@ = (= sin(z)in(x) + L) e,

Exercise 6: Determination of the 10th order derivative of the function h(z) = (2 + 2)e3
The calculation of the tenth derivative of h will be done using Leibnitz’s formula:

h(lo ZC :):+2 ( >(107p)‘

@+2)0=a®+2| ()0 =e" | Cr= 2o
(333 4 2)’ — 372 (631:) — 3e3 0100 — (10£0(;)!0! -1
(23 +2) = 6w (e37) =323 | O, = —(10£0f)!1! =10
(23 + 2)3) = (631;)(3) =B | 02 = (101_02!)!2! — 45
(23 + 2)(4) — (631)(4) — 343 C?o _ (10£03i)!3! — 120
(2% 42)19 =0 (e37)(") = 3nede

h(lO)(m) _ ZO JZ +9 (P)(e3ac)(1ofp)

h10(z) = C?o@ +2)(e%) 10 L o1 <x3+2)/(63x>(9) +C120<$3+2)” (63$)(8)
+C3 (.r +2) (eSx)
= (1(«* +2)3"%*) + (10 (32%)3%%") + (45(67)3%*") + (120(6)3"€™)

= " [3"(2" 4+ 2) + 3°(302%) + 3%(270z) + 37(720)].



Chapter 2

Integration of a functions

1 Antiderivatives (primitives) and Integrals

First, let’s recall the definition of an antiderivative (a primitive).

Definition 2.1. A primitive of a function f, defined on an interval |a, b[, is any function

F derivable on ]a, b[, whose derivative coincides with f on ]a, b].

/

F(z) = f(z), VY €a,b].
Any continuous function on an interval I has a primitive on this interval.

Remark 2.1. If F'is a primitive of the function f : I — R, any primitive G of f on [ is
of the form

G : I—-R
r+— G(zr) = F(x) + ¢,

where ¢ is a real constant.

Two primitives of the same function differ by one real constant, whose derivative is

Zero.

Theorem 2.1. Let f be a continuous function on [a,b], and ¢ a point on the interval [a,b].
Consider the function F.(x), which to x € [a,b] associates F.(x) = [ f(t)dt. Then F, is
the only primitive of f that cancels at the point c.

Any primitive F' of f can be used to calculate an integral.

a

b b
/a f(z)dz = [F(x)} — F(b) — F(a).

35
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Remark 2.2. If F'is a primitive of f, we write

/f(x)dx = F(z)+c,
where ¢ is a real constant.

Example 2.1. The primitives of cos(z) are all functions of the form sin(z) + ¢, where ¢ is

a real constant.

/cos(m)dx = sin(z) + c.

1.1 Primitives of usual functions

’ Function \ Primitive \ Area of validity ‘
a (real number) ar+c,ceR R
", neN %—FC,CER R
-, neN/{1} et T cER R*
\/i;: 2;{15 +c,ceR R*%
z* a € R/Z g tcaceR R
z In(|z]) +¢, c€eR R*
e’ e +c,ceR R
cos(z) sin(z) +¢,ceR R
sin(z) —cos(z)+c¢, ceR R
Cosé(x) =1+tan’*(z) | tan(z)+c,ceR | R/N{S +km kel}

1+1x2 arctan(z) + ¢, c € R R

\/1}17 arcsin(z) + ¢, c € R | —1,1]

Vi arccos(x) + ¢, c€ R | —1,1]
a®, a € R /{1} %—l—c,ceR R

1. If f and g are two functions defined on an interval I and respectively admitting F’

and G as primitives on [ and A\ any real, then:
e F'+ (G is a primitive of the function f + g on I.
e \F'is a primitive of the function \f on I.
2. Otherwise, we have the following table in which f designates a function derivable on

an interval I whose derivative f  is continuous on 1.
Recall that, if f is a function derivable on an interval I and g is derivable on f([I),

gof(z) is a primitive of f'(z)(g (f(x))) on I.
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Function Primitive (antiderivative)

(@) fr(x), n e R/{-1} fn;ri)%—c ceR

2\/m+C,C€R

In(|f(z)]) + ¢, ceR

[ (x)ef@ ef@ e ceR
S (x) cos(f(x)) sin(f(x)) +¢, ceR
[ (x)sin(f(z)) —cos(f(z))+¢c,ceR
Sty = U tan(z) + ¢, c € R
1+’E;((xz)))2 arctan(x) +¢, c€ R
1’:/((;()@)2 arcsin(z) + ¢, c € R

Example 2.2. Calculation the antiderivatives (primitives) of the two functions:

filz) = et fole) = ¢ &

T
@1y Z+ 1)

L [ hz)de = [ grmde = 5 [ mipde
Knowing that (22 +1)" = 2z, then the primitive of f,(z) = % éﬂﬁ;
using the primitive of fl( ) = 3(f(2)) (f(z))" with f(z) =2>+1et n = —3.
So the primitive F(z) = [ fi(z)dz, can be deduced as follows

1(f(:v))"+1 1 (2?2 +1)3+ 1 (2?2 +1)72 -1
J N A € C ) TN C e ey T o ) R
o) =5 T te=g 37 Tty 5t

with ¢ is a real constant.

2. fo(x)dx:f 2+1)dx— 1l gildx
In the same way, Knowing that (22 4 1)" = 2z, then the primitive of f(z) is

1 1
Fg(x):§ln(| %+ 1 |)—i—c:§ln(m2—|—1)+c,

where ¢ is a real constant.

(The usual primitive used is f I o dr = In(|f(x)]) + ¢)

A(z2 + 1)

= will be calculated

+ ¢,
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1.2 Integrals

Any continuous function on an interval [a, b] is integrable on [a, b].

1.3 Properties of definite integrals

1. If f is continuous on an interval I, then for any real a, b and ¢ of I (with a < b < ¢),

we have:

o [ f(x)dz = 0;
. fab fl@)de = — [ f(x)da;
o [f(@)de= [’ f(x)dx+ [ f(x)da.

2. If f and g are integrable on [a, b], then (f + g) is integrable on [a, b] and:
b b b
/ (f(z) + g(x))dx :/ f(x)dx+/ g(x)dz.
3. If f is intégrable on [a,b] and A a real number, then (A\f) is integrable on [a, b] with
b b
/()\f(q:))dx:)\/ f(z)dz.
4. If f is integrable on [a, b] and for any z belonging to [a, b] we have f(z) > 0, then

/a  Hayde > 0,

5. If f and g are two integrable functions on [a,b] and for any = belonging to [a,b] we
have f(x) > g(z), then:
b b
/ f(z)dx > / g(x)dx.

1.4 Application of integrals to area calculation

If f is a continuous, positive real function taking its values in a segment I = [a, b], then

the integral of f on I, denoted by
b
|t

is the area of a surface bounded by the graphical representation of f and by the three
straight lines of equation x = a, x = b and y = 0 (see the blue-colored surface in figure
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Ay

X

a b

Figure 2.1: The area of the blue zone is Sy = f: f(z)dz, when f is positive.

2.1).
The area of surfaces above the x-axis is given a positive sign. To be able to deal with
negative functions, we give a negative sign to the areas below this axis.

So, to define the area of the surface bounded by the curve of f and by the three
straight lines of equation x = a, + = b and y = 0 (see figure 2.2), we cut the integral over
the different parts where the function is positive and negative, but don’t forget to put a
minus sign in front of it when the function is negative. The area of this surface is given by

Sy = + dx — - d
= [ e [ e
with f+ = { (J;(a?)y for f(z) > 0; ot f~ = { a’f(az), for f(x) < 0;

, otherwise. otherwise.

this integral:

Jx) vy

Figure 2.2: The surface area is Sy = [ f(z)dx — fcb f(x)dz .
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2 Integration methods

In this section, we give some integration methods that allow us to transform the problem
of calculating an integral into the calculation of another, simpler integral.

2.1 Formula for integration by parts

Definition 2.2. Let f be a function defined on an interval I of R with values in R. We
say that f is of class C* on I if and only if f is derivable on I and its derivative f is

continuous on /.

Let U and V be two functions of class C* on an interval [a,b] with values in R.
By hypothesis, the functions U and V' are derivable on [a, b], and so is the function UV

(UV) =UV+UV.
On integre les deux membres de cette équation sur le segment [a,b] et on obtient par
linéarité de l'intégrale:
b b . b ! b
/ U'(2)V (2)dx + / U(z)V' (2)dz = / <U(x)V(x)> dz = [U@)V(x)} .

Theorem 2.2. Let a and b be two real numbers such that a < b, U and V be two functions

of class C* on [a,b] with values in R. Then

b

/ U@z = [UV @) - / UV (@)de.

a

Example 2.3. Calculate I = fol xe®.
For x € [0, 1], we put

U)=e¢ = Ur)=¢"
V)= = Vi(r)=1
The two functions U and V are of class C! on [0, 1], so we can integrate by parts.

1

/01 ret — /01 U'(2)V (2)dz = [U(x)V(x)}o — /01 U(z)V' (2)dw

1 1
= [me””](l) — / leder = e — 0 — / e“dx
0 0

= e—[ex]é:e—(e—l)zl.

So fol zet = 1.
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Remark 2.3. Integration by parts is also very useful for finding primitives.

Example 2.4. Let’s calculate the primitives of the function f(z) = In(x) on |0, 4o00[, in
other words the indefinite integral [ In(z)dx

We have [In(z d:z:—flln Ydz.
U@E)=1 = Ul ==z
Integration by parts:
V(z)=In(z) = V(z)= %

T

/ In(z)dz — / U In(z)de = 2n(z) — [ (z x 2)dz

= xln(x)—/ldx:xln(x)—x—l—c.

2.2 Method for integration by substitution

The principle is the same as integration by parts, to reduce an integral (difficult or com-
plicated if you like) to an integral that is simpler to calculate.

Theorem 2.3. Let ¢ be an application of class C' on an interval I with values in R. Let
f be a continuous function on p(I) with values in R. Then, for all (a,b) € I x I,

©(b) b
f(@)de = / () (Dt
w(a) a

where x = ¢(t) and dz = ¢ (t)dt.

Example 2.5. Calculating the integrals: I, = fo sin(z) cos(x)dx et Iy = fl xgil dx.
1. I = fo sin(z) cos(z)dx
r=0 = t=sin(0) =0,
Given t = sin(x), then dt = cos(x)dz and
r=7% = t=sin(f)=1

By changing the variable, we have

T 1 1
L = /2 sin(x) cos(x)dx :/ tdt = [—t2]1
0 0 2 -0

1 1

= —(12- = —.

2( 0°) 2
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1 2g
2. ]2 = Jo m2+1d$

r=0 = t=0+1=1,
Posing t = 22 + 1, then dt = 2xdx and
r=1 = t=12+1=2.

After the change of variable, we have

Loy 21 9
’ /0x2+1x /175 )],

= In(2) —In(1) =In(2) — 0.

So [} Zroda =n(2).

2_;’_1

Example 2.6. Calculate fol e

We have
1 1 1
/ dr = / de:/ ( +et e )d:l?
0 1+e” 0 14e” o 14+e* 1+e*

1 o 1 1
= / (1— )dx:/ 1dx—/ dx
0 1+e 0 o L+e*

fol H% is the sum of two integrals, where fol ldr = [[L’](l) =1 and fol %das which can be

calculated using a change of variable, by posing ¢ = e with dt = e*dx (for x = 0 we have

t =¢”=1and for x = 1 we have t = ¢! = e):

/01+ew /—dt [In(1+1)]] = I(1+e) —In(2).

1 1 1
1 X
/ dx:/ldx—/ ¢

Remark 2.4. The change of variable is also useful for finding primitives.

Then

de =1—1In(1+e)+ In(2).

Example 2.7. Let’s go back to the 2.5 example and look at the primitives of functions:
fi(x) = sin(z) cos(x) et fo(r) = 5.

1. Fi(z) = [ sin(z) cos(z)dx
By changmg the variable t = sin(z) avec dt = cos(x)dzx, we get

Fi(z) = / sin(z) cos(x)dz = / tdt = %tQ +c
1

= —sin®(z) + ¢,
2
where c is a real constant.

Hence the antiderivative of the function f;(z) = sin(z) cos(z) is Fi(z) = 3 sin®*(z) +c.
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2. Fy(x) = mfildx

After making the variable change t = 22 + 1 where dt = 2zdx, we obtain
2z 1
= In(|2*+1])+c=n("+1)+c

So the primitive of fo(z) = F%45 is Fa(z) = In(2® + 1) + ¢

2.3 Decomposition into simple elements

The decomposition into simple elements (sometimes called decomposition into partial frac-
tions) is not a technique specific to integral calculus. It allows to decompose a rational
gg;, where P(z) and Q(z) are two polynomials with Q(z) # 0, into
a sum of elementary fractions that we know how to integrate.

fraction of the form

Integration of a simple element of the first kind:

The general form of a simple element of the first kind is as follows (with k& and a real

constants): ﬁ
So you need to know how to integrate fractions of the following form: ﬁ

In the case where n = 1 the primitive is:

1
/(aj_a)darzln(|x—a|)+c,

where ¢ is a real constant.

Remark 2.5. In this case the function to be integrated is simply in the form % with
U # 0, hence direct integration.

In the case where n > 1 the primitive obtained is:

/ 1 L
(x—a)» 1-—n (x—a)"! '

Remark 2.6. In this case the function to be integrated is of the form g—; with U # 0

non-zero, hence direct integration.

Generally, the integration of a simple element of the first kind is immediate.
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Integration of a simple element of the second kind:

The general form of a simple element of the second kind is as follows:

pr+q
(az? + bx + )™’

with p, ¢, a, b and c real constants.
It can always be broken down into two fractions:

pr4+q x N q
(ax? +bx +c)n p(aa:2 +br+c)  (ax?+br+c)"

After the change of variable, we return to the calculation of some primitives that we
need to know:

L[ x%ﬂda: = arctan(x) + ¢;

2. f mdm — %arctan(%) + ¢, with b 7£ 0;

3. [ LELD gy = Lin(f3(x) + 1) + ¢, in particular [ £dr = SIn(a? +1) +c.

Example 2.8. Calculating primitives:

1 2 23+ 5z* + 8z 2 —2
R -—— - R — R —- T T R =
(@) 22—z -2 2() r+1’ () 22+ 522+6 () (2 +1)(z—1)
The denominator of Ry(x), 2> —x—2 =0 for z = —1 and = = 2, so its decomposition

into simple elements has two simple elements of the first kind:

1 1 a b
= +

S ey P [ A ) I ey

with a and b are two real constants that we now need to determine.

We could very well put the decomposition to the same denominator as the original
form of Ri(x) and then deduce a and b by identification by solving a system with
two equations and two unknowns.

1 a b alx—2)+bx+1) (a+bx+ (b—2a)

CrD@—2 @+ @=2  @+D)@-2  (@+DE-2
So

a+b=0 a= = 1 -1 1
) ' then Ry(z) = = :
{ i{b , @) = e T T s ey
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The integration of simple elements of the first kind being immediate, we deduce a

primitive of Ry(x):

/Rl(m)dw N /mQ—x—l /< x+1 x1—2)>dx
- %1/ x+1 %/

-1 1 1 -2
- ?muxﬂ\>+51n<|:c—2|>+c=—1n<rﬁH\>+c
2. RQ( ) ac+1

Reducing to a simple and easy integral, we have:

2 —14+1 Dx—-1)+1

Ry(z) = xil - x+:_ — )m(::l M (sachant que 2% — 1 = (z +1)(z — 1))

D(x—1 1 1

R It A R U

r+1 r+1 x+1

The integration of Ry(x) is
2

/Rg(x)dx:/(x—l)dx—l—/ Cfldx:%—x—l—lnﬂx—ku)—kc

X

Example of a numerical application:

1 2 2
1
/ T odr = e m( a1 ) =In(2) - L
0

r+1 2 2

_ z3452%48z
3. Rg(l‘) = 2152216

23+ 522 +8r  w(x?+ 5z +6) + 27

R pu— =
() 22 + 512 + 6 22 + 512 + 6
n 2x n 2z n a n b
22+ 522 +6 (x +2)(z+3) (x+2)  (x+3)
By reduction to the same denominator and identification we have: a = —4 et b = 6,
therefore
Ra(x) 23 + 5% + 8z 4 . 6
T —=——7=27 —
’ 22 + 522 + 6 (x+2)  (z+3)

The antiderivative of R3(x) is:

[ Bataydo = [wiz-a [

d +6/ 9 Ty in(] 542 |)+61n(] 243 )+
xr x+3 = 9 X x &
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4. Ry(z) = 222

(z241)(z—1)

) ar+b C
Ry(z) = (224 1)(z — 1) - (x2+1) * (I—l)'

By reduction to the same denominator and identification we have:

3+ 1 3 1
)= 5w ) ") @ D @A 2D

The primitive of Ry(x) is:

/R4(at)daz _ g/ﬁdxﬁL;/ﬁdx—/ﬁdx

3 3 1
= 1 In(2? +1) + 5 arctan(z) — 5 In(] x — 1|) 4 constant.

3 Integrals of type [ R(sin(z),cos(z))dx

Reminder:

sin(a + b) = sin(a) cos(b) + cos(a) sin(b);
cos(a + b) = cos(a) cos(b) — sin(a) sin(b);
cos?(a) + sin?(a) = 1.

Using sin(a + b) and cos(a + b), we deduce:

1. sin(x) and cos(x) depending on sin(5) and cos(%):

sin(z) = sin(§ + 5) = sin(a) COS(§) + COS(§) sin(a)

cos(x) = cos(

N8

: 2 tan(2)
(2) sin(e) = i)
Indeed,
ine) = @) __2sin()eos(5) __ 2sin(§)cos(5)/cos’(5) __2tan(5)
1 cos?(%) + sin®(%) (coﬁ(%) + sin2(§)>/cos2(§) 1+ tan®(%)
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(b) cos(x) = LEZE ? We have
cos(z) = cos(x) _ cos (2) — sin?(2) _ <cos () —sin (%))/cos (%) | — tan?(£)
U oG i) (cos(s) +sin(3)) feot(s) L)

3. If we set ¢ = tan(3), we will have:

. 2t
Sll’l(.T) = m
1—t?
COS(ZE) = m
1 N DR 2dt
dt = 5(1+tan (5))dx—§(1+t Jdx = dx = e

Example 2.9. Let’s calculate the primitives:

/ ;dx and / _ ! dz.
sin(x) 1+ sin(x) + cos(z)

1. Fl(fE) = f Sinl(x)dx
Calculating this primitive becomes very easy, using the change of variable ¢ = tan(5),

dr = 124:1:2 and

2t 1 14
14+¢2 7 sin(x) 2t

1 o / 2(1+t?)
() / sin(z) / 2t 2t(1 + ) 2t

1442

sin(z) =

1
- /gﬁ:hmtn+c:qumgny+gceR

2. FZ(x) = f 1+sin(m;+cos(m) dx
This primitive is very simple to calculate with the change of variable ¢ = tan(%),

with ) _ o
t -1 t
FEE cos(z) = e and dr = T

sin(z) =

1 2 2
F = dr = t dt:/ dt
2(2) /1+sm( )+ cos(z) " T /1+1+t2+1 s 1+82+2t+1—1¢2

142

= / /—dt |1+t|)—|—c-1n(|1+tan(2)|)+c,CE]R.

141
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4 Improper integrals

Case of a function f locally integrable on a semi-open interval [a, b] (respectively ]a, b)),
with b € R ou b = 400 (respectively a € R or a = —c0).

Definition 2.3. We say that the integral fab f(z)dx is convergent (or exists) if the function
t— fat f(z)dz has a limit (in the sense of a finite limit) when ¢ tends to b. We then state:

t—b

/abf(:c)d:c ~ lim /atf(x)d:c.

This real number is called the improper integral of f on [a, b].
If the function t fj f(z)dz has no limit when ¢ tends to b, we say that the integral
f: f(z)dz is divergent.

Example 2.10. Calculating improper integrals

+o0 1 “+o0o
L :/ e tdx, I :/ In(z)dx andl3 :/ In(x)dx
0 0 1

1. I = 0+°O e *dx

+o00 b
L, = / e “dr = lim e *dr = lim [—e*“}g
0

b—+o00 0 b—+00
= lim (—e’+1)=1.

b—+00
Hence the integral I; is convergent and equals 1.

2. I, = fol In(z)dx
First, let’s recall the primitive of the function In(z): [In(z)dz = zIn(z) —z + c.

I, = /01 In(z)dx = lim /1 In(z)dx = lim [:cln(x) —x]i

a—0t+ [, a—0t
= lim(0—1—-aln(a)+a)=—1.

a—0t

The integral I, is therefore convergent and equals —1.

3. I3 = 1+oo In(x)dx

400 b
I; = / In(z)dxr = lim / In(z)dz = lim [zln(z) — x}i
1 1 b—4o00

b—+o0
= lim (bIn(b) —b—0+1) = lim b(In(b) — 1) + 1 = +oc.

li
b—+o0 b—~+o0

The integral I3 is divergent.
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4. I, = fflﬁdx

I /0 Y e tim [ Y e [n(| 142 ])]°
— T = 1m €r = 11m
* 11+ @

a—-=1 |, 1+« a——1

— Tim (In(1) = (| 1+a)) = lim (=I(|1+al])) = +oo.

So I, is divergent.
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5 Corrected exercises

5.1 Exercises

Exercise 1: Calculate the following integrals:

5 COS3 X T
h=[f Segde, b= )y mgpde, = fy e,
Iy = 12 1“(1;22” dr, Is = f12 #1_40596, Is = fow e*sin(x)dx.

Exercise 2: Calculate the primitives of the following functions:

/(ln(x))Qdm, /%dax /ehln(l—l—e’”)da:, /1_—\}‘%__'_26133

Exercise 3: Compute the following improper integrals:

™ +oo 1 +oo 1
/ tan(z)dz, / dx, / n(z) :
™ o l4e® 1 x?

2
1
]n:/ z"e*dx.
0

2. Show that for all n € N, we have

Exercise 4: For all n € N, we put

1. Calculate Ij.

e2 n+1

Lpi==—
+1 9 2

I,.

3. Deduce the value of Is.
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5.2 Corrections

Exercise 1: Calculating integrals:

5 COS3 x =
]-4 2 lﬂ(]-x';2l) dl’) I5 — f12 x2_%1_4dx, ]-6 — fOTr e‘rszn(l-)dx

1. I = fﬁ o8 @) — fﬁ% L=sin*(@) o5 (2)da

Z sint(x) 5 sin(z)
Tr =
We put ¢t = sin(z) et dt = cos(x)dx and
r=7% = t=sin(j)=1
With this change of variable, the calculation of the integral I, will be:

1—t2 |
]1 :/ el /_dt_/ L
8

_r+_1
2 I = [, sy de
r=2 = t=1In(2),

Posing ¢ = In(z) then dt = 2dz and
r=4 = t=In(4).

In(4) 1 -1 In(4)
I, = —dl = | —
2 /ln(2) 3 [2t2 } In(2)
—1 —1 3

2(In(4))*  2(In(2))*  8’*(zx)’

= t=sin(g) =

Y

SE]
[N

Hence

3. I3 = folevw“dx

Change of variable: ¢t = vz + 1 = (z 4 1) et dt = Qﬁdx
From the derivative dt we deduce dz = 2v/x + 1dt = 2tdt. So

1 V2
I3 :/ eVetldy :/ 2teldt
0 1

U=2t = U =2,
Integration by parts:
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AT = f2 1n(1x+217)d
U=In(1+2z) = U = 1+22$,
Integration by parts:
V=4 = V==
~1 22 ~1 21 1
L = [—hm(i+20)P— [ — = de =" In(1+2 2_2/__
D= - [ e w20 -2 [ (G-
-1
= [7 In(1+ 22))3 — 2[In(x) — In(1 + 2)]3
—1 16
= (—InB)+In3)) +2(In(2) —In(3) —In(1) +In(2)) =
(G In(5) + () + 2(1n(2) ~ n(3) ~ In(1) + () = ()
5. ]5:.[12 :v2fgi°>2x74dx_ 12 332_:2321 3%r+31f+4d _f12(1+x23f;;{4)dx
Identically equivalent to
4 4
I = /1d:v+/ 3x+ da:—/ 1dx+/ 3x+ du
x? —3x — 4)(z+1)
216, 1
= 1d —(——) — =
/1 " 1 (5(1‘ 4) 5<x+1))
= i+ [=W(z—4)) - cIn(x+1)];
16 1 16 1 17
= [2—-1]+ [(E In(2) — s In(3)) — (E In(3) — 5 In(2))] =1+ E(1n(2)

6. I¢ = [, e”sin(x)dz. (twice the integration by parts)
U=sin(zr) = U = cos(z),

First integration by parts:

Is = [e" sin(x / e’ cos(x

Seconde integration by parts:

ls = _<[ex cos(x)]f + /Oﬂ e’ Sin(x)dx> =

Remember that I = [ e”sin(x)dx, so Is =
In other words, 2l = €™ + 1. So

_<[_67T — 1]+ /07r e” sin(x)da:).

—([—e’r—l]—i-lﬁ) ="+ 1— I,

1
]6 = §(€7r + 1)
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Exercise 2: Primitives (antiderivatives) calculus:

/(1n($))2dg;7 /%dm, /eQIIn(l—i—ex)dx, /1——\}x——|—2d$
1. Fi(z) = [(In(x))*dz

Integration by parts:
U=(nx)? = U =222

V=l = V=u
Hence Fi(z) = [(In(z))*dz = z(In(z))? — 2 [ In(z)dz, c € R.
Integration by parts to calculate [ ln
U=In(z) = U =1

V=1 = V=u

we will have
Fi(z) = z(In(z))? — 2(z In(z) — /da:) = z(In(z))? — 2z(In(z) — 2) + ¢
The primitive of (In(z))? is

Fi(z) = 2(In(z))* — 2zIn(z) + 22 + ¢ = z((In(z))* — 2In(z) + 2) + c.

2. Fy(z) = lii;g?x)dx

B sin(z) _ [sin(z)+1-1, 1
Byz) = /1—|—sm dx—/ 1 + sin(x) dx_/(l_l—l—sin(a:))dm

= /ldx—/ x—x—/;dm
1—1—sm 1 + sin(z)

To calculate [ mdx we put ¢ = tan(3), sin(z) = 3.

2dt
142

1 _ 1 2 _ (1+t%) 2
/1+sin(:p)dm B /(1—|— )l—l—tht /(1+t2+2t)(1—|—t2)dt

1+t2

2 2
- /mdﬁ:/mdt

1 1
dt = (1 + tanQ(g))daf; = S+ )de = do =

9
T Tt T Tt €
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Therefore

3. F3(z) = [e**In(1 + €)dx
we poset—e and dt:exdx:tdxjdx:%.
By making this change of variable, we will have

Fs(x) = /ezx In(1+ €*)dx = /t2 In(1 + t)% = /tln(l +t)dt

Integration by parts:
U=hl+t) = U=+

1 L[ 1 1 [2—1+1
Fy(z) — §t21n(1+t)——/ dt:—t21n(1+t)——/—+dt

2) 1+t 2 2 1+1¢
1, L [(t-1(t+1)+1
= Z2In(1 _Z
2t n(l+t) 2/ T2 dt
1, 1 1
= —t*In(1 — = 1)+ —
5t n(l+t) 2/((t )+1+t)dt

2

1 1,t
= §t21n(1+t)—§(§—t+ln(| 1+t])+c

2z

1 1
= 562mln(1+em)—5(%—e“+1n(1+ex))+c, ceR.
4. Fy(z) = [ == \/ﬁd
Weposet—\/x—l— then dt = ﬁdx—ldx:dx—%dt

20 —2+2

Fi(z) — / 2 —/ doEtey
1—Vzr+2 1—1 1—1t
2
= /( 2+ﬁ>dt:—2t—2ln(|1—tl)+c

= 2vVz+2-2In(|1—vVz+2]|)+e¢ ceR.

Exercise 3: Improper integrals calculus:

™ +o0o 1 +oo 1
/ tan(z)dz, / dx, / n(j)dx.
z o l+e” 1 T

1. f tan(z)dx is improper in 7.

/ tan(x)dz — lim [ tan(z)de — im [ S8 g0~ gy (_ / — sin(z)
7r a—Z Ja a>% J, cos(x) o . cos()

2

2

dz).
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Such that ff dx—ln(| f(x)]) +¢, c€R, then

™

Ttan(z)ds — lim (_.jf”"sﬁﬁm>dx):: lim [ = In| cos() |

x . cos(x) a—Z

= lim (— In(1) + In(| cos(a) | ) = lim In(] cos(a) |) = —o0.

us us
a%2 a%2

a

o

Hence f » tan(z)dz is divergent.

+
2. [ 1+eﬂ”dﬂlj = bEE}m 0 Tte edr
Change of variable: we put t = e et dt = e*dx = dx = g—ﬁ = %.

b

oo g b1 ‘ 1
/ dr = lim dr = lim / —dt
0 14 e= b—too Jo 1+ e* botoo Ji o t(1+ 1)

b
. “ /1 1 ) eb
ZbE&>1(z—aia)ﬁ—ﬁﬁgﬁﬁﬂ—m“+”L
— ()] =t ()~ 1a(}) = ~n(h) = @)
T e LT T s U e/ T YY) T T R T AR

+
So [, i=dx is convergent.
3. [0 gy = lim [ L In(e)de

b—+o0
U=ln(z) = U =1,
Integration by parts:

+oo b _ b b
/ ln(;p)dx = lim 12 In(z)dr = lim ([M} / %d:c)
1 T b—+oc0 1 T b—+o00 T 1 1 T

=t ([FRE)[E) = i (2RO RO )

+

b—s+00 x 1 x 11 b—+o00 b 1
—(1 4+ In(b
= lim —(—|—n())+1:1
b—+o00 b
+oo ln(z

Consequently, dx is convergent.

Exercise 4:

1
I, :/ z"e*dx, n € N,
0
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2. Showing (proving) that for any n € N, we have I,,,; = % — ”Tﬂln.
1
[n-l—l — / xn+1e2zdl,
0
U=z""" = U =(n+1)",
Integration by parts:
Vi=e® = V = ie*.
I
1 1
1 1 1
Ly = / L2 g |:_xn+162x:| _(n+1) / e
0 2 0 2 0
1
_ la (n+ 1)-[n-
2 2
3. Deduction of I5:
e 2 e e?
L=5 =% (S _Zp)==:l=>(2-1
2= 5 mph=g oG g =gh =g =)
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