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Preface

This course, Mathematics 3, is designed for second-year Mechanical Engineering students at
the University of Bejaia. It provides comprehensive training in numerical series, multiple and
improper integrals, and differential equations, while introducing essential tools such as Fourier
and Laplace transforms for solving engineering problems.

Students will learn to :

Apply integration techniques, including substitution and integration by parts;

Evaluate double and triple integrals, using Fubini’s Theorem and appropriate changes of
variables;

Study the convergence of improper integrals;

Solve differential equations using Laplace and Fourier transforms.

The course emphasizes practical applications in engineering and includes numerous solved ex-
ercises to strengthen problem-solving skills. It aims to develop mathematical reasoning, rigor,
and independence in tackling integration problems.



Chapter 1

Single Integral

1.1 Antiderivatives

1.1.1 Antiderivative of function

Definition 1.1.1. Let f be a function defined on an interval I of R, an antiderivative of f, is
a function F' whose derivative is f :

Veel, F'(z)= f(x).

Remark 1.1.1. If F is antiderivative of f on interval I then for any real number ¢, F' + ¢ is
also an antiderivative of f on [ and we write :

/f(x)dx =F(z)+c.
Example 1.1.1.
e An antiderivative of f(z) = 3z% is F(x) = 2 + ¢, and we write:

/f(x) dr = /3962 dr =2°4+¢, c€R (constant of integration).

1
e An antiderivative of f(z) = e* is F(z) = 56% + ¢, and we write:

1
/f(x)dx:/ezzdx:?a%—i—c, ceR.

Remark 1.1.2. The antiderivative of a function is not unique, it includes an arbitrary constant.

Example 1.1.2. Let the function f (x) = 4x + 2. We have :

Fi(z) = 22° 4+ 22, Fy(x) =22° + 22 — 1, Fy(x) = 22 + 22 + 2025, ...
are antiderivatives of the function f on R, because :

/

Fi(z) = Fy(z) = Fy(z) = f(2).



1.1.2 properties of antiderivatives

Let F' and G be antiderivatives of f and g respectively on an interval I of R :
L. / (f(fc) + 9(37)) dr = /f(x) dx + /g(x)dx = F(z)+G(x)+¢, ceR.

2. /af(a:)da::a/f(x)dx:aF(x)+c, Va € R.

Remark 1.1.3.

A In general, the integral of a product is not equal to the product of the integrals.

[ (7@) % o) de # [ fa)dz x [ gla) .

for example
1

1 1
/(IQ)(2x)dx:§$4+C7é/$2d$></2$d:17:§$3X$2:§x5+c‘

/(x2)(2x) dx # /xQ dx x /Qxdx.

1.1.3 Table of common antiderivatives

We could use a table of derivatives to find integrals, but the more common ones are usually
found in a "Table of Integrals" such as that shown below. You could check the entries in this
table using your knowledge of differentiation. Try this for yourself :

Defined on | Function f F(z)= [ f(z)dx
R {f,meRHA} {§§+a

o a=-1 In|z| + C,
R T 4_112 arctanx + C'
R\{-1,1} | %3 sIn[EE]+C
R a® (a > 0) = +C
R e 22 4+ C
R sin(wz 4+ a), (w#0) | —<cos(waz +a)+C
R cos(wr + ), (w#0) | Tsin(wr+a)+C
R\{Z + kr} | == =1+ tan’z tanz + C
R\{g} sinlzm =1+ COth2 z _talllcv + ¢
R\{% + k7} | tanz In|cosz| +C
| —1,1] 11712 arcsinz + C

1.1.4 Antiderivative and composition

g(x) G(z) = [ g(x)dx

F@)d@ 7@ 4o

o) In| f(z) [) +c

) s | 20 (@) +e

@) () | LI+

f(x)g(f(x)) | G(f(x)) + ¢, G is antiderivative of g

University of Bejaia
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sinx Integrate
Differentiate

—COS X COS X

_Sinx /

Figure 1.1: Integration differentiation cycle for Sine and Cosine.

A\
Y

(v
\

Useful trigonometric formulas

o cosi(z) = HCZS(%)
e sin’(z) = 1= cos@z) Cgs(Qx)

e sin(2x) = 2sin(z) cos(x)

e cos(a+b) = cos(a) cos(b) — sin(a) sin(b)

e sin(a + b) = sin(a) cos(b) + cos(a) sin(b)

o cos(2x) = 2cos?(x) — 1 =1 — 2sin?(x)

Example 1.1.3. Calculate the following antiderivatives :

1
/ 2241 gy = = /33:'2 x3+1dx:§ex3+1+c, ceR.

sin x sin
—_— :—/ de = —In|l + cosz| + c.
1+4+cosz 1+cosz
1
2V/4 — iz
/\/4g;+ 4/ \/4g;+ ( Trlre=g tre
1 (92 + 2)°
1. [Ov+2)do /99 2)idr = (9 +2)° +c= T f o
T+ x4 2) 96(x+ )’ +c £l +c
1
5. /xsmx +1)dx /QZL“SIHI +1)dx :—§COS(£L‘2—|—1)+C.

University of Bejaia 4 Dept ME



1.2 Definite integral

1.2.1 Single integrals

Proposition 1.2.1. Let f be a continuous function on the closed interval [a,b].
If F is an antiderivative of f on |a,b], then

This is called the definite integral of f(x) between the limits a and b. Every definite integral
has a unique numerical value.

Remark 1.2.1. There is a difference between the definite integral and the indefinite integral
of a function :

1. / f(z) dzx is called an indefinite integral of function f, it is an antiderivative of f.

b
2. / f(z) dx is called a definite integral of function f, it is a real number.

b
Remark 1.2.2. The integral / f(z)dz can represent an 'algebraic area'. It is positive if

f > 0 and negative if f < 0.

Figure 1.2: Representation of a definite integral.

Remark 1.2.3.

Proposition 1.2.2. Let f, g be two integrable functions on the interval [a,b] and let k € R.
Then :

1. f+g, f.g and kf are integrable functions on |a,b].

2. /abkf(x) dx = k/abf(a:)dm.

University of Bejaia 5 Dept ME



co

/ab(f(a:)+g(x))da;=/abf(x) dx—i—/abg(x) dz

. /abf(a:) dx = —/baf(x)dx.

/abf(x)dx_/acf(x)dx+/cbf(g;)dx, t<c<b.

If f(x) =0,Vx € [a,b], then /bf(a:) dx = 0.

BN

o

S

=

if f(x) <g(x), V€ la,b], then /abf(a:’) dr < /abg(x) dx

\/ dwr</rf )| da.

Example 1.2.1. Compute the following single integrals

S

2
1. 322 dx.

1

Using the formula :

2. /;%dx.
Sy :[_zmﬁz(_zﬁ)_(_m):z—ﬁ.

Using the formula :

Second Method :

% 2 % 1
Y :—/ —22(1—2®) "3 dr = — |~—FF——
e e

Using the formula :

University of Bejaia 6 Dept ME



w3

3. /o cos(3x) dx.

™

/3 cos(3z) d / 3cos(3x) dr = {3 sin(3a:)] = —sin(m) — 3 sin(0) =0
0
Using the formula :

/f’(x) g(f(z))dx = G(f(z)) + ¢, where G is an antiderivative of g.

2 3r +1
1 da.
0 (322422 —2)? .

2 3r+1 1
— [ 203z 4 1)(32% + 20 — 2) 2 dx
/o(3a;2+2x—2 2/ o+ 1) + 20 - 2)7
1[ r 1( 1 1)_—2
2 x2+2x—2 2\ 14 2/ 7
Using the formula :
fn—&-l(x)
() f(x) do = .
[ @ @yde = =2 e

1.2.2 Methods for calculating antiderivatives and integrals

A) Integration by Parts : Integration by parts is a technique that comes from the product
rule of differentiation.

If u(z) and v(x) are differentiable functions with continuous derivatives on an interval,
then

(wv) = w'v+wv’, where u and v are of class C".

Formula for indefinite integrals :

From the product rule, we get

Formula for definite integrals :

If w(z) and v(z) have continuous derivatives on [a, b],

Example 1.2.2. Compute the following integrals :

1
1. / ze Tdx
0

u(z) =x

LN
V'(z) = e T dx 7 v(z) =—e"

University of Bejaia 7 Dept ME



we apply the formula :

u(z) = (Inx)? — U/ (2) = 2.;.lnxdx,
Vie) =zdr — v(z) = ;xQ,
We integrate by parts :
/x(lnx)2dx dex = {;xz(lnx)ﬂ - /xlnxdw
Step 2 : Second integral /xlnxdm
wz)=Inz —— u'(z)= id:v,
Viz) =zdr — v(z)= ;:172,
We integrate by parts again :
/xlnxdz = {;ﬁlnw}—;/xdx
= BxQInx—;;vac}

Finally, we substitute this result back into the original integral :

1 11

1
2 _ [t 2] _ [ 2 il
/x(lnx) de = [Qx (Inx) } {2x Inx 557 } +c
z? 1
= ?((lnx)Q—lnx—i)—Fc,ceR

B) Change of variables : A change of variables (also called substitution) is a method for
evaluating integrals by introducing a new variable that simplifies the integrand or the
bounds of integration. We replace the original variable z with a new variable ¢ defined

by :

where :

University of Bejaia 8 Dept ME



e ¢ is a differentiable function ;
e '(t) is continuous on the interval considered;

e ¢ is one-to-one (invertible) on that interval.

Formula for indefinite integrals : If G is an antiderivative of g and c is the constant
of integration, then :

/f(fv) dx = /f(so(t))w'(t) dt = /g(t) dt = G(t) +c= Gy~ (1)) +c.

Formula for definite integrals : Let f be a continuous function on the interval [a, 0],

where :
a= ¢ (a), = ¢ (b)and ¢ is invertible on [a, 3] and differentiable on ]a, A[.
Here, a and [ are the new limits of integration for the variable ¢.

Example 1.2.3. Compute the following integrals :

1
L. / 22 cos(z?) dx
0

We set t = 22, whose differential is dt = 2z dx.

We change the bounds :

Then 1
/01 cos(t) dt = lsin(t)] = sin(1) — sin(0) = sin(1).

0

31
2. / dx
2 xlnx

t=lnzx = dt:ldx

8

Also, for the bounds :
r=2—t=In2, x=3—1t=1In3

Hence,

In3

3 1 1n31
/ dr = / Zdt = |t
2 xlnx m2 t n2

In3
= In|/ln3|—-In|n2/=In{—].
n|ln3|—In|ln2| n<1n2>

University of Bejaia 9 Dept ME



C) Integration of rational functions

C.1) Euclidean Division (deg(P) > deg(Q))

When the degree of the numerator is greater than or equal to the degree of the denominator,
perform the Euclidean division first :

P(x) R(x)
Q(x) Q(z)’

where deg(R) < deg(Q). Then reduce the integral to the form

/<s<x>+W) dr
¢+ pr+q

= S(x) +

Example 1.2.4.

243 1
[:/de.
z+1
22 +3x+1 1
_— =+ 2 - —.
r+1 r+1

1 2
I:/(x+2— )dx:$+2x—ln|x+1|+c.
r+1 2

C.2) Double Root (A =0)
If 224+ px+q=(x—a)? then
ar + b A B
_l’_

(r—a)? z—a (z—a)
B
/ax+b de =Aln|z —a| — —+c.
( 2 r—a

r— Q)

Example 1.2.5.

I—/mdx.
(x—1)2

Decompose :

z+1 1 2

(:1:—1)2_x—1+($—1)2'
1 2 2
-/ de=Inlr—1]— —— +c
(x—1+(x—1)2> r=In|x — 1] x—1+c

C.3) Two Distinct Roots (A > 0)

If 2> +pr+q=(z—a)(z—pB), a # 3, then

ar+b A B
1:2—|—p:c+q_:c—a+:c—6'

b
/ch_l_jLdx:Aln|x—a|+Bln|x—6]+c.
8T pr T4

University of Bejaia 10 Dept ME



Example 1.2.6.

3r+1
1:/7 .
x2—ac—2dx

Since 2* —x—2= (v —2)(z+ 1),
3r+1 7 2

we obtain =

@—2(+1) 3@—2) 3@+1)

7 2
]:§In|x—2|+§ln]a€+1|+c.

University of Bejaia
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Chapter 2

Double Integral

The double integral of a function f(x,y) defined on a region D C R? is given by :

f:DCR* —» R
(z,y) = flz,y)

where f is a real-valued function of two variables, continuous on the region D.
If D is a closed and bounded subset of R?, delimited by simple curves, then the double integral

of f over D is:
//f(w,y)dl’dy
D

Remark 2.0.1.

The concept of a definite integral extends naturally to double and triple integrals for functions
of two or three variables. These integrals provide powerful tools to compute volumes, masses,
and centroids of regions in two- and three-dimensional space.

Definition 2.0.1. A region D is called elementary (regular) if it can be bounded by exactly
two graphs of functions, either in terms of z or in terms of y, an example is shown in the
following figure :

.1.‘I I'
y=galx)

L D

I .

| —

| y=glx)

l | .
0 a b x

Figure 2.1: Regular region bounded by two curves g;(x) and go(x).

12



2.1 Properties of the double integral

1.

&

=~

Area(D) : The area of the region D is given by :

Areaof (D / dx dy.

Where f(z,y) =1
Positivity : If f(x,y) > 0 for (x,y) € D, then :

] 1@y dzay =o.

Linearity : Let f and g be two functions of two variables that are integrable on D and
A i€ R then :

// [)\f(x,y)-i—ug(x,y)] dxdyZ)\//f(x,y) dxdy+u//g(:v,y)dxdy.

Chasles’ Relation : If D = D; U Dy and D; N Dy = (), (D; and D, are disjoint,
i.e., Area(D; N Dy) = 0), then :

| @y dwdy = [[ 1@y dedy+ [[ fw,y)doay.

If v is a constant, then :

//af(x,y)dxdy = a/ f(z,y)dxdy

D

//[f(ﬂf y) + g(x, y)]dfvdy—//fx y dxdy+//gx y) dx dy.

‘//fxydxdy //‘fxy

)| dx dy.

2.2 Methods for computing double integrals

In this section we start looking at how to actually compute double integrals.

2.2.1 Double integral over a rectangle

Theorem 2.2.1. (Fubini’s Theorem) If f(x,y) is continuous on D = |a,b] X [c,d] then,

[f remasar= [ [ steman)ae= [*( [ stea )iy

These integrals are called iterated integrals.

University of Bejaia 13 Dept ME



Remark 2.2.1. < In this case, the order of integration is not fixed; therefore, we can
choose the order that simplifies the calculations.

Example 2.2.1. Compute each of the following double integrals over the indicated rectangles.

1. I://G:cdexdy,
D

where D = {(z,y) e R? |2 <z <4, 1 <y <2}

Solution 1: Here, dy is the inner differential (i.e., we are integrating with respect to y

first), so the inner integral must use the y-bounds. To compute this, we first evaluate the
inner integral while keeping the outer integral with its bounds.

4 2
I:/ 6xy2d:cdy:/ </ 6xy2dy>d:c
2 1
D

We integrate with respect to y, holding x constant.

=4

4 Y y=2 4
I = / [Gx . ] dr = / 14z dx = [7x21 = &4.
2 3 2

y:l r=2

Solution 2: In this case, we integrate with respect to x first and then y.

2 4
I:/ 6xy2d:cdy:/ </ 6xy2dx>dy
1 2
D

We integrate with respect to x, considering y as a constant.

r=4 y=2

2
dy = / 3642 dy — [12y3] _ 84,
1

y=1

1
2 1= [f Gt dedn, where D=(0.1)x (1.2

Since the order of integration is not important in this situation, we start by integrating
with respect to x first, and then with respect to y.

[ = //(23; + 3y)2dz dy
D

n+1
= /12</1(2x+3y —2d x)dy <ublng/1‘ ”d:lfq(fil —i—C)

e 2 d
B /1 [2(2x+3y)] 1 (2 2+ 3y) y) Y

L2t syl+ Sl = L) + L@ + L)
= |—=In —1In =——1In —1In —1In
6 it 6 6 6

y=1
1
= ln<5) .
6 4

University of Bejaia 14 Dept ME




3. I = //xeﬂcy dx dy, where D = [—1,2] x [0,1].

In this case, it is easier to integrate with respect to y first, since integrating x requires

integration by parts.

2 1 2 y=1
I = // xe™ dx dy = / (/ xe* dy) dr = / {ewy} dx
% -1 0 -1 y=0

— /_21 (e‘” — 1) dr = [em - “f}f_l

= (-2)—(e'+1)=e*—e!-3.

Proposition 2.2.2. Let f, fi and fy be three continuous functions :

f:DCcR* —» R
(z,y) = [fz,y) = filz) x fa(y).
Here D = [a,b] X [¢,d]. Then :

//fwyd:vdy— J| (i) = £l >>d:cdy=(/abfl(wdx)(/cdfz(y)dy).

[a,b] X [c,d]

Example 2.2.2. Compute the following integrals :

1. I://(4—$2)cosydxdy, where D = {(z,y) €R2/0§x§2and%§y§ T

D
We easily see that f is separable (product of two independent functions) :

I—// — %) cosy dx dy
— (/0 (4—;p2)d:p> (/ﬂjfcosydy)

-2 ] =200 2)

0 w/4 3 2

1
2.1:// dx dy, where D = [0.1] x [0, 1].
) A+ D0+ xdy, where [0,1] x [0, 1]

I= é/ (1+x2)1(1+y2) drdy

1 1 d 1 1
- /0 (1+22) x/o ek

y=1

= [ arctan x] [ arctan y}
y=0
= (arctanl — arctan 0). (arctan 1 —arctan0)

B (Z_0> (_0> 16

University of Bejaia 15
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2.2.2 Double integrals over general regions

In practice, regions of integration are not always rectangles; they may be irregular or bounded
by graphs (curves). To compute the double integral over such regions, we proceed as follows :

1. Describe the region D

A region D in R? can usually be described in one of two ways :
e Region of type 1 (vertical slices) :

D={(z,y) eR*|a<az<b filz)<y< folz)}

where f; and f; are continuous functions of x. Here x varies between constants a and
b; for each fixed x, then y varies between two graphs y = fi(z) (lower) and y = fa(x)

(upper).
So we apply Fubini’s Theorem

[ rdeas= [ ([ ey an) o

¥ y= fZ{x]I

y = fl(x)

Figure 2.2: Type 1 - Area between graphs y = fi(z) and y = fo(x).

e Region of type 2 (Horizontal slices) :

D={(z,y) eR*|c<y<d, i(y) <z < ga(y)}

where ¢g; and g, are continuous functions of y. Here y varies between constants ¢ and d;
for each fixed y, then x varies between two graphs = g1 (y) (left) and z = ¢»(y) (right).
So we apply Fubini’s Theorem

J[ rwyydeay = [* ( / (()) f(,v) daz) dy
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X

Figure 2.3: Type 2 - Area between graphs x = ¢1(y) and x = ga(y).

o=  For finding the bounds of D :

Fix x between two constants then y varies between the two graphs of z
or
Fix y between two constants then x varies between the two graphs of y.

Example 2.2.3. Compute the following integrals :

1. I://(x+y)dxdy, where D= {(z,y) eR?*|0<z<1,22<y<x}.
D

Y

4‘
0

Since the region D is written in type 1, then we obtain :

I = //(:chy)dxdy:/Ol([Ef(x+y)dy> dx:/ol [nyr;yz]Z:; dx

_ L3, 314) LR
—/0<2:Ux 2£L‘ dr =

2 4 10
2. I://xydfﬁdy, where D:{($,y)€R2‘nyandy2§x}
D

z=0 20 .

University of Bejaia 17 Dept ME



Identify the graphs
To find the points of intersection, we solve : = = /.

Squaring both sides gives : 2? = z.

?—r=0 = z(x—1)=0, z=0 or

Forz=0 = y=0, and forx=1 = y=1.

Describe the region D

1 n

J{ x fixed e

Figure 2.4: Type 1 : y varies between the two curves y = x and y = /x.

D={(r,y) eR*|0<z<1, x<y< z}

Apply Fubini’s Theorem

I::éyxydmdyzzél(Lf%xyd?)dx
:fxﬁ] dr

B EA e RS NS B
6 8|, 6 8 24

1/ ry 1 277=y
I://xyda:dy:/ (/ xydx)dy:/ y[ dy
0 y? z=y2
1 y2 y4 1 y3 y5 1 y4 yG y=1
0 2 2 0o \ 2 2 4 6 y=0
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1] an

y fixed |

Figure 2.5: Type 2 : x varies between the two curves z = 3% and z = y.

// dxdy,whereD {(v,y) eR?*/z <1, y<landz+y>1}.
Yy
<07 y=1
D =1
y=1- T
T
0)

D={(z,y) eR?/0<z<1, 1—x<y<1}
or
D={(zy) eR?/0<y<1l 1-y<z<l}

—// i dy = /01 (Aixmly)?)c@ da;:/ol (/11_x(x—|—y)_3dy>dx
_/ l x+y ]y:1 zdm:/()l(—er;)dx
R e L e

Continue the example where D = {(z,y) e R?/0<y <1, 1 —y <z <1}
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4. I = //stinydxdy, where D = {(z,y) € R*/z < 3, and y < 2*}.
D

:0 €T
Y 0! z fixed

D={(z,y) e R?/0 <z <3, 0<y<a?}

I://stinydxdy, D={(r,y)|0<y<2® 0<2<3}
D

3 ra? 3 y=a? 3
:/ / 2z siny dy dx :/ 2;1:[—(3083/} dx :/ 22(1 — cos2?) dx
0o Jo 0 y=0 0

3 3
:/ 2x d:v—/ 2x cos &% dx
0 0

A B

3
A:/ 2vdr = [2%]3 =9
0
3
B:/ 2z cosx?dr, lett=2?% dt =2xdx
0

9
= / costdt = [sint]) = sin9
0

I =9 —sin9.
or
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9 T =Y
y fixed r=3
D
0 x

D={(z,y) eR?/0<y <9, Jy<z <3}

[://stinydxdy, D={(z,y) |0<y <9, Vy<axz<3}
D

9 3 9
:/ / 2xsinyd:1:dy:/ siny
o Jyvy 0

9 9
:/ QSinydy—/ ysinydy .
0 0

A B

r=3 9
xz] dy = / (9 —y)sinydy
x:\/y 0

9 9
A= 9/ siny dy = 9{ - cosy} =9(1 — cos9),
0 0
9
B = / ysinydy, Using integration by parts : u =1y, dv =sinydy.
0

9

9 9
B = {—ycosy] —/ (—Cosy)dy:—9c3039+/ cosy dy
0 0

0
9

= —9cos9 + [siny] = —9c0s9 +sin 9,
0

I=A—-B=9(1—cos9) — (—90089—1—51119) =9 —sin9.

2.2.3 Area calculation of standard shapes with double integrals (via
vertices)

D is Square or Rectangle
Example 2.2.4. Let D be the square with vertices : A(0,0), B(0,2), C(2,2) and E(2,0).
1. Draw the region D.

2. Write the mathematical expression of the region D.
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3. Evaluate the double integral :

I://(x2+y2)dxdy.

D
Solution
1. Representation of the region D
Y
B(1,3) c(4,3)
D
A(1,0) E(4,0)

2. The region D can be written as :
D:{(as,y)eR2|1§as§4and0§y§3}.

3. Evaluate the following double integral :

I://(x2+y2)dxdy:/14 (/03(w2+y2)dy>dx

4 B 1 97 4
:/ iy 4+ = dx:/ (3$2+> dx:/ (322 +9) dw
1 3 1 3 1

Yy
y=0
=4

= [® + 92| _ = (64+36) — (1+9) = 90.

a=1
D is Triangle
Example 2.2.5. Let D be the triangle with vertices : A(0,0), B(2,0) and C(2, 3).
1. Draw the region D.
2. Write the mathematical expression of the region D.
3. Evaluate the double integral : .
I= é / ey
Solution

1. Representation of the region D :
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C(2,3)

A00)| y=0  B20

2. Expression of the region D :

We have y = ax + b the equation of the line, we determine a and b by using the coordinates of
points A and C.

Since A(0,0) € (AC), we have
0=a-0+0 = b=0.

Since C'(2,3) € (AC), we get
3=a-24+40 = a—z.

Thus, the equation of the line (AC) is :

Thus the region is :
3
D={(r,y) eR*|0< 2 <2, Ogygix}.

3. Evaluate the double integral :
Izé/jgdxdy:/;/ogx\j@dyd:ﬁ:/jx[%/@]émdx
:/0255'2@@::2\/3/02:103/2&6

For a fixed y
Y
C(2,3)
3

/q,/g) T =2

&p/ D

x

A(0,0) B(2,0)
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D={(z,y) eR*|0<y <3, 2y <z <2}

D is a Circle

Equation of circle of center O(zo,yo) and radius r

Y

)

(5120; iUo)

o (x—z0)*+ (y—yo)* <r?

Equation of disk of center O(zg,yo) and radius r

Y

(z — 330)2 (y — yo)2

a? b2 =1

Equation of ellipse with center O(xg, o) and axes a and b
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Example 2.2.6. Let D be the disk of radius r = 2 centered at the origin (0, 0).

1. Draw the region D.

2. Write the mathematical expression of the region D.

I://xdxdy
D

3. Evaluate the double integral :

Solution

1. Representation of the region D :

o
/)

2. Expression of the region D :

D ={(z,y) eR* [ 2” +y* < 4}
={(z,y) ER?* | 2< 2 <2 —V4d—22<y<V4—a2?}

3. Computation of the double integral :

2 VA4—1x2
I://xdxdy:/ / xdydx
7 z=—2 Jy=—V4d—z?

y=Vv4—1z2 2
—/ {} d:L‘:/ 20vV4 — 22 dx = 0.
)

y=—+4—z2

For a fixed y :

D={(r,y) eR*| -2<y <2 iy <z <Vi-y’}
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D is a Trapezoid

Example 2.2.7. Let D be the trapezoid with vertices : A(0,0), B(1,1), C(1,3) and
E(0,4).

1. Draw the region D.
2. Determine the equation of the line passing through F(0,4) and C(1, 3)

3. Write the mathematical expression of the region D.

I://IZydxdy
D

4. Evaluate the double integral :

Solution
Type 1 (x is fixed)

1. Representation of the region D :

£(0,4)

2. We have ygc) = ax + b.
Since E(0,4) € (EC), we have

4=a-04b = b=4.
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Since C'(1,3) € (EC), we have
3=a-140 = a=-1
Then, the equation of the line (EC) is

y=—x+4.

The same for (AB): yap) = ar + b= .
Finally, the region is

D={(z,y) | 0<zx<]1, z<y<—x+4}.

3. Evaluation of the double integral :

1 p—z+4
I://a:de:cdy:/ / 2y dy dx
7S 0 Jz
1 27 —xt+4 1 _ 2 _ .2
:/QZQ[y] d:c:/xQ-(x—i_;l) T dr
0

1
—/ —4z 4+ 8) dx—/ (—4z® + 82%) dx

0
+8x3 L 5
= —.Z' _— —
T3
)

3 1o
Type 2 (y is fixed

E(0,4)
[

N\

C(1,3)

B(1,1)

A(0,0)

A\ Note : The region D is mon-reqular because its boundary cannot be described with
just two functions of x; instead, it requires three or more graphs.
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In this case, the region D is divided into regular (elementary) subregions, such as
D1, Dy, D3, each bounded by exactly two functions.
The double integral over D is then written as the sum of the integrals over these subregions

| faydady = [[ f@y)ydvdy+ [[ .y dedy+ [[ fla.y)dody.

Finally, the regions are :

Dy={(z,9)|3<y<4, 0<z<—y+4}.

1 1 Yy 1,4 571 1
//x2ydxdy:/ /yxzydxdy:/y dy:/ ydy:[y] = —.
o Jo 0 0 o 3 5, 15
Dy
3 rl 3 i 4
Qdd://Qdd:/yd:y—:f.
//xyxy 1 O:Cyacy 13 Y 6 3
Ds L
4 pd—y 4 73] 1 4
//xzydxdy:// :172ydxdy:/y — dy:f/ y(4 — 1) dy.
s 3 Jo 3 3 | 3J3
3

Lett=4—vy, dy=—dt, y=4-—t,
y=3=t=1, y=4=1t=0.

3

3

1

Z/xzydxdy = 3/10(4 — )t (—dt) = ;/01(4 —t)t* dt

1 /1 1 #5101 1 4
=— | 4 —tHhdt==|t"— — :(1_>:,
3/0( ) 3[ 51 3 5 15

//nydxdy://a:2ydxdy—|—//x2yda:dy+//xgydxdy
D D1 Do D3

1 4 4 5

15+3+15_3'

2.2.4 Change of variables in double integrals

When evaluating double integrals, it is often useful to modify the system of coordinates.
Complicated regions or integrands that are not easily handled in Cartesian coordinates
(x,y) may become simpler when treated in a new system of variables. This process is
called a change of variables.

a. Arbitrary coordinates : general case when the region D is bounded by four
lines.
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We consider a change of variables

{93 = ¢(u,v),

y = (u,v),

where (z,y) € D and (u,v) € A. We assume that this transformation is a bijection of
class C', i.e., p and 1 have continuous partial derivatives with respect to u and v.

The Jacobian matrix is defined as

dp Oy oxr Ox
|l ou ow | _|ou auv
al CEA Y R b
ou Ov ou Ov

We change
f(I, y) = f(@(uﬁ U)v ¢(Ua U))v

then the double integral transforms as

J[ fayydedy = [[ foluv), 0w, 0)) ldet J| dudo,

where det J is the determinant of the Jacobian matrix :

dp Oy

Qu Qu|_ 00w 0p0Y
o O duov  Ovou
ou Ov

Example 2.2.8. Evaluate the double integral

1= [[(@+p)@—y)?dudy,

det(J) =

where D is the region bounded by :

y=—x+1, y=x+1, y=3—ux, y=1x—1.

Solution
We set
U+ v
u=xr+y = Tr= 5
uUu—v
v=xT—Y = Y= 5

The Jacobian matrix is

or o\ 11

_louw ov]_2 2 _

J— a?{yt az — } _1 5 detJ— -
ou Ov 2

1 1
so that |det J| = 5 and dz dy = idudv.
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Transform the boundary.

The four lines become
y=—a+l=u=1, Yy=3—xr=>u=23, y=z+l=v=-1, y=z—1=v=1

Thus A = {(u,v) eR? |1 <u <3, =1 <0v <1},
Transform the integrand.

Since (z +y)*(x — y)? = u?v?, we obtain
3 2 1 3,2
I://(:I:+y) (x —y) dxdy:§//uv dv du
D A

1 /3 3
21 3

v=1

13, 1[ut]"™ 20

v=—1 u=1

b. Polar coordinates :The region D is bounded by circular shapes

We now consider the change of variables from Cartesian coordinates (x,y) to polar coor-
dinates (r, ) defined by

r =rcosb,
r>0,0<6<2n.
y =rsinf

Conversely, 7 and 6 can be expressed in terms of 2 and y (for x # 0) as :

r=/z2+y>?, 0= arctan(g).

T

The Jacobian matrix is

Ooxr Ox
5 ar 00 cosf —rsinf
a @ @ ~ \sin@ rcosf |’
or 00
so that
|det J| =r.

Therefore, the double integral transforms as

é/f(x,y)dxdy—l/f(rcosé,rsine)rdrde.

Example 2.2.9. Evaluate the following integrals using a change of variables (polar co-
ordinates) :

dx dy, where D = {(az,y) c R? ‘ 1<2?+9% < 2}.

1
L=
oVt ty
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Solution

x =rcosb,

Using polar coordinates : { with r >0, 0 < 6 < 27.

y =rsinb,
Then 22 + y* = (rcos0)* + (rsinf)? = r*(cos?  + sin? §) = r2.
The region in polar coordinates becomes : 1 <72 <2 = 1<r<+2, 0<6<2n.

A={(r0)eRyx[0,21][1<r< V2, 0<0<2r).
the Jacobian matrix :

Jxr Ox . -
_|ar aa| _ (cost —rsin
! % % <sin 6 rcosf )’
or 06

The determinant of J is :

det(J) = (cos0)(r cos @) — (—rsin@)(sinf) = r(cos®f + sin?6) = r

1
The integrand f(z,y) = —=== becomes :

/I.2+y2
1 1
rf)=—=-.
F.0) = 5 =

dx dy = |det J| dr df = r dr df.
Thus, the integral in polar coordinates is :

1 1
I://idd://— dr do
' AVEEE TS v J: r

I, = //e_(xzﬂz) dzr dy, where D = {(x,y) € R? ‘ ?+yP<1,2>0,y> O}.
D

Solution

Using polar coordinates :

IA
<>
IA

SE

= 0
x rc'os , r>0. 0
y = rsind,

Then

? +1y* = (rcosf)? + (rsinf)? = r?(cos® 6 + sin® ) = %
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The region in polar coordinates becomes :

0<r?<1 = 0<r<1, 0

IN

S

VAN
Nk

—7/2 =37/2

A={(r0) eRyx[0,27] [0<7<1,0<0<m/2}.

The Jacobian matrix :

Or Or cosf —rsinf
/= % j - <Sin9 rcosf > '
ar 00
The determinant of J is :
det(J) = (cos8)(rcos ) — (—rsin f)(sin ) = r(cos# + sin® ) = r
The integrand f(z,y) = e~ @ +¥*) becomes :

2

f(r,0)=e".

Also, dx dy = |det(J)| dr df = r drdf.
Thus, the integral in polar coordinates is :

I, = // e~ @) qo dy = // e rdrdf
D A

w/2 1 /2

— O/O/Te’"zdrde— L/lre’”er] : umel

1 o r=1 0=m/2 1 » - - »
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Chapter 3

Triple Integral

We discussed the double integral of a function f(x,y) of two variables over a rectangular
region in the plane. In this section we define the triple integral of a function f(z,y, z) of
three variables over a rectangular solid box in space R3.

Let V be a closed and bounded region in R®. Consider the function

f:VCR* —R,
(x’ y? Z) f_> f(x’ y7 Z)?

which is continuous on the region V.
The triple integral of f over V is given by :

/// f(z,y,2)dedydz.

3.1 Properties of the triple integral
1.Volume(V) : If f(z,y,z) = 1, then :

Volume(V) = // dx dydz.
1%

2. Positivity : If f(z,y,z) >0 for all (x,y,2) € V, then :

/V//f(w,y,z)dxdydz > 0.

3. Linearity : Let f and g be two functions of three variables that are integrable over
V,and let A\, u € R, then :

///[)\f(:n,y,z)—l—ug(:v,y, 2)| dx dydz = )\///f(:z,y,z) dx dy dz —l—u///g(:v,y,z) drdydz.

4. Chasles’ relation : If V =V, UV2 and Vi NV, = 0, (V1 and V4 are two disjoint
regions such that, Volume(V; N'V3) = 0), then :

///f(ﬂc,y,z)dxdydz:///f(x,y,z)dxdydz—i—///f(x,y,z)dscdydz.

33



3.2 Methods of computing triple integrals

We present here the practical evaluation of triple integrals on multiple regions with dif-
ferent geometries

3.2.1 Triple integral over a parallelepiped

Theorem 3.2.1. (Fubini’s Theorem) Let f:R3> — R be continuous on the rectan-
gular box V = [a,b] X [c,d] x [e, s|, with a,b,c,d,e, s € R, then :

/V//f(:c,y,z)d:cdydz=/ab(/Cd(/:f(x,y,z)dz>dy>dx
)
)
)
)

</jd </:f(x,y, 2) da:)dy)dz,

Here, the order of integration is not fixed. However, one may choose an order that
simplifies the computations

Example 3.2.1. Evaluate the triple integral :
[= ///(3$yz2) de dy dz
v

V={(wy2)eR|[0<r<1, -1<y<20<2<3}

We could use any of the six possible orders of integration.

1/ 2 /3 1 2 53773
I = // 3zy2drdydz = / </ </ 3ry2? dz> dy) dr = / / 3xy [] dy | dz
F o \J-1\Jo 0 ~1 3.
2

1 2 1 y=2 181 1 =t 1
:/ (/ 27:Eydy> dx:/ 27x-y— dx:/ 8—xdm= [Smﬂ = 8—
0 \J-1 0 2 =1 0o 2 4 =0 4
Or

1/ 3/ 42 1 3 y? y=2
I = /// 3xy22 drdydz = / </ </ 3xyz2 dy> dz) dr = / 3r2? | = dz | dx
; 0 0 -1 0 0 2
1 3 1 3 1
= / (/ 3x2? - 3dz> de = / ( g:1022 dz) dr = /
0 0 2 0 0o 2 0

19 181 812le 81
_/0 §x-9d$— ; ?xdm— Zm

where

x=0 4 '
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Or
2 3 1
I:// 3:vy22da:dydz:/ //SJSyZdedzdy
P -1Jo Jo
2 3 271
:/ /3yz2 [x] dz dy
-1J0 2],
2 33
:/ / “y2tdzdy
-1Jo 2
23 lzglg
=./‘ Y= |
3 1o
227
—/‘w mw—/ - ydy
-1 2

B {27 ) 27 81

i — a1
Al 4( ) = =

Proposition 3.2.2. Let f, f1, fo and f3 be four continuous functions ;

f:VCcR® — R
(l’,y,Z) = f(l’,y,Z):fl(l‘) Xf?(y) XfS(Z)‘
Here, V = [a,b] X [¢,d] X e, 5], then :

// fla,y,2)dedydz = // Fi(@) % foly) X foz) da dy d=
1%

[a,b] X [c,d] X [e,s]

(/ hi@) dfﬁ) x (/ fa(w) dy> ([ ez).

Example 3.2.2. Evaluate the following triple integral :

1. I= /// xeVzdx dy dz, where
%

V={(z,y,2) eR/0<z<1, 1<y<2et0<z<1}.

we can separate f(x,y,z) into three independent functions :

I:/V//a:eyzd:vdydz - (/Ola:da:) </12eydy) </Olzdz)

=1 y=2 z=1
1 1
2 =0 y=1 2 z=0
1 1 1
= *(62 — e)§ = 1(62 — 6).

3.2.2 Triple integral over a general bounded region V C R3

We now define the triple integral over a general bounded solid region V C R? using a
procedure similar to that for double integrals.

The region V' can be described in three possible forms :
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Type I : z bounded between two surfaces

V ={(r,y,2) ER®| (z,y) € D, wi(z,y) < z < ua(z,9)}

- D is the projection of V' on the zy-plane.
- For each (z,y) € D, z varies between z = u;(z,y) and z = us(z, y).

u2 m)
flz,y, 2 d:cdydz— ! flz,y,2)dz | dzdy
(
w1 (z,y)

Type II : z bounded between two surfaces

V={(z,y.2) €R*| (y,2) € D, ur(y,2) <z < us(y,2)}

- D is the projection of V on the yz-plane.
- For each (y, z) € D, x varies between = = uy(y, 2) and = = us(y, 2).

///f‘” vz dxdydz_// (/u(y:) x y,Z)dx> dy dz

Type III : y bounded between two surfaces
V={(z,y,2) €ER’ [ (x,2) € D, wi(,2) <y < us(w,2)}

- D is the projection of V' on the zz-plane.
- For each (z,z) € D, y varies between y = uy(z, z) and y = us(z, 2).

flz,y,2)dedydz = v flz,y,2)dy | dedz
J Js ui (z,2)

Projections regions

i) If D in the zy-plane is Type 1 :

D={(z,y)la<z<b gi(z) <y < gola)},

then the triple integral over a type 1 region becomes

fa(z
flz,y,z da:dydz— : f(z,y,2)dzdydz.
)
1( 1(zy

ii) If D in the xy-plane is Type 2 :

D={(z,y)|c<y<d, gi(y) <z < g(y)}

then the triple integral over a type 2 region becomes

d T )

// f(x,y,z)dxdydz:// /( N f(z,y,2)dzdx dy.
¢ Jhi( w1 (z,y)

1%

Triple integrals can be computed by changing the order of integration depending
on the projection and the bounding surfaces to simplify calculations.
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P I B B
i e X =1y ',‘_J-'.z:l e T S i
o . e e 7
i ¥ — - — Y il
e,
.

. . The solid region V of type
The solid region V' of type I The solid region Vof type II IgH P

Example 3.2.3. Evaluate triple integrals :

1. I= ///($2 +yz)drdydz,
1%

where
V:{(x,y,z)€R3|0§Z§2,0§y§z,0§x§y}

2 rz
]:///(:E2+yz)dxdydz:/ / /y(x2+yz)dxdydz
o Jo Jo
v

2 z y3
—//{ —i—:vyz dydz:// <+y22>dydz
o Jo \ 3
_ Ly I A
/[12 3} dz_/o <1z+3>d’Z

25 52912 8
B SR i .

60Jo 3

2. Volume of the solid region V|

where
V:{(m,y,z)ER3|0§z§2,O§y§1,0§x§y+z}

2 1 +z
Vol(V):///ldxdydz:/O/D/oy 1 de dy d=
%
2 1 2 12 1 2 /1]
://(y+z)dydz:/ [+yz} dz:/ (+z)dz
o Jo 0o L2 0 0 \2
212

3. I:/// zdx dy dz,
v

where
V:{(a:,y,z)E]R?”xZO, y>0, z2>0, x+y+z§1}.
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=

Figure 3.1: The tetrahedron V' and its projection D onto the zy-plane of type 1.

Type I : bounded by =z
The solid region V' is a tetrahedron bounded by the coordinate planes

and the plane
r+y+z=1.

From the inequality x 4+ y + 2z < 1, we can solve for z:
0<z<1l—2—y.
Thus, the projection D of V onto the xy-plane is given by
D:&LweRﬂxzayzax+ygﬁ
:{(a:,y)ERZ‘Ogmgl,Ogygl—x}.

The region D is the right triangle with vertices (0,0), (1,0) and (0, 1). Therefore,

I= // (/Ol_z_y(Sx — 3y) dz) dx dy.

V:{($,y,z)€R3’0§x§1,0§y§1—x,0§z§1—x—y}.

I:///zdxdydz, V={(z,9,2) | 0<2<1,0<y<1-2z0<z2<1-—2z—y}
1%

1—x—
—/// yzdzdxdy—// dxdy,

D={(x,y) | 0<x <1, O<y<1—x}

1ac]__ _ 1—x
I_// ’ dyd:c—/ / (1—2—y)dydx

'l (1—:15)3 (1—2x)3
3 dx:/o 5 dx

0
1 (1—2)
6/ e

41

1

o 6 4 24

University of Bejaia 38 Dept ME



Second method (analytical)
Type I : bounded by =z
V={(z,y,2) ER*|2>0,y>0, 2>0, s +y+2z<1}
={(z,9,2) eR’ [ 2>0,y >0, 2<1—z—y}
z,y,2) ER*|2>0,y>0,0<2<1—z—y}

z)
2)
2)
r,9,2) ER | 2>0,y>0,y<1l—2,0<z2<1—2—y}
z)
z)
2)

=
{

ER?’\sz,Ogygl—x,ogzgl—x—y}

ER | 2>0,0<1—2,0<y<1l—2,0<z2<1—a—y}

r,Y,

(
(
(
(2, y,
(
(

ER|2>0,2<1,0<y<1l-2,0<2<1l—a—y}

x?y?
={(z,y,2) €ER*|0<2<1,0<y<1-2,0<2<1—2—y}

Type II : bounded by =z

{
{
{
{

V={(z,y,2) ER*|y>0,2>0,2<1—y— 2z}
={(z,9,2) eR*|0<y<1,0<2<1—y, 0<a<1l—y—z}

Type III : bounded by y

V={(ry2)eR|x>0,2>0 y<1—z—2z}

={(z,y,2) eR*|0<2<1,0<2<1-2,0<y<1l—a—2z}

3.2.3 Change of variables

Triple integrals are used to compute volumes, mass, and other quantities over three-
dimensional regions. In many situations, direct computation is difficult, so we use change
of variables to simplify the integral.
Let

(z,y,2) = h(u,v,w),
where h is a bijection of class C' on A = h=1(V).
We define F'(u,v,w) = f(h(u, v, w)) Then, the triple integral transforms as

///f(x,y,Z)dmdydz:///F(u,v,w)|det(J)\dudedw_

where |det(.J)] is the absolute value of the determinant of the Jacobian matrix

Oor Ox Ox
ou v Ow
dy Oy Oy
ou v ow|
0z 0z 0z
ou v dw

det(J) =
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1. Change of variables by cylindrical Coordinates
We consider the transformation to cylindrical coordinates

x = x(r,0) = rcos(d), 7":\/9524‘9;7

y=y(r,0) =rsin(f), = 0=arctan(=), Apoint

=z z = z. !
M=(x,y,z)inR? can be described in cylindrical coordinates by : r = /22 + y2 with r > 0,
the angle 0§ = arctan(y> for r # 0 (in general 0 < # < 27), and the height z € R.

x

Thus, x =rcosf, y =rsinf, z = z.

Figure 3.2: Cylindrical coordinates.

Using cylindrical coordinates, the associated Jacobian matrix is given by

% % %—j cos(f) —rsin(fd) 0
=B B ] = () reose) 0f = [det() =
o w o co 0
Therefore,

/V//f(x,y,z)dxdydz = 4//f(rcos€,rsin8, 2) | det(J)| drdf dz

= /A//f(rcosﬁ, rsin®, z)rdrdfdz.

where A = h=1(V).
Example 3.2.4. Evaluate (using cylindrical coordinates) :

1. ///(x2 + 9?) dx dy dz, where
v

V:{(a:,y,z) cR |22 +9y* <4 and 0§z§2}.
In cylindrical coordinates, we set

T =1cosb, r=va?+y?

arctan(y> ,
x

=2z, z=2z.

SN
I

y =rsinb, =
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We have

224+ y? <4 O=r=<2,
Y 7 = 0 <6< 2,
0<z<2
0<2z<
So
A={(r02)eR|0<r<20<60<2m, 0<2<2}.
Moreover,

drdydz = rdrdfdz, flz,y,2) = 2> +9y* =12

The change to cylindrical coordinates gives

I:/V//(x2+y2)da:dydz
:4//7"2.7"d7“d0dz
—/A//r?’drd@dz
= () par) (o) ([ )

7,.4

2
= [] 2m-2=4-27 -2 = 16m.

4],

2. Change of variables by spherical coordinates

Consider the following spherical coordinate transformation :

x =x(r,0,p) =rcosfcosp,
y=1y(r,0,¢p) =rsinbcosp,
z=2z(r,0,p) =rsine.

A point M = (z,y, z) is characterized by :

Figure 3.3: Spherical coordinates.
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Distance from the origin : r = 2?2 + 3>+ 22, r >0,
Longitude : 0 < 0 < 27,
Latitude : — 5 < p < 7.

The Jacobian matrix of this transformation is

o 90 op cosfcosyp —rsinfcosy —rcosfsing
J=|% % 9| _ fgingcos r cos 6 cos —7sin # sin
e 2 %) ! ! i
4 4 z 1
> % e sin ¢ 0 7 COS

Its determinant is :
| det(J)| = 7% cos .

Thus, for a region V C R?, we have

///f(x,y,z)dxdydz:///f(TCOSHCOSgo,rsin@coscp,rsingp)r%osgpdrd@dap,
1% A

where A = h=1(V).

Example 3.2.5. Compute the following triple integral using spherical coordinates

1. /// dx dy dz, where
1%

V= {(x,y,z) ER /1< +y*+22< 4}.
In spherical coordinates

x =x(r,0,p) =rcosfcosp,
y=1y(r,0,p) =rsinbcosp,
z=2z(r,0,p) =rsiny.

dz dydz = r*cos pdr df de.
Az{(r,@,gp)eR?’/lgrSZ 0<6<2r and —

ol 3
VAN
AS)
A
b |
——

Then

2
/// r?cos(p)drdfdy = / / / 2 cos(y) dr df dy
! _z

27 5
= / r2dr x do ></ cos(p)dp
1 ™

- [ H <[oe]

7
= 7><27TX2—7.
3 3

N \
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Chapter 4

Improper Integral

Up to this point, we have computed definite integrals of the form

[ sz,

where f is a continuous function defined on a closed and bounded interval of R.

In this chapter, we will extend the concept of definite integrals where one or both of the
boundaries is at infinity, and integrals with infinite discontinuity :

b
Definition 4.0.1. The integral / f(x)dx is called an improper integral if :

1. One or both of the limits of integration are infinite, i.e. a = —o0 or b = 400 or
both.

2. a case where the integrand is discontinuous, that is, a definite integral in which the
function is not defined at some point of the interval.

4.1 Integrals over intervals of the form [a,b[,]a,b] or
Ja, bl

Definition 4.1.1. Let f be a continuous function on a semi-open interval of R (for
example, [a, b[), then we define

/abf(x) dr = lim tf(x) dx.

t—b— a

This integral is called an improper integral(or generalized), and we can also write

/a " b ) do = [F(2)]’ = lim F(z) - Fl(a),

a rz—b~

where F' is an antiderivative of f on [a, b[.
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4.1.1 The nature of the improper integral

Let f be a continuous function on [a, b].

t
1) The integral / x) dz converges if hr}? f(z) dx exists and is finite.

t—
2) The integral / x) dzr diverges if hm / x) dz does not exist or is infinite.

Example 4.1.1. Compute the improper integral
1]

/ —dx.
0 x

1
The function f(z) = — is continuous on the interval |0, 1], but it is unbounded at = = 0.
x

Thus, we write the integral as a limit :

t—0t

Since the limit is infinite, the improper integral diverges.

4.2 Integrals over an unbounded interval

Definition 4.2.1. Let f be a continuous function on [a, +oo[, a € R, then :

/a+0° f(z)dxr = lim tf(x) dex = lim F(t) — F(a).

t—+o0 Jq t—+o0
This integral is called an improper integral

Remark 4.2.1. If the limits of integration are both infinite, that is

[ e,

—0o0

the improper integral is defined as the sum of two integrals :

+o0 a +OO a t
/ f(a:)dx:/ f(x da:+/ z)dr = lim f(x)dr + lim f(z)dx,

— 0 — 00 t——o0 J¢ t—+o0 Jq

where a is any real number.
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4.3 Techniques for computing improper integrals

4.3.1 Using antiderivatives

Let f be a continuous function on |a,b] and which admit an antiderivative, then :

[ v~ 0~ = 01— g o

t—a™t t—a™t

Example 4.3.1. Compute the following improper integral :

3 1
I:/ dx.
2 3—x

1
The function x — ——— is continuous on the interval (2, 3|.
— [2,3]

Since it is not defined at x = 3, the integral is improper at the upper limit, hence

3 1 _ t 1 . t .
D= | gt [ g de =l -2V =]~ lm(-25 =742 —2

The limit exists and is finite, therefore I converges.

4.3.2 Using integration by parts

Let w and v whose derivatives are continuous on |a, b| :

b

/abu(x)v'(x) dr = lim ([U(x)v(x)] —/tbv(x)u’(x) dz).

+
t—a ‘

Example 4.3.2. Compute the following improper integral :

1
1. 11:/ Inx dx.

0
the function x +— In(z)is continuous on |0, 1]. we have a problem at 0.

wz) =1In(z) — u'(x)= idx

V(z) =1de — wv(x)=uz,

we integrate by parts :

1 1 1 1
/ In(z)der = lim [ In(x)dz = lim [x In x]t —/ ldz
0 ¢

t—0+ Jt t—0+

Y lim (—1— tnt— ) = —1.

= lim [xlnm—mL Jim

t—0t

As t — 07, we have Int — —o0, so the expression is of the indeterminate form
0 X (—00).

fluf — ot
nt = ——.
1t
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Applying L’Hospital’s rule :

1
Int n
lim — = lim —L_ = lim (—t) =
t—0+ l/t t—0+ _l t—0+
t2

Then I; converges.

4.3.3 Using substitution

Let f be a continuous function on |a,b] and ¢ be a differentiable function.
If we set z = o(t) we obtain :

B

b
[tz = [ stoteoan

where a = ¢~ '(a) and 8 = ¢~ (b).

Example 4.3.3. Calculate the following integral improper :

3 1
1. I:/
-1vz+1
dx

3 1 3 1
[:/ dr = i /
-1vVor+1 v t—>1£2+ t vr+1

The function = — \/ﬁ is continuous on | — 1, 3], there is a problem at z = —1.

Wesety=+vr+1=y’=ao+1=2ydy = du,
ifr=3—-y=y3+1=2andx —t=y=Vt+1,

31 2
li de = i 2d
tj?}+ t Vo +1 v tJE‘F Vi+1 y

) 2
- tﬁl\lfrh Py} Vi1

= lim (4 N 1)

t——1

= 4-0=4.

The limit is finite, so the integral I converges.

4.4 Integration of positive functions

If f is negative on an interval I, thens —f is positive on I The convergence of

b
/ f(z)dx
is the same as that of

/ab—f(a:)dx
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4.4.1 Riemann integral

where

a continuous function, and o € R.
First case : [f a =1

+o00 t 1
L = / fi(z)dr = lim —dx
1

t—+o0 J1 X

¢
= lim llnx] = lim (Int —1Inl) = +oo.

t—-+o0 1 t——+o0

+oo 1
Hence, the integral I, = / — dx diverges.
1z

Second case : If a # 1

I, = /1+oofa(as)dx:/ — x:/+oo x%dx

Thus, the integral

/+oo 1 p {converges, ita>1,
1

x diverges, if a < 1.

Summary : Let a be a real number.

1. / — dx converges if o < 1, and diverges if o > 1.

+oo ]
2. / — dx converges if o > 1, and diverges if o < 1.

In the general case, there are two types of improper Riemann integrals, with a > 0 :

+oo 1
First type : / — dx converges if a > 1.
a T

a1
Second type : / — dx converges if a < 1.
0o ¢
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4.4.2 Comparison test

Theorem 4.4.1. Suppose that f and g are continuous functions on the interval [a, 00|

such that :
0< f(z) <g(x), forallzé€ la,+.
Then :

+oo +oo
1. ]f/ x) dx converges, then/ f(z)dx also converges.

a

+oo
]f/ x) dx diverges, then/ g(x) dx also diverges.

Example 4.4.1. Determine the nature of the following improper integrals :

+0c0 9
1. I :/ e dr.
1

First, the function x +— e
at 4o0.

2

For z > 1 we have z? > z, hence —2? < —z and therefore

e_xZ S G_I, VCB Z 1.

Consequently,
too 5 too
/ e dr < / e Tdx.
1 1
But
+oo t t ;
/ edr=lim [ e®dr= lim |—e ¥ = lim (—e")+e
1 t—+o0 J1 t—+o0 1 t—+o0
+oo
—T
SO e " dx converges.

1
According to the Comparison Test,

also converges.

1 ,T
0 T

x

is continuous and positive on [1, +00[; the only issue is

e
The function f(x) = — is positive and continuous on |0, 1], but not defined at = 0.
T

So we check the behavior near z = 0.
For x € (0,1), we know that 1 < e* < e. Thus,

1 x e
=< 3= 3
3 3

&‘m

1
We compare f(z) with —. We compute
x

11 1 17! 1
/—dx—hm a:‘%lleim{—] :lim(——I—
0

3 0+ 150+ 222], >0t 2

)

Since — § — and / — dx diverges, then by the Comparison test, the integral

0
I, = / 6—3 dx also diverges.
0 x
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4.4.3 Equivalence criterion

Theorem 4.4.2. Let f and g be two continuous and strictly positive functions on the
interval Ja,b]. We say that
f@

fr~ag = lim—=

128 g()

' f(z)dx and ' g(x) dz
I I

are of the same nature, that is :

Then, the two integrals

b
]f/ x) dx converges, then / f(x)dx converges.

a

b
[f/ x) dx diverges, then / f(z)dx diverges.

a

Example 4.4.2. Determine the nature of the following improper integrals :

+00 1

——dx
1 vVl + 2z

The function is positive and continuous on [1, 400]

1. ]1:

2
$3+2$:$3(1+>.

22
Thus,
1 B 1
Vad + 2z 353/2,/14_*2
Since )
Yy 1
lim % = lim — =1,
r—r~400 372 r—~+00 1 + ;,%2
we have
1 1

Vad +2x oo 32
By the equivalence criterion, the two integrals
+o0o

by d /
) x3+2x X al x3/2

are of the same nature.

+oo ]
/1 mdl‘,

. . 3
Riemann integral o = 5 > 1, then /1 ey

+oo
dx converges.

+o00 1

1 Vs + 2z

We conclude that I = dx is convergent.
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2 gin(x)
2. 1 :/ dz.
> ) T\/T o

The function z — Sirijai) is continuous and positive on (0, 2], but we have problem
Ao - sin(z) x 1
flx) = /T Nog(m):m:ﬁ7
and
lim M =1
=0 g(x)

2 1
Since the integral / ——dx is convergent (it is an improper Riemann integral of
0 VT

1
the second type with a = 3 < 1), we deduce, by the equivalence criterion, that

o
/ sin(z) dx converges.
0

NG

4.4.4 Improper integrals of functions of arbitrary Sign

Definition 4.4.3. Let f be a continuous function on (a, b].

b b
If / |f(z)|dx converges = / f(z) dzx is absolutely convergent
b
= / f(z)dz is convergent.

Example 4.4.3. Determine the nature of the following improper integral :

400 2
2

x2
cos(x2)
22

The function = — is continuous on [2, +00).

Since |cos(z?)| < 1 for all z, we have

cos(z?)

<

1
3 x22

2 z

The integral

+oo 1 ) t ] ) 17t . 1 1 1
/ — dx = lim — dx = lim [ — } = lim ( - — 4+ > = — converges
2 xr2 t——+o00 Jo xr2 t—+o00 xl9 t— 400 t 2 2

+oo ]
(Riemann integral with o =2 > 1, then / — dr is convergent)
2

By the comparison test, it follows that
/+°° cos(z?)
2

12

dx also converges absolutely, thus converges.
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Chapter 5

Differential Equations

5.1 Review of ordinary differential equations

Differential equations are a fundamental tool in mathematics, physics, economics, and
engineering sciences. In general, a differential equation relates an unknown function y(x)
to its derivatives with respect to the independent variable x.

General form of a differential equation

The most common form of a differential equation is

dy
2 _F
dl’ <x7 y)?

where F'(z,y) is a given function of the independent variable z and the unknown function
y(@).

This expresses a relationship between the derivative 3y and the quantities = and y(z).
The goal is to determine the function y(z) that satisfies this relation.

Remark 5.1.1. In general, we use the notation y’ to denote the derivative of y with

d
respect to z. However, we will sometimes encounter the notation d—y instead of ¢’ (since
x
dy
y = d7)
x

5.2 Ordinary differential equation (ODE)

Definition 5.2.1. An ordinary differential equation (ODE) is a relation between a
real independent variable x, an unknown function y(z), and its derivatives v/, y", ..., y™,
where n € N.

The order of an ODE is defined as the order of the highest derivative appearing in the
equation. Thus, an n-th order differential equation can be written as :

F(x, v,y ,y(”)> =0.
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Example 5.2.1

a) y' + 3y = 6x is a first-order differential equation.
b) " + 3y’ + 2y = € is a second-order differential equation.

2

c¢) y® — zy” = 22 is a ninth-order differential equation.

5.2.1 First-order ordinary differential equations

Let f : R? — R be a continuous function. A first-order ordinary differential equation is
an equation of the form

y' = fz,y).
A differentiable function gy : I C R — R is called a solution of the first-order differential
equation

y = f(z,y)

on the interval I if it satisfies
yo(x) = f(x, yo(x)), Vzel
Example 5.2.1. The function y : R — R, defined by
y(r) = €,

is a solution of the following first-order differential equation on R :

because
y'(z) =€e" =y(z), VreR.
5.2.2 Differential equations with separable variables

A first-order differential equation is called separable if it can be written as

where f and ¢ are continuous functions.

To solve such an equation, we integrate both sides :

/f(y)dyz/g(flf)dx+0,

where C' is an arbitrary constant.

Let F' be an antiderivative of f and G an antiderivative of g. Then we can write

F(y) = G(z) + C.

Finally, solving for y gives the general solution :
y=F"(G)+C),

where F~! denotes the inverse function of F.
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Example 5.2.2. Solve the differential equation :
22 dx — cosy dy

1. Separate the variables :
2? dx = cosy dy

/:172d:v = /cosydy

1,3

g—i—Cl:siny—i—Cg

4. Combine constants and solve for y :

3
siny:%+c, C=0C,—CyeR

2. Integrate both sides :

3. Compute the integrals :

5. Final solution : 5

Yy = arcsin(x3 + C’)

5.3 Linear ordinary differential equations

Definition 5.3.1. A linear differential equation of order n is an equation of the form
ao()y + ar(x)y' + - - - + an(x)y™ = f(x), (5.1)
where ag(z),a1(z),...,a,(x) and f(x) are given functions of .
The associated homogeneous equation is
ao(2)y + ar(x)y' + - - + an(x)y™ = 0. (5.2)
Proposition 5.3.2. Let y; and yo be two solutions of the homogeneous linear differential
equation (5.2). Then yy +y2 and cy
(where ¢ is a constant) are also solutions of (5.2).
Example 5.3.1. Let y;(x) = x and ya(z) = 5 be two solutions of the differential equation
y/// _|_ y// — 0

Then the functions y3(z) = +5 and y4(z) = 10z are also solutions.

5.3.1 First-order linear differential equation

Definition 5.3.3. A first-order linear differential equation is any differential equation
that can be written in the form

a(z)y’ = b(z)y + c(x),
where a(z), b(z), and ¢(x) are continuous functions defined on a suitable interval.

The equation is said to be normalized if a(z) = 1 for all x, that is, if it can be written in
the form

y' = b(x)y + c(x).
Remark 5.3.1. When the equation is not normalized, it can be transformed into a
normalized form by dividing through by a(z) on any interval where a(z) # 0.
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a) First-order linear equations without a second member (homogeneous)

We first consider equations of the form

which is a separable equation. The general solution can be obtained as follows :

/ 1d
Lepa) = L=

=
y e~ @)

Separating variables :

Integrating both sides :

/C:lyy:/b(x)da:

Inly|=B(x)+¢, ceR

Exponentiating both sides :

B(z)+c ¢ B(z)

[y = eP@re = e

Setting k = e € R, we obtain the general solution :
yn(z) = keP®,
where B(x) is an antiderivative of b(x) and k € R.
Example 5.3.2. We solve the differential equation :
(1+2%)y — 22y = 0.

! 2x dy 2x
1 2 /:2 — yiz = —
(1 + %)y = 2zy R R

dx

d 2
y 1+ a2

|y| _ eln|1+x2|+C _ 60(1 —|—$2)
Set k = +e® € R, we get the general solution :

yn(z) = k(1 +2%), keR.
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b) First-order linear equations with a second member (non-homogeneous)

Proposition 5.3.4. Consider the non-homogeneous first-order linear differential equation
y' = bx)y +c(2).
Its general solution is the sum of :

1. the general solution y, of the corresponding homogeneous equation
y =b(x)y,

2. and a particular solution y, of the non-homogeneous equation.
Thus, the general solution can be written as

y(@) = yp(@) + yn(@) = () + ke, keR,

where

b.1) Determination of a Particular Solution (using the Method of variation of
constants)

This technique is known as the method of variation of constants. We begin by solving the
homogeneous equation (that is, the equation without the non-homogeneous term). Then
we assume that the integration constant ¢ becomes a function depending on the variable
x. By substituting this expression into the given differential equation, we can determine
this function. In this way, we obtain the desired general solution of the non-homogeneous
equation.

Example 5.3.3. Solve the following differential equation

L (z*+1)y —2y—3z=0.

Write it in standard linear form :

, T 3z
Yoo T ey
/
_ -0
V=g ¥=0
x 1
B(x):/x2+1da::21n(:c2+1),

so the homogeneous solution is
yn = kvVa? + 1, ke R.

Using the method of variation of constants, set y, = k(z)v2? + 1.

IV

241’
3z
SOk/(x):m.
k) = [ —2% = 32+ 1) 1 C
x) = CESNE r=-3"+1)"/"+C.

yp = (—3(2? + 1)V CO)Wa2 + 1= -3+ CVa2 + 1,
Hence y(z) = yn(z) + yp(z) = =3+ ava? + 1, a=C+kecR.
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5.3.2 Bernoulli equations

Definition 5.3.5. A Bernoulli equation is any differential equation that can be written
in the form :
a(z)y’ + b(x)y + c(z)y™ =0,

where a(x), b(x), and c(x) are continuous functions on a given interval, « is a fixed real
number, and o # 0, a # 1.

Method of solving Bernoulli equations

Consider the Bernoulli equation

a(z)y" + b(x)y + c(x)y® =0, a#0,1.

Introduce the substitution
t=y'"

Then t' = (1—a)y Y.

Dividing the original equation by y® and using the substitution gives :

a(m)yy; + b(x)yya +c(z)=0= a(x)s; +b(z)y' ™ + c(z) = 0,

/

= a(z) . + b(x)t + c(x) = 0.

-«
This is now a first-order linear equation in ¢, which can be solved by standard meth-
ods.

Remark 5.3.2. To solve a Bernoulli differential equation, one first divides the equation
by y*, and then introduces the substitution

t=y
This transforms the original nonlinear equation into a linear first-order differential equa-
tion in ¢, which can then be solved by standard methods.
Example 5.3.4. solve the differential equation on R :

r Y

— 2 =52%.
Y =5 =507y

Identify o and divide by 3°
Here, o = 5. Dividing the equation by 1 gives :

y' 1

k.2
y5_2xy4_5x‘

Substitution
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y° 4
Substituting into the equation :
t 1 2
L =522 — ¥+ Zt=_2022
4 2z x

This is now a first-order linear equation in 7.

a). Homogeneous equation

Consider 5
'+ =t=0.
X
t 2 1 2 1
A /—dt:/——d:z: — I = —2Wg+C = t=k-, keR
t T t T 2

b). Particular solution by variation of constant

1

Assume t, = k(x)ﬁ

Substitute into the nonhomogeneous equation :

2 1 2 2 1 1
t, + “th= K(x)= — k(z)= + —k(z)— = K(2)—=.

x? 3 x? x
Set equal to —202? :

1
k:/(x)? = —-202° = K(z)=—202"

k(x) = /—20x4dx = —42° + C.

Hence, the particular solution :

Back-substitution
Recall t = y~4, so
1
| 1 ’
Y= = y= — |, a€eR.
t _4$3 + —
T

Thus, the general solution of the original equation is :
1/4

y(z) = | ———4 , acR.
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5.3.3 Riccati Equations

Definition 5.3.6. A Riccati equation is any differential equation that can be written
in the form

y' = a(z)y’ + b(z)y + c(x),

where a(z), b(z) and ¢(x) are continuous functions on a given interval.

Remark 5.3.3. This type of equation can only be solved if a particular solution y; is
already known.

Method of solving Riccati equation

We set
1

=y + -,
Y= n

where y; is a particular solution satisfying

yy = a(x)y? + b(x)ys + c(x),

and where t does not vanish on the interval of resolution.

/

Since y =y; — wE
we substitute into the Riccati equation :
Y = a(2)y” + b(x)y + c(2),

to obtain
t/
!

i = o) (1) b (ot L) et

2
Using the fact that y; = a(x)y? + b(x)y; + c(x), this simplifies to

t 2a(x)yr | b(x)
2t t

which gives
t'+ (2a(1:)y1 - b(sc))t = —a(x).

Thus, we obtain a first-order linear differential equation in t.

Example 5.3.5. solve on the interval |0, +o00[ the differential equation
227y = (x — 1)(y* — 2*) + 2.

We rewrite it as
r—1

1 r—1
212 ’

2
_+_f —
y xy 2

/

y:

We observe that y; = x is a particular solution. We use the substitution

L.
= — = —_
Yy n n t?
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where ¢ never vanishes on ]0, +00[.

Substituting into the differential equation :

v x—1 ( +_1)2+_1 ( +_1) x—1
—=—— |+ - —|lx+ - — .
t2 22 t T t 2

After simplification :

Multiplying by #2:
r—1

—t =t+ )
212

Thus we obtain a first-order linear differential equation :

ﬂ+t—¥L L
2 21
a) Homogeneous equation
' +t=0.
' dt
t=—t, —=-1 — =—dzx,
t t

Injt|]=—-2+C, t=Ke* KecR.

b) General solution of the original equation

_ 1
t=ce ™ — —.
2z
1 1
Thus y:x+¥:l’+71, CGR
ce % — —

This is the general solution on ]0, 4+o0].

5.3.4 Second-order linear differential equations

Homogeneous equations

Definition 5.3.7. A second-order linear differential equation with constant coefficients
and without a second member is any differential equation that can be written in the form

ay” +by' +cy =0,

where a,b,c € R and a # 0 (otherwise we are in the first-order linear case).
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Proposition 5.3.8. Depending on the sign of A = b* — 4ac, we have the following cases

1. A > 0: The characteristic equation (CE) has two distinct real roots ry # ro. The
general solution of the homogeneous equation (HE) is

y(xr) = 1™ 4 €™, c1,00 € R
2. A =0: The characteristic equation has a double root r € R. The general solution is
y(z) = (ax +ca)e’™, e, €R

3. A < 0: The characteristic equation has two complex conjugate roots ry = a+1if3 and
ro =a—1if (a,f €R,5#0). The general solution is

y(z) = (61 cos B + ¢y sin 69@’) e, c1,c0 €R.
Example 5.3.6. Solve the following differential equations :

1. y" — 4y’ + 3y = 0. The characteristic equation is
r? —4r4+3 =0,
with two distinct real roots r; = 1 and ro = 3. The general solution is
y(x) = cr1e” + 2e**, ¢, €R.
2. y" + 2y +y = 0. The characteristic equation is
r24+2r+1=0,
with a double root » = —1. The general solution is
y(r) = (ar+c)e ™™, c1,00 €R.
3. y" 4+ 2y + 4y = 0. The characteristic equation is
r?+2r+4=0,

with discriminant A = —12. The roots are complex: r; = —14+/3i, 1y = —1 — /34,
and the general solution is

y(x) = (01 cos(V3x) + ¢ sin(\/gx))e_“’, c1,c2 € R

Nonhomogeneous equation
Any equation of the form
ay” +by' +cy = f(z)

where a, b, and ¢ are real constants and f(x) # 0, is called a nonhomogeneous linear
second-order equation with constant coefficients.
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Method of solving a nonhomogeneous equation

Consider the equation
ay” + by +cy = f(z)

Particular solution to (E)

1. If f(x) = P(x), where f € R and P is a polynomial, we look for a solution of the
form

y = 2"Q(x)
where () is a polynomial with deg () = deg P, and

0, if 0 is not a root of the characteristic equation (CE),
k=41, if0is a simple root of (CE),
2, if 0 is a double root of (CE).

2. If f(z) = €’ P(z), where B € R and P is a polynomial, we look for a solution of the
form

y = 2" Q(x)
where () is a polynomial with deg () = deg P, and
0, if B is not a root of the characteristic equation (CE),

k=41, if §is a simple root of (CE),
2, if B is a double root of (CE).

3. If f(z) = cos(fz) or f(x) = sin(fx), we look for a solution of the form
y = Acos(fzx) + Bsin(fz),

where A and B are constants to be determined.

Remark 5.3.4. - The derivatives of cos(5z) and sin(Sx) are still linear combinations
of cos(fx) and sin(5x), so substituting y into the equation gives a system of equations

for A and B.

- If 44 is a root of the characteristic equation (CE), we multiply the particular
solution by z (or z? if it is a double root) to avoid duplication with the homogeneous
solution.

Example 5.3.7. Solve the differential equation
Loy —4y +4y = (22 + 1)e”.

Solve the homogeneous equation

homogeneous equation is y" — 4y + 4y = 0.
The characteristic equation is 1> —4r +4 = 0.

We have a double root r = 2, so the general solution of the homogeneous equation
is
yn = (12 + c2)e*,  c1,c0 €R.
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Find a particular solution

We look for a particular solution of the form

where Q)(x) is a polynomial of degree 2 :

Yp(x) = (az® + br + c)e”.

Then, y(z) = (2az + b)e” + (az® + bz + c)e” = (az® + (2a + b)x + (b + ¢))e”,
Yy, (x) = 2ae” +2(2ax +b)e” + (ax? 4 bx + c)e® = (ax® + (4a+b)x + (2a + 2b+¢))e”.
Substituting y,, y,,, y, into the equation, we get

((a—1)z*+ (b—4a)x + (c+b+2a—1))e* =0.
Equating coefficients to zero, we find

a—1=0,
b—4a =0, = a=1,0b=4,c="T.
c+b+2a—-1=0,

the particular solution y,(z) = (x* + 4z + 7)e".

General solution of the nonhomogeneous equation

Finally y(z) = yn +y, = (17 + c2)e** + (2° + 4z + 7)€", 1,00 € R.

5.4 Partial differential equations

In this section, we will extend our study to the case where the unknown function depends
on several variables. In this case, we say that we are dealing with partial differential
equations (PDE). We will limit ourselves to the study and solution of first- and
second-order equations.

Let u be a function depending on n independent variables xy, xs, ..., T,.

Definition 5.4.1. A partial differential equation (PDE) is any relation between an

unknown function u, the variables z1, x», . .., x,, and its partial derivatives, whose general
form is
ou Ou J"u
F xl’x%'“7xn7u’&El’(’3m27”.’6x717“8$312...8x7kn’“ :g('xhx%"wxn)u)a

where 1 <k <nand m;y +mg+---+mp =n.

Definition 5.4.2. The order of a partial differential equation (PDE) is the order of the
highest partial derivative it contains.
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Definition 5.4.3. A PDE is called linear if it is linear in the unknown function u and
all its partial derivatives.

Definition 5.4.4. A PDE is called homogeneous if the function g(x1,xs, ..., z,,u) =0
in its general form.

Definition 5.4.5. A PDE is called quasi-linear if it is linear with respect to the highest-
order partial derivatives.

Remark 5.4.1. Let u(z,y) be a function of two variables. Then the first and second-
order partial derivatives can be written as :

,  Ou ,  Ou

uo=—, u =—
T Ox Y0y

y  O%u ,  0%u , 0%
@ = gz v T 0xdy’ Uy = Ay?
u! is the derivative of u, with respect to x.

/
T
/

Y

u

w, is the derivative of u, with respect to y.

u”, is the derivative of u!, with respect to .
" /
Y

Uy is the derivative of «

Uy, is the derivative of u) with respect to .

with respect to y.

Theorem 5.4.6 (Schwarz’s Theorem). Let u(z,y) be a function whose mized partial
derivatives are continuous. Then the mized derivatives are equal :

" "
=Uu

uzy = Uy

Example 5.4.1. Compute partial derivatives :
u(a,y) = 2® +ay® —y
First-order derivatives :
,  Ou ,  Ou

u$:%:2m+y2, uy:—y:2xy—1

Second-order derivatives :

ng—%—l . 82u—y
0x? Y 0x0y
0*u 0*u
" = —_— = 2 " — — 2
Uiy o5 T, Uy, Dydn y

5.4.1 Chain rule for a composite function

Let F(x,y) = f(u,v), where u and v are functions of x and y that admit partial deriva-
tives. If f admits partial derivatives, then F' also admits partial derivatives, and :
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oF _noj _ovos
or  OrxOu Ox v’
oF _nos ool
oy Oyodu Oyodv’
Example 5.4.2. Let

f(u,v) = u? + uv + v, u(z,y) =2z —y, v(xr,y)=x+vy,

and define the composite function
F(z,y) = f(u(z,y),v(z,y)).

Step 1 : Compute partial derivatives of f with respect to u and v

of _ of _
%—21@—1—@, 8v_u+1

Step 2 : Compute partial derivatives of v and v with respect to x and y

ou ou

T _g T

Ox T Oy
ov ov
Py, Ty
o " Oy

Step 3 : Apply the chain rule

OF _oudf wdf

%—%au—f‘%av —2(2u+v)+1(u—|—1)

OF _0udf 0vdf

- -4 4 77 = —1(2 1 1
oy 8y8u+8y8v (2u +v) 4+ L(u+1)

5.4.2 First-order partial differential equation (PDE)

We consider the following first-order differential equation :

M(z,y) + N(z,y)y = 0.

This can be written in differential form as :

M (z,y)dx + N(z,y)dy = 0.

If there exists a function U : R?2 — R such that
oU oU

S (ey) = M(a,y). 5§®w%=NWW%

then U(x,y) = constant.
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Example 5.4.3. Solve the differential equations
14 22y
22
Consider the differential equation in differential form :

1.y =—

(1+22y)de+2°dy =0

We identify : M(z,y) =14 2zy, N(z,y) = 2>

oM ON
we have aiy = 2[1’:, % = 2x
h OM _ ON is exact
ence — = —, is exact.
dy ox’

Find the potential function U(z,y)
ou ou
—=1+2 — =2’
7 + 2zy, a9y T

Integrate M (z,y) with respect to z :
Ulx,y) = /(1 +2zy) de = x + 2%y + k(y)

Determine k(y)

ou
a—:xQ—i-k’(y) =2 = Ky =0 = ky=C
Y
general solution of the differential equation
O —
U,y =z +a2°y=C = y= Qx
x
2.y = 1422y
3022
1+ 293
y = _Lltey — (1 +2xy%)do +32%y*dy =0
3022

we have M(x,y) =1+2xy*, N(z,y) = 3z%y°

= Equation is exact.
Find potential function U(z,y)
oU

87:1—'—23@3 = Ulz,y) =+ + k(y)
T
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dy
. O =
U, y) =+ =C = y= x2x
C =0,
_ I _
y(a) = =o' yf (@) = 2oV

Some types of first-order partial differential equations

1. Transport equation

ou ou
E(t,w) + c%(t,x) =0

where (¢,2) € Ry x R and ¢ is a constant.

2. Shock wave equation

Ou

ou
5 (t,x) 4+ u(t, x) %(t, T) =

where (¢,2) € Ry x R.

3. Burgers’ equation
Ju ou
a(u) E(t’ r)+ a—(t, z)=0

T
where (t,z) € Ry x R.

5.4.3 Second-order partial differential equations

Definition 5.4.7. A second-order partial differential equation (PDE) is any equa-
tion of the form

Definition 5.4.8. A second-order partial differential equation (PDE) is any equa-
tion of the form

ou Ou ou 0*u 0*u Pu  O*u 0%u >—O

T 9y Oy’ Oy, 0227 0237 0227 OOy 02101y,

or, equivalently, in the form

0*u " ou
(T, .. — bz ou
Pt al]<x17 ,ZEmU) &rzax] + Z:ZI z(fl'h 7l’n,U) aZL'Z f(l‘l, 7‘7:%7“)7

where u = u(xy, ..., x,) is the unknown function, and a;j, b;, f are given functions.
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Restriction to two independent variables :
In this study, we focus on linear and quasi-linear second-order PDE with two independent
variables (z,y) :

i) Linear second-order PDE :

0*u 0*u 0*u ou ou
a(x, y)@ +b(z, y>aTay +c(z, y)afy2 +p(z, y)a? +q(z, y)@ +g(x,y)u= f(z,y) (5.3)

ii) Quasi-linear second-order PDE :

0? 0? 0?
a(x,y, u, ug, uy)a—ag + b(x, Y, u, Uy, uy)&rgy + c(z, Yy, u, g, uy)ayz = R(x,y, u, Uy, Uy)
(5.4)
0 0
where u, = % and u, = aZ

These are the general forms of linear and quasi-linear second-order PDE in two variables.

Classification of second-order PDE

The type of the second-order PDE (Equation 5.3) and (Equation 5.4) depends on their
discriminant :

A=b—ac
where a, b, and ¢ are the coefficients of the second-order derivatives.

1. Elliptic : A < 0 Example: Laplace equation

Pu Pu_

oz Oy?
2. Parabolic : A = 0 Example: Heat equation

ou  O*u

— —k=—=0

ot Ox?

3. Hyperbolic : A > 0 Example : Wave equation
Pu 0%
—_— c [
ot? ox?

Example 5.4.4. Consider the following partial differential equations :

=0

1. ugy +uyy + 4,y = u

valent] 0*u N 0*u 4 0%u
or equivalen =u
q Y be2 0y? 0xdy

Identify coefficients :

a=1 20=4 = b=2, c=1
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Compute the discriminant :

A=b —ac=2"-(1)1)=4—-1=3

Classification :
Since A = 3 > 0 for all (z,y) € R?, the PDE is hyperbolic.
Pu  0%u  Ou
2. a2l Mg
Y ox? +y8y2 + ox

Compare with the general second-order PDE in two variables :

a82u 9 0%u N 682u
0x? 0x0y oy?

_|_...:0

We have : a=z, b=0, c=y

Compute the discriminant :

A=b—ac=0*—(z)(y) = -y
Classification :

1. If xzy > 0, then A <0 = elliptic PDE
2. If xy =0, then A =0 = parabolic PDE
3. If zy <0, then A >0 = hyperbolic PDE

Hence, the type of the PDE depends on the values of x and y.

Main equations in Physics

1. Laplace Equation It has the form :

Pu 0%
il Z 7
Ox? e 0y?
For ¢ # 0, this is an elliptic equation.
2. Poisson Equation
Viu = f(z,y)

This is also an elliptic equation.

3. Heat Equation (Diffusion Equation) It has the form :

Pu_10u
or2  a ot
ou

This is a parabolic equation. The term % is called the diffusion term.
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4. Wave Equation
0u 1 %*u 1 0%u

—— = ———, or equivalently, V?u = — —
8.’172 a2 8152 quiv Y CL2 8t2

2

This is a hyperbolic equation. The term —— T

is called the propagation term.

5. Tricomi Equation
0*u 0%
a2 or2

The Tricomi equation is of mixed type : it is elliptic for y > 0 and hyperbolic for y < 0.

5.4.4 Standard form of second-order PDE (Method of Charac-
teristics)

Theorem 5.4.9. (Characteristic Curves) Consider the second-order PDE :

9%u 0%*u 0%u
(l"y)a 2+2b(1’y)aa (1?,9)8724"“:0

The characteristic curves are determined as follows :

1. If a(x,y) # 0, the characteristic curves are the solutions of

a(x — T,Y)— + clx =
» Y I Y d Y
2. ]fa(x,y) =0 and c(:v,y) 7é 0, the characteristic curves are the solutions of

dy 2 dy
c(z,y) (da) + b(fv,y)% +a(z,y) =0

3. If a(z,y) =0 and c(x,y) = 0, the characteristic curves are straight lines given by
r=ki, y=hk
where ki and ko are constants.

Theorem 5.4.10 (Hyperbolic Equations and Characteristic Variables).
If the second-order PDE

0%u 0%u 0%u

a(%?J)@*‘Qb(%y)m‘F c(x, )8 ;=0

is hyperbolic, we can use the characteristic curves as a change of variables :

¢1($7y) = ki, ¢2($,y) = ko
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Define new variables :
1 =¢1(z,y), 2= d2(z,Y)
Then the PDE transforms into :

9%u B
8x16x2 B

ou 8u>

u —_ —_—
’ 8961 ’ 81’2

G(I’l, T2,

Furthermore, if we define :

y1:¢1(3¢,y)+¢2(m,y), y2:¢1<$,y)—¢2($,y)

then the PDE can be written as :

’u  0*u

0u  Ou ou Ou )
oyt Oy3

:H( 9 y Uy 53— 3
Y1, Y2 o’ Oua

where G and H are functions determined by the change of variables and the lower-order
terms of the original PDE.
Theorem 5.4.11 (Elliptic Equations and Characteristic Variables).
If the second-order PDE
0%u 0%u 0%u

a('I?y)@ + 2b<$7y)8xay + C(x7y)aiy2 + cr = 0

is of elliptic type, we can use the characteristic variables as a change of variables :

O1(z,y) + i (z,y) = constanty,  ¢a(x,y) + ithe(x,y) = constanty.

Introduce the new wvariables :

r1 = ¢1(z,y) + i (z,y), w2 = a(x,y) + ita(,y).
Then, in the transformed PDE, the mized derivative term disappears, simplifying the
equation :

0*u
8x18x2 '

That is, the mized derivative term vanishes.

This change of variables is particularly useful for reducing elliptic PDEs to canonical
form.
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Example 5.4.5. Solution of the Cauchy Problem for the Wave Equation by the Method
of Characteristics. Consider the wave equation :

Pu 0%

w—a@7 $6R7t>0

with initial conditions :

u(xw 0) = ¢1(ZL‘),
0
57 (0.0) = 0a(a)
where a is a constant.

Determine the type and characteristic curves
The discriminant of the PDE is :

A =(0)?— (—a*) = 4a* >0

so the PDE is hyperbolic. The characteristic curves satisfy :
dz\’ 9
et =0
(@)

(dx —adt)(de+adt) =0

or equivalently :

Hence, the characteristic curves are :

r—at=cy, x-+at=cs.
Change of variables
Introduce new variables along characteristics :
z=x—at, Y=z at.

Then the wave equation reduces to :

0%u B
020y

General solution along characteristics

Integrating, we obtain :

u(z,y) = F(2) + G(y),
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or equivalently, in original variables :

u(z,t) = F(x — at) + G(z + at).
Determine F and G from initial conditions

u(r,0) = F() 4 Ga) = r(a), o (2,0) = —aF'(z) +aC(x) = ou(a)

Integrating the second equation :

—F(z) + G(z) = i /0 " 50(0) db.

Adding and subtracting gives :

1

G&) = 50n(a) + o [ 62(6) a6,

F(z) = ;@(fc) - 21a /0 $2(6) db.

Substituting back, the solution of the Cauchy problem is :

z+at

u(e,t) = 3 [bale —at) 4 dnla+an)] + o [ 6a(6) db.

x—at

This is the classical d’Alembert formula for the vibrating string.

5.4.5 Separation of Variables

Consider the following second-order partial differential equation with constant coefficients:

0%u J%*u ou ou

Note that the mixed derivative term does not appear in this PDE.

The method of separation of variables consists in looking for a solution of the form
u(z,y) = f(x) 9(y). (5.4)
Substituting (5.4) into (5.3), we obtain
af"(x)g(y) +0f(x)g"(y) + B (x)g(y) + vf(x)g'(y) + Af()g(y) = 0.
Assuming f(x)g(y) # 0, we divide by f(z)g(y) to obtain

S ) @) gW)

7@ ) T e T

+ 5
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Since the left-hand side is the sum of a function of x and a function of y, each side must be
equal to a constant. Let this constant be ¢ € R. We obtain the two ordinary differential

equations @) @)
fl/ T f/ T B
“Fo) i T

Multiplying each equation by f(z) or g(y), we obtain the classical form :

bg”(y) J'(y)

9(y) Mg(y) tAme=0

af"(z) + Bf'(x) +cf(x) =0,
bg"(y) +v9'(y) + (A —c)g(y) = 0.

The two resulting ordinary differential equation. are solved separately. By substituting
the explicit expressions of f(z) and ¢(y) into the ansatz u(z,y) = f(z)g(y), we obtain
the solution of the original PDE.

Example 5.4.6. Solve the following wave equation using separation of variables :

0%*u 0%*u
@ZGQ@’ O<zxz<lI, t>0,
u(0,t) = u(l,t) =0, t>0,

u(z,0) = ¢1(z), %(z,0) = ¢o(z), 0<z <,

where a is a constant.

Assume a separated solution

u(z,t) = f(x)g(t).

Substituting into the wave equation gives

f(x)g"(t) = a® f"(x)g(t),
which can be written as
RO
ag(t)  f(x) ’

where w is a separation constant.

Solve the spatial equation : The spatial ODE is

f"(z) +w?f(z) = 0.

Its general solution is
f(z) = 1 cos(wx) + ¢ sin(wz).

Applying the boundary conditions f(0) = 0 and f(I) = 0 gives ¢; = 0 and w = k;r with

k=1,2,3,.... Therefore,
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Solve the temporal equation : The temporal ODE is

g"(t) + (aw)?g(t) = 0,

with solution
kam kam
gr(t) = ay cos Tt + by, sin Tt

Form the general solution : Combining the spatial and temporal parts, the solution
is

e k kar kam
u(z,t) =) sin Tﬂx (ak cos %t + by, sin lt)
k=1

Determine coefficients from initial conditions From u(z,0) = ¢;(z) :

!
Zaksmklﬂx—gbl( ) = ak:?/ gbl(x)sinklﬂxdx.
0

0
From a—?(:c,O) = ¢o(x) :

k 2 k
Z bkﬂsin Tr= Pa(z) = b= 7/ ¢o(z) sin Tﬂxdx.
0
Thus, the solution of the wave equation is

s k kar kam
u(z, Z sin —2 (ak cos o4 + by, sin t)
2B z z

5.5 Special functions

5.5.1 FEuler functions

Definition 5.5.1 (Euler integral of the first kind or Beta function). The Euler integral
of the first kind, also called the Beta function, is a function of two parameters x and y

defined by
(x,y) / "1 — )y dt,
or equivalently,

T2 erd 2y—1
B(z,y) = 2/0 (sin 0)“**(cos 0)*~" db.

Definition 5.5.2 (Euler integral of the second kind or Gamma function). The Euler
integral of the second kind, also called the Gamma function, is a function of a parameter

x defined by
:/ t*le ! dt,
0

[(x) = 2/ 2 et gt
0

or equivalently,
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Properties of Beta and Gamma functions

Theorem 5.5.3. For all positive x and y, the Beta and Gamma functions satisfy

['(z)T(y)

Ble.y) = Tz +y)

Theorem 5.5.4. For all x > 0, the Gamma function satisfies the recurrence relation
Nx+1)=aT(x).

Theorem 5.5.5. For all0 < x < 1, the Gamma function satisfies the reflection formula:

™

Mx)T(1—2) =

sin(mzx)
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Chapter 6

Series

6.1 Numerical Series
Definition 6.1.1. Let (u,) be a sequence of real numbers. We define
Sn =Uytut+u+---+uUp1t+u, = Zuk
k=0

S, is called the partial sum of order n.

Definition 6.1.2. Let (u,),>0 be a sequence of real numbers. The numerical series with
general term wu,, is defined as :

D tn =ugFur Uy A Uy F Uy + Uy + -

n=0

The partial sum of order n is

Sp =g +ur +ug+ -+ Un,

and the sum of the series (if it exists) is

S = lim S,.

n—o0

Here, S, is called the partial sum of order n.

Remark 6.1.1. Some commonly used notations :

o
° Z Up, Y Uy, OF Z u,: denotes the numerical series.
n=0 n>0

e (S,)n>o0: the sequence of partial sums of order n.
e u,: the general term of the series.

e S: the sum of the series, if it exists.
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6.1.1 The nature of a series

o0
Consider the series Z Uy,

n=0
with partial sums (S,),>0. The series is said to be convergent if the sequence (S,)
converges. Otherwise, it is divergent. More precisely :

1. If (Sp)n>0 converges, then

[e.9]

Z up, converges.
n=0

2. If (S,)n>0 diverges, then
Z u, diverges.

n=0
Example 6.1.1. Calculate the sum of the following numerical series :

s 1
a, -
@ )
Let u, = ———, n > 1. We can write u,, in the following form (partial fraction
n(n+1)
decomposition) :
1 a . b
Uy = ———— = — .
nn+1) n n+l

Solving for a and b :

(a+bn+a=1 = a+b=0,a=1 = b=—1.
1 1 1

Th —=—— Vn > 1.
e nn+1) n n+1’ "=

+(1 1 >_1 1
n n+1) =~ n+1

The partial sum is

Taking the limit as n — oo :
S = 71113(()10 Sy, =1.

> 1
Therefore, ——— =1 15 convergent.
fore: 2 v D !
(b) > (=1)"
n=0

Let u, = (—=1)", n > 0. The partial sums are :

So=(-1)" =

Sp = (— 1)0+( N'=1-1=0,

So=(-1)+ (-1 +(-1)’=1-1+1=1,

:( DY+ (=)' + (-1 + (-1 =1-1+1-1=0,
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The partial sums alternate between 0 and 1. Therefore, the sequence (S,,) does not
converge, and the series is divergent with no sum.

Proposition 6.1.3. Let > u, and > v, be numerical series, and let « € R. Then :
The series > u, and Y- au, are of the same nature (both converge or both diverge).

If > u, and Y- v, converge, then the series Y (u, + v,) also converges.

If - u, converges and Y- v, diverges, then the series 3 (u, + v,) diverges.

e v &

If both series > u, and Y v, diverge, then nothing can be concluded about the series
> (Un + ).

Necessary condition for the convergence of series
Theorem 6.1.4. If >°7° ,u, is convergent, then

lim u, = 0.
n—oo

Corollary 6.1.5. Iflim, o u, # 0, then > 07 4 u, is divergent.

Example 6.1.2. Study the nature (convergence or divergence) of the following numerical
series:

* 3n+1

Z:2714-5'

n=0

3n+1
n+5

Let u, =

Compute the limit of the general term as n — oo :

: . dn+1 3
dim o, = lim oo =5 # 0
Since the limit of the general term is not zero, we conclude, by the necessary condition

for convergence, that the series > >° ,u,, diverges.

6.1.2 Convergence criteria for series with positive terms

In the study of the nature of a series, it is not always possible to calculate its sum.
However, we can determine its nature using other techniques. For this, we need additional
tools.

Series with positive terms

(e.)
Definition 6.1.6. Let 77 , u,, be a series such that a series Z Uy, is said to have positive

n=0
terms if

u, >0 forall n e N.
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A). Geometric series

We now study the geometric series defined as follows :
> ¢", qeR
n=0

Converges if 0 < ¢ < 1,
Then, . ]
Diverges if ¢ > 1.

o0 1 "
Example 6.1.3. Study the convergence of 3> (2> :

1
Here ¢ = 7 Since 0 < ¢ < 1, the series converges.

B). Integral test

Theorem 6.1.7. Let f : [1,4+00) — R be a positive, continuous, and decreasing func-
tion.
u, = f(n), Vn>1.

Then, the series

> u, and the improper integral /oo f(z)dx
1

n=1

are of the same nature. Moreover :

1. ]f/ f(z)dz converges, then »_ u, converges.
1

n=1

2. If /OO f(x)dx diverges, then Z u, diverges.
1

n=1

Example 6.1.4. Show that the harmonic series > 77, % is divergent.

We can apply the integral test.
1
Let f(x)=—, z€]l,+00).
x

This function is positive, continuous, and decreasing. Consider the improper integral :

t

(o] t
/ ldx: lim ldm: lim Inx
1

€T t—oo J1 @ t—00

= lim(Int —In1) = 4o0.
1 t—o00

Since the integral diverges, by the integral test, the series

o0

1
Z— also diverges.

n=1

University of Bejaia 79 Dept ME



C). Riemann Series

A Riemann series is any numerical series of the form

o o0 1
E:?Ml__ ) 17€}R
n=1 n=1 np
We observe that
0, p <0,

Thus the series

diverges for p < 0. For p > 0, we apply the integral test.
First case : p = 1. This is the harmonic series, which diverges.

1
Second case : p # 0. Let f(x) = — on [1,4+o00[. This function is continuous, positive,
x

and decreasing. Moreover,

/+oo 1 p converges if p > 1,
1 diverges if p < 1.

Therefore,

[
>
n:171

1 [converges if p > 1,
diverges if p < 1.

Conclusion :

[eS)
n=1

1 [converges if p > 1,
np

diverges if p < 1.

D). Comparison test for series
Theorem 6.1.8. Let Y77 ju, and > .7 v, be two series with positive terms :

U, >0, v,>0 VneN.

Suppose that 0<wu, <v, Vn€eN. Then :

1. If Z v, converges, then Z U, also converges.

n=0 n=0

2. If >0 g uy, diverges, then Z v, also diverges.

n=0
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Example 6.1.5. Study the convergence of the following series

> 01
1. —
n=2 n
For n > 2, we have
1 1
n">2" = — < —.
nn = 2n
Since the series
LRSS )
n=2 2n n=2 2
converges (geometric series with ratio 0 < ¢ = % < 1), by the Comparison Test, the series
(o]
Z — also converges.
nn
n=2
5 > Inn
n=2 TL3

For n > 2, we know that Inn < n, so

Inn < n 1
nd — nd3 n?

Since the series

"2
n=2 n

converges (Riemann series with p = 2 > 1), by the Comparison Test, the series

> Inn
Z—B also converges.
n=2 n

E). Equivalence criterion

Theorem 6.1.9. Let >°0° ju, and Y 07 4 v, be two series with strictly positive terms :

u, >0, v,>0 VneN.

Suppose that
. Up
lim — = 1.
n—oo 'Un

Then the two series > u, and Y v, are of the same nature, i.e. :

1. If 302 v, converges, then Y07 ;u, also converges.

2. If 0 g v, diverges, then Y 02w, also diverges.
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Example 6.1.6. Study the convergence of the following series

© 3n?+2
1.

;5714%—71

Set 3n?+2 3n? 3 1

et u, = , Uy = — = — - —.

5nt +n Snt 5 n2

2 2 2
We have lim%:lim Sn” + 5L:1.

n—o0 ), n—oo hnt 4+ n 3

Since 3" 1/n? converges (Riemann series with p = 2 > 1), by the Equivalence Criterion,

the series
> 3n2+2
Z 1 also converges.
ont+n
> Inn
2>
Nt n
Inn Inn
Set un:n2+n’ Un = o
Up, Inn n? . n?

lim — = lim 5 -—— = lim 5
n—oo /Un n—o0 n, _|—n lnn n—oo n, _|—n

Since 3 (Inn)/n? converges (comparison with 1/n%/?2

alence Criterion, the series

or using integral test), by the Equiv-

>, Inn
Z 3 also converges.
n=2 ne+mn

F). Cauchy root test

Theorem 6.1.10. Let Y°° ,u, be a series with positive terms (u, > 0), and suppose that
lim /u, =€ (€ finite or infinite).

Then :

1. If < 1, the series > .2 4 u, converges.
2. If £ > 1, the series Y o2, u, diverges.

3. If £ =1, the test is inconclusive.
Example 6.1.7. Study the convergence of the series

X /4n + 3\"
Z<7n+5)

n=0

4 n
Let un:< n—|—3> )

™m—+5
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Apply the Cauchy Root Test :

dn + 3
Vi Tt s
Compute the limit :
dn+3 4
lim u, = li =-<1.
nhe Vi = B T T T 7

Since the limit is less than 1, by the Cauchy Root Test, the series

i(4n+3>n converges
= \Tn+5 ges:

G). D’Alembert’s ratio test

Theorem 6.1.11. Let >0°  u, be a series with strictly positive terms (u, > 0), and
suppose that

lim 2 — g (¢ finite or infinite).

n— oo un

Then :

1. If t < 1, the series Y .2 4 u, converges.
2. If £ > 1, the series Y o2, u, diverges.

3. If £ =1, nothing can be concluded about the series.

Example 6.1.8. Study the convergence of :

o 37’7,
1. —
= n!
371
Let u, = —.
n!
Compute the ratio :
Uni1 _ 3" /(n+1)! _ 3
Un, 3n/n! n+1
Taking the limit as n — oo,
n 3
lim —*L = lim —0<1.

Hence, by D’Alembert’s Ratio Test, the series converges.

2. 32"
n=1

Let u, =2".
Compute the ratio :
Un+1 _ 2n+1 -9
U, 2n
Un+1

Since lim
n—oo un

=2>1,

by D’Alembert’s Ratio Test, the series diverges.
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6.1.3 Series with terms of arbitrary sign

Definition 6.1.12. A numerical series Y u,, is said to be with terms of arbitrary sign when
the sequence (u,) contains infinitely many positive terms and infinitely many negative
terms. In other words, the terms of the series change sign.

Definition 6.1.13. A series >0 u,, is said to be absolutely convergent if the series
22 |un| converges.

Theorem 6.1.14. Fvery absolutely convergent series is convergent.

(-1

Example 6.1.9. Consider the series Z

2
n=1 n
Compute the series of absolute values :
i (=" i": 1
n=1 TL2 n=1 n2 .
o]
The series Z — is a Riemann series with p = 2 > 1, so it converges. Hence, the original
n=1
series
i (=1)"
n=1 n2

is absolutely convergent, and therefore convergent.

6.1.4 Alternating series

Definition 6.1.15. A series Z u, is called alternating if
n=0

Uy, = (—=1)"b,, b, >0 for all n.

Leibniz criterion

Theorem 6.1.16. Let > 7 u, be an alternating series, i.e.,

u, = (—=1)"b, with b, > 0.
If the sequence (b,) satisfies :
1. lim, o b, =0,
2. (by) is decreasing for all sufficiently large n,
then the series Y .7, u, converges.
Example 6.1.10. Study the convergence of the alternating series

1y, &

1" 1
Let u,, = u = (—=1)"b,, where b, = —
n n

> 0.

Check the conditions of the Leibniz criterion :
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1
(i) lim b, = lim — =0.

n—00 n—00

(ii) The sequence (b,) = (%) is decreasing since

1 1
< —, n>1.
n+1 n

Hence, by Leibniz’s criterion, the series

i (="
converges
n

n=1

(="

!

n:ln

oo
Moreover, Z

n=1

is the harmonic series, which diverges. Therefore, the series is conditionally convergent.

6.2 Sequences and series of functions

Definition 6.2.1. A sequence of functions is any sequence whose general term is a func-
tion depending on a parameter n. We denote it by (f,)nen-

6.2.1 Types of onvergence

A). pointwise convergence.

Definition 6.2.2. Let f,, : I C R — R be a sequence of functions. We say that (f,)
converges pointwise (or simply) to a function f on I if, for every = € I, the sequence of
real numbers (f,(z))nen converges to a finite limit, denoted by f(x) :

lim f,(z) = f(x), Vxel.

n—oo

Example 6.2.1. Let f, : [0,1] — R be defined by :

folz) =2"
Fix z € [0, 1].
1. If 0 <x <1, then lim,, .o 2™ =0
2. If x =1, then lim,,_,, 1" =1
Define the limit function f.
0 ifo<zr<l1
flz) =
1 ifz=1

The sequence (f,) converges pointwise to f on [0, 1].
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B). Absolute convergence

Definition 6.2.3. Let f,, : I C R — R be a sequence of functions. We say that (f,)
is absolutely convergent if the sequence formed by the absolute values of its terms is
convergent, that is :

> |falz)| converges.
n=0

Example 6.2.2. Consider the sequence of functions f,, : [0,1] — R defined by :
(—1)ar
n

falz) =

Consider the series of absolute values
IRIGIEDS
n=1 n=

xn
= n
- For = € [0,1), the series Y02 £~ converges (it is a power series with ratio z < 1).
-For . =1, 0%, L diverges (harmonic series).

Then the series >°° | f.(x) is absolutely convergent for 0 < x < 1.

It is conditionally convergent at = = 1.

C). Uniform convergence

Definition 6.2.4. Let f,, : I C R — R be a sequence of functions. We say that (f,)
converges uniformly to f on [ if

lim sup |fu(z) — f(z)] = 0.

n—oo ze€

Example 6.2.3. Consider the sequence of functions f,, : [0,1] — R defined by :

x
falw) = 1+ nz
Find the pointwise limit
For a fixed z € [0, 1] :
x
lim f,(z) =l =0
So the pointwise limit function is :
flz) =0
Compute the supremum :
x
sup |fu(x) — f(x)] = sup
s ()~ f@) = sp
- The function g(x) = e is increasing on [0, 1]
- So the supremum is at x =1 :
1
sup |fo(z) = 0l=———=0 asn — oo

z€[0,1] 1+mn
then (f,) converges uniformly to f(z) =0 on [0, 1].

University of Bejaia 86 Dept ME



Theorem 6.2.5. Let f,, : [ C R — R be a sequence of functions that converges pointwise
I fn
to f. If c‘?f is bounded (uniformly in n), then the convergence is uniform.
x
Theorem 6.2.6. Every uniformly convergent sequence of functions is pointwise conver-

gent. The converse is false; that is, a pointwise convergent sequence need mot converge
uniformly.

6.2.2 Properties of Sequences of Functions

1. If f, — f and g, — g, then af, + Bg, — af + Bg.
2. It f, — f and g, — ¢ uniformly, then f,g, — fg¢ uniformly.

Jn

n

3. If f, = f, g» — g uniformly and g,, g # 0, then — i uniformly.
g

4. If f, is continuous and f,, — f uniformly, then f is continuous.

5. If f, — f uniformly on [a, b], then hm/ fo(z) dx —/ f(z)dx.

n—oo

6. If f/ — g uniformly and fn( o) converges, then f, — f uniformly and [’ = g.

6.2.3 Series of functions

Definition 6.2.7. Let (f,).>0 be a sequence of functions f,, : I C R — R. The series of
functions is the infinite sum of the terms f,,, and is denoted by

an = fol@) + fi(@) + - + ful2) +
Definition 6.2.8. Let f,, : I C R — R be a sequence of functions. The series
+o0
n=0

is said to converge pointwise on I if the sequence of partial sums (S, )n,en converges
pointwise on I.

Definition 6.2.9. Let f,, : I C R — R be a sequence of functions. The series
+oo
> ful2)
n=0

is said to converge absolutely on I if the series

i fulo)

converges pointwise on I.
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Definition 6.2.10. Let f, : I C R — R be a sequence of functions. The series
+oo
> fal@)
n=0

is said to converge uniformly on I if the sequence of partial sums (S, ),en converges
uniformly on 1.

Definition 6.2.11. A series of functions
+oo
> fulx)
n=0

is said to be majorable (bounded above) on a certain domain if there exists a positive
and convergent numerical series which dominates it. That is, there exists a sequence (v,)
with v,, > 0 and

+oo
Z v, convergent,
n=0
such that for all n € N,
()| < vp.

Definition 6.2.12. Every majorable series is said to be normally convergent.

Theorem 6.2.13. Every normally convergent series is uniformly convergent.

FEvery normally convergent series is absolutely convergent.
Theorem 6.2.14. Suppose that
+oo
> fal2)
n=0
is magjorable on I, with sum s(z), and let S, (x) be the sum of its first n terms. Then :

Ve>0,dIN e N, Vn> N, Ve eI, |s(z)— Su(z)] <e.

Properties of Series of Functions

Let 379 f.(z) be a series of functions defined on a set 1.

1. If the series converges uniformly on I, then

ti (3 £3(0)) = 3 (1 1))

n=0 n=0

2. If the series converges uniformly on I, then

/1 (ifn(f“)) dr = g/lfn(x) dr.
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3. If each f,, is differentiable on I, if the series of derivatives
“+oo
/
> ful)
n=0
converges uniformly on I, and if f; is differentiable, then
+o00 ! 400
(S 50) =3 o)
n=0 n=0

4. If the series is normally convergent, then

it is uniformly convergent;

it is absolutely convergent;
e termwise integration is always allowed;

termwise differentiation is valid under mild hypotheses.

6.3 power series

Definition 6.3.1. A power series is any series that can be written in the form :
o
Z a,x",
n=0

where (a,,)n>0 is a numerical sequence (real or complex numbers).

Theorem 6.3.2 (Abel’s Theorem). Consider the power series
Z anx".
n=0

Let p > 0 be a strictly positive number.

1. If the sequence of functions (|a,|p™)nen converges, then the series

oo
S e
n=0

converges for all x such that |z| < p.

2. If the sequence of functions (|a,|p™)nen diverges, then the series
Z a,x"
n=0

diverges for all x such that |x| > p.

Definition 6.3.3 (Domain of convergence). The domain of convergence of a power series
is the set of points for which the series converges absolutely.

By Abel’s theorem, this domain is always an interval centered at the origin, which can be
written as

| — R,R[, with R € [0, +00).

Here, R is called the radius of convergence of the series.
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6.3.1 Determination of the radius of convergence

Consider the power series

o0
Z a,x".
n=0

D’Alembert’s Ratio Test

The radius of convergence R can be determined using the ratio test :

Qn

R = lim

Y
n—o0

Un+1
provided the limit exists.

- If |z| < R, the series converges absolutely.

- If |z| > R, the series diverges.

- If |z| = R, convergence must be checked separately.

> n!
Example 6.3.1. Consider the power series E —a"
n=1 n

To find the radius of convergence, we apply D’Alembert’s ratio test :

nl ! 1 n+1 1 n+1 1\ "
R — lim |-2» :hm%zl'mwz i M:hm <n+ )

Thus, the radius of convergence is R = e.

Therefore, the series converges absolutely for |z| < e, diverges for |z| > e, and the
endpoints x = e must be checked separately.

Remark 6.3.1. The radius of convergence R of a power series can be computed as the
limit of the ratio of successive terms as n — 00 :
G,

R = lim

n—o0

Qp41

More generally, for any fixed integer k£ > 1, one can also consider the ratio of terms in a
subsequence :

a

R = lim |tk

n—oo

Qpt k41

The key point is that as n tends to infinity, the specific shift £ does not change the limit,
and hence the radius of convergence remains the same.

00 2
Example 6.3.2. Consider the power series : Z Z—nx”

n=1
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To find the radius of convergence, we apply D’Alembert’s ratio test :

2

nTL 2, 2n+1 2 2
R = lim — lim 2 = lim —— = lim ——
n—00 | @, 1 q n—00 (2:‘_&3 n—00 (TL + 1)2 .on n—o00 (n + 1)2

Simplifying the limit :

2
R:hm2< n ) — 2,
hence :

- The series converges absolutely for |z| < 2. - The series diverges for |z| > 2. - Conver-
gence at the endpoints x = £+£2 must be checked separately

Cauchy’s root test

Consider the power series
o0
Z anx".
n=0

The radius of convergence R is given by

1
R = .
lim sup,, ., /|ax|

o If |z| < R, the series converges absolutely.

o If |z| > R, the series diverges.

e If |z| = R, convergence must be checked separately.

Example 6.3.3. Consider the series

Using Cauchy’s root test :

1 1
R= _ _

1

. 3n+1 _hm n+1 1

1My 00 n—r00 n 4
4n \ /4n

The series converges absolutely for || < 4 and diverges for |z| > 4. The endpoints
x = +4 must be checked separately.

Remark 6.3.2. The radius of convergence R can also be expressed as the reciprocal of
the limit of the n-th root of the terms of the series as n — oo. More precisely, for a power
series Y a,x",

1
R=———.
hmn—>oo \n/ |an|
More generally, one can apply this to subsequences of the series. For example :

1 1
R = or R=

hmn—>oo 2n+\1/ |a2n+1| hmn—)oo Y |an2| '

The idea is that as n — oo, the choice of a subsequence does not affect the value of R.
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6.3.2 Properties of Power Series

Let >0°,a,2z™ be a power series with radius of convergence R > 0, and let f(x) =
oo g ana™ for x| < R.

1. Continuity : f is continuous on (—R, R).

2. Termwise differentiation : f'(x) = >°°, na,z"!, for |z| < R.

3. Termwise integration : / f)ydt=>" ainxnﬂ, for |x| < R.
0 —ont+1

4. Uniform convergence : the series converges uniformly on every [—r,r| with 0 < r <

R.

6.3.3 Applications of power series

1. Function approximation (Computing limits)

Power series allow us to represent functions as an infinite sum of powers of x.
o
f(z) => a 2", |z <R
n=0

Example : The Maclaurin series of a function f(x) is given by :

= f(0)
-y

()

’
n=0

where f(0) is the n-th derivative of f evaluated at z = 0.

if flz)=e
Hence, the Maclaurin series of e* is

x?  a?

. oo xn_

et —1

sinz

1. Compute : lim,_,o

2 ZL’3

ex—lzx—i—%—i—o(ﬁ), sinx:x—g—i—o(xg).

T T
o 1 x+?—|—o(x2) - x<1+2—|—0(:c)>

Then, - = o = 5 .
sin x x
r——+o(z?) z|1-="+o0(z?)
6 6
Therefore,
T _1
lim &—— = 1.

z—0 sinx
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2.Differentiation and integration

We know that every continuous function has an antiderivative, but some functions do not
have a primitive that can be expressed in a closed form. Nevertheless, such integrals can
be computed using power series expansions. Within their radius of convergence, power
series may be differentiated and integrated term by term.

00 P 00 a
") =S na,z" !, / t)dt = n_ gt
f(x) r; 0 1) nz:‘; n+1
1 2
Example : Compute/ e dx.
0
We use the Maclaurin series :
[e’e) " [ee) 1 ann
em:: 477 _ 67123: 2: ( )'
n=0 n n=0 n
/1 e [0 DI
e T = T
0 0 = n!

By term-by-term integration (valid because the series is uniformly convergent on [0, 1]):

= i (=" /01 2" d.

n=0 nl
1 1
Now, " dr = )
0 2n+1
1 o0 —1)"
Therefore, / e dy = i
0 —nl(2n+1)

3. Solving differential equations

If we are asked to integrate a certain ordinary differential equation (ODE), whose solu-
tion cannot be reduced to a quadrature, we can always find an approximate solution by
assuming that the solution can be expressed as a power series

Assume the solution is a power series :
(o)
n
y(z) = aa™
n=0

Example : Solve iy’ = y using series :

Assume a solution in the form of a power series :

y(x) = Z a,x" = y(r) = Z na,z" L.
n=0 n=1

Substitute into the differential equation iy’ =y :

o0 oo
Z na,z" 1l = Z a,x".
n=1 n=0
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Change the index in the first sum : let m=n—1:

[o.¢] o0
Z m+ 1)ap 2™ Z a,x".
m=0 n=0

Equate coefficients of z"”

U,
m—+ 1)a,+1 = am = Apme1 = .
(m+ Vs a=tm
Starting with ag = 1, we get
1 1 1
al_ﬁu a2_§7 a‘3_§7'
Thus, the general term is
1
ap = —.
n!
o0 2 3
Hence, y(z Z—'—1+x+§+3+ =€’

4. Analytic continuation

Power series can extend the domain of a function beyond its original definition.

Example : In(1 + z) is defined by the series

2 .3
n(l+z)=2——+——---, |z|<1,
(tay=a-2 42 o
but using analytic continuation, it can be extended beyond |z| < 1 (except x = —1).

5. Numerical computation

Power series are used to compute approximations of functions.
Example : Approximate sin(z) near x = 0:

x3 xd

For x = 0.1, truncating at a3 gives sin(0.1) ~ 0.1 — 0.0001667 ~ 0.0998333.
6.4 Fourier series

Definition 6.4.1. A function f is called periodic with period p if it satisfies :

Vee D, x+peD: f(r+p) = fx),

where D is the domain of f, and p is the smallest positive number satisfying this property.
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Definition 6.4.2. A function f is said to be piecewise monotone on the interval
la, b] if the interval can be divided into subintervals such that f is monotone on each
subinterval.

Definition 6.4.3. A trigonometric series is any series that can be written as :

f(z) = i (ay, cos(nx) + by, sin(nz)),

n=1

%
2
where ag, a,, and b,, are real numbers, called the coefficients of the series.

6.4.1 Determination of Fourier coefficients

Consider a 27m-periodic function that can be represented by a trigonometric series :

o0
=4 > (a, cosnx + b, sinnz)
n=1

assuming the series is absolutely convergent. Then it is uniformly convergent and can be
integrated term by term.

Q m ifn=k,
/ cosnz cos kx dx =
- 0 ifn 7& kf,

1 7 1 7 1 ym
=" " faydr, a,=> [ feosnedr, b= [ f@)sinneds
mwJ—r T™J—m TS

Moreover :

/7T cosnycdﬂl::/7r sinnx dr = 0, /7T cosnrsinkrdr =0 Vn,k.

—Tr —Tr —Tr

Example 6.4.1. Determine the Fourier series of the following functions defined on [—, 7]

L f(x) = |z|

f(z) =|z| iseven function, so b, = 0.

1 us 2 ™
aw=—["lalde =7, an=" [Twcosnrdr= 5 ((~1)" - 1).
mwJ—7 ™Jo

mn2

m COS
f(z) _5—; >

n>1
n odd

2. flz) =

f(x) = x* is even function, so b, = 0.

1 T 2 2 2 ™ 4(—-1)"
aoz—/ xQd:c:l, anzf/ 2% cosnzdr = (=1) .
mJ—7 3 m™Jo

n2

n

cosnx.

KH
||

w\

HM8
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Theorem 6.4.4. Every periodic, bounded, and piecewise monotone function can be ex-
panded in a Fourier series. Its sum s(x) equals f(z) at points of continuity. At points of
discontinuity, s(z) equals the arithmetic mean of the right-hand and left-hand limits :

sy = 11

Remark 6.4.1. For Fourier series :

e If the function is even, its Fourier series contains only cosine terms; all sine coeffi-
cients vanish : b, = 0.

e If the function is odd, its Fourier series contains only sine terms; all cosine coefficients
vanish : ag = a, = 0.

6.4.2 Fourier Series of Functions with Period 2! (2] # 27)

Suppose the function f(x) is 2l-periodic (I # 0 and [ # 7). If, in addition, f is piecewise
monotone and bounded, then it can be expanded in a Fourier series with Fourier coeffi-
cients :

1 sl
&0:7/4]0(35)@5,

ay, = }/_llf(m)cos (m;m) dr, b, = ;/_llf(:c) sin (mlr:p) dx.

Thus, the Fourier series of f is given by :

nmx

f(z) = % +> (ancosmlm+bnsinl> :
n=1

Example 6.4.2. Fourier series on [—[,[]]
Consider the function f(z) = = defined on [—[,[], with period 2.
Since f(x) is an odd function, all cosine coefficients vanish : ag = a,, = 0.

The sine coefficients are :

! !
bn—l/ T sin (m) dx—z/ Z sin (mrx) dx
lJa l l Jo [

Using integration by parts :

! nmwx 12 I? 12
in(—— )de = —— S (1= (=1)").
/0 xsm( i )dx — cos(nm) — mr( (—1) )
2 2 " 21 N

= 2l
the Fourier series isf(z)=z="> —(1 — (_1)”) sin (mrx) _

= nm [

Notice that only odd n terms contribute since 1 — (—1)" = 0 for even n.
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6.4.3 Parseval’s Equality

Theorem 6.4.5 (Parseval’s Theorem). Let f be a function that can be expanded in a
Fourier series with period 21. Then we have :

Lt 2 A (5 o
l/jﬂxﬂdw—fz+;%0%+ﬁﬁ,
where a, and b, are the Fourier coefficients of f.

Example 6.4.3. Applying Parseval’s theorem on [—, 7]
Consider f(x) = x?, which is even, so all sine coefficients vanish : b, = 0.

From the Fourier series of 22, we have :

flz)==x :% 2:: 5 cosnT
272 4(-1)"
S0 ag=—, a,= 5
n
Parseval’s theorem states :
a2 00
—/ de—50+2(ai+bi).
n=1
Compute the left-hand side :
1 T 5 4
L ag, 1 20 21
mwJ—7 m 5) 5
Compute the right-hand side :
2 o] 27T2/3 00 2 271'4 o) 1
0
20 = — +16 —.
y t = £ (° o T2

Equating left-hand side and right-hand side gives the famous result :

001 71.4
2 i o

6.4.4 Fourier series in complex form

If f can be expanded in a Fourier series, we write :

—|— Z (an cos —— + b, sin mlrx)

Recalling that
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inmx/l —inmx/l

nIT einmﬂ/l +e—in7rz/l onrx e —e
cos = ,  sin = ,

l 2 l 2

substituting these into the Fourier series gives :

f(ﬂf) — % + i (angibneinﬂx/l + an—;lbn —znwx/l) _ f: Cneinﬂ'x/l’

n=1 n=-—0o

where the complex Fourier coefficients are

Qo a, — b, a, + b,
Co = 57 Cp = y Con = .

Or, equivalently, using the integral formula :

1/t «
_ —inmx/l
Cn =5 [lf($)e dzx.

Example 6.4.4. Complex Fourier Series on [—, 7]
Consider f(z) = x, which is odd.

We know from the real Fourier series :

1)n+1

0
Z sinnzx.

n=1

Using the complex form :

) - e—in:c
SN = ————————
2i ’

nx

w f(x) _ i 2(_1)n+1 ‘ einx _ e—inaz

n=1

1)n+1

-y

n=1

( mnr e—inx) )

n 21
We can combine positive and negative terms as :

oo

fl@)=" > cae™,

n=—o00, n#0
(_ 1)n+1

where ¢, = , forn#0, c¢o=0.
in

Exercise 6.4.1. Consider the 27-periodic function f defined on [—7, 7] by

f(z) = |sinz].

1. Show that f(x) can be expanded in a Fourier series.

2. Compute the Fourier coefficients of f(x).
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3. Deduce the following sum :
> 1
2 4n? —1°

n=1

Solution :

1. The function f(z) = |sinz| is 2w-periodic, piecewise continuous, and even. Therefore,
it can be represented by a Fourier series with only cosine terms :

f(z) = % + > a,cosnz.

n=1
2. The Fourier series of f(x) is
a (o)
f(z) = 50 + Y [an cos nx + b, sinna]
n=1

where the coefficients are

1 1 1 =
ap = —/ flz)dz, a,= —/ f(x)cosnxdx, b, = —/ f(z)sinnx dx.
T J—m ™ J—m ™ J—m
Since f(x) is even, all sine coefficients vanish : b, = 0.
We only need to compute ag and a,, :
2 7 2 7 —2 4
aoz—/ f(a:)d:p:—/ sinzdr = — [cosz]; = —.
 Jo  Jo 7T T
2 7 2 [T
ap = —/ f(x) cosnx dr = —/ sin x cos nx dx.
7 Jo m Jo

Using the identity :

sin z cos nx = ; [sin((n + 1)z) + sin((1 — n)z)],

1 /= 1 =
we get a, = —/ sin((n + 1)z) dx + 7/ sin((1 —n)z) dz.
7 Jo 7 Jo

™

1 = 1
For n =1, a; = —/ sin2x der = —— [cos(Zx)] = 0.
7 Jo 27 0

- For n # 1, after evaluating the integrals :

0 if n is odd,
a, = 4

——  if n is even.
(1 —n?)
Hence, setting n = 2k, we have

4
Gk T - ak?)
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Thus, the Fourier series becomes :

2 & 4
= —————— cos 2nx.
f(z) 7T+n§17r(1—4n2) cos 2nx

3. The function f(z) is continuous at zo = 0, so

2 & 4 2
= z — cos(2 z
J(0)=0= T nz:: (1 —4n?) cos(2n - 0) 7r (1l — 4n2)

> 1
Rewritt t =
ewriting, we ge ngl e

l\D‘\»— ﬁM8
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Chapter 7

Fourier Transform

The Fourier transform is a powerful tool for solving differential equations, as it allows
us to reformulate them into simpler, more manageable problems. It is defined as an
extension of the Fourier series to non-periodic functions, which corresponds to assuming
that the function has an infinite period

Definition 7.0.1. The space L' is the set of integrable functions, that is, functions
f : R — C such that

/+oo|f(x)|dx<oo.

—0o0

The space L? is the set of square-integrable functions, that is, functions f : R — R such
that

/+OO |f(z)]? dz < oo.

—00

Example 7.0.1. Consider the function
fla) = e,

This function is piecewise continuous on R, and we have

/m |f ()] dx = /m el"ldr =2 < 00, fe€ L'(R).

o0

Definition 7.0.2. ( Dirac delta function)

The Dirac delta function (or Dirac impulse) is defined as

1 p—
(5a(t) _ , t=a,
0, t+#a.

7.1 Fourier transform

Definition 7.1.1. Let f € L'(R). The Fourier transform F : R — C of the function f(¢)
is defined by

F@ =fw) = [ fwea,

—00

where w € R.
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Example 7.1.1. Consider the function
ft)=e M o >o0.

This function is piecewise continuous and decays exponentially as |t| — oo, so it is
absolutely integrable :

+oo +o00 2
/ |f(t)]dt:/ el dt = £ < .

00 a

Its Fourier transform is defined as

f(w) _ /+<>° f(t)e_iwt di — /+<>o e—altlg—iwt gy

—00 —00

Since e~ is an even function, we split the integral :
~ 0 ) oo )
flw) = / ee Tt dt +/ e e dt.
—00 0

Using the formula [° e~ (@)t = L we get

a+iw’
A 2a
W)= —F//">.

Hence, f € L'(R) and its Fourier transform is well-defined.

7.1.1 Specific cases of fourier transform

i) Even functions :

If f is an even function, the Fourier transform simplifies to
flw)=F(f)w) = 2/ f(t) cos(2mwt) dt.
0

ii) Odd functions :

If f is an odd function, the Fourier transform simplifies to

fw) = F(f)w) = —2i /0 T () sin(2mwt) dt.

Example 7.1.2. Consider the following function :
1.Even function : Cosine function

f(t) = cos(2mt).
It is even. Its Fourier transform is

f(w) = /O:O cos(2mt)e ™ dt = §(w — 1) + d(w + 1),

where 0 is the Dirac delta function.
2.0dd function : Sine function

f(t) = sin(2nt).
It is odd. Its Fourier transform is

flw) = /OO sin(27t)e 2™ dt = i(d(w +1) — 6w — 1))
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7.1.2 Inverse Fourier transform

The inverse Fourier transform allows us to recover a function f(¢) from its Fourier trans-

form f(w).
Definition 7.1.2. Let f : R — C. The inverse Fourier transform of f is defined by

1 pFoo .

fO)=F())#) = - (w) e duw,

- 21 J—o
where f(w) = F(f)(w) is the Fourier transform of f.

Example 7.1.3. Consider the following function :
1. Let f(w) = e «*/%,

Start with the Fourier transform :

Write the inverse Fourier transform formula :

70 = o [ @)t o

T2 s
Substitute f(w) :
1 +oo 2 )
f(t) / e~ et .

T 21w

Recognize the Gaussian integral :

+o0 2 T 2
/ e w +bw dw = /= 6b /(4(1)’ a >0,
e Va

Compute the integral :
1 ™ 2 1 2
)=—|—e " =—c"
IO=oni1s =&

7.1.3 Fourier transform table

with a = i,b: it.

We will present the Fourier transform table of some usual functions
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Function f(t) | Fourier Transform F(w)
1 270 (w)
o(t) 1
el g >0 I
a? —11— w?
e~ "u(t), a>0 P
cos(wot) 7|0(w — wo) + d(w + wo)
sin(wot) im|6(w + wp) — 0(w — wo)
G WF@)
f(1) (iaél)QF(w)
tf(t) Z%F(a})
2f(t) i 7F (w)
f(t —to) ?‘”tOF( w)
f(kt) I (%
(f *9)() Fw)G(w)
Even function f(¢) 2 [5° f(t) cos(wt)dt
Odd function f(t) 2i [ f(t) sin(wt)dt

7.2 Properties of the Fourier Transform

Let f,g € L(R), F = F[f], G = Flg).

1. Linearity: Flaf + pg] = oF + uG.
2. Inverse linearity: F'[aF + uG] = af + ug.
3. Derivatives: F[f™](w) = (iw)"F(w).

4. Integration: F{ffoo f(s) ds} =

5. Conjugation: F[f] = F.
6. Time shift: F[f(t —ty)] = e ™" F(w).
7. Modulation: Fle™!f(t)] = F(w — wp).

8. Convolution: F[f *g] = FG, (f=*g)(z)= [ f(z—1)g(t)dt.

Theorem 7.2.1. (Parseval’s Theorem)
Let f(t) € L*(R) with Fourier transform F(w). Then

[ rwra= [T R

Theorem 7.2.2. (Plancherel’s Theorem)
Let f,g € S (Schwartz space). Then

/ " F)g(t) dt — / ™ P(w)Glw) dw.

—00 —00
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7.3 Solving differential equations using Fourier trans-
form

The Fourier transform allows one to solve a linear differential equation explicitly by
transforming it into a simpler equation.
7.3.1 Second order differential equation

Consider the second-order differential equation :

agy” (t) + ary'(t) + agy(t) = f(1).

Solution procedure :

1. Take the Fourier transform of both sides :
FU)} = Fw), Fyt)}=Y(w).
2. Apply Fourier transform properties for derivatives :
Fly/ ()} =iwY(w), Fly"(t)} = (iw)?Y (w).
3. Substitute into the differential equation :
az(iw)?Y (W) + a1 (iw)Y (W) + agY (W) = F(w),

which simplifies to
(ag(iw)2 + ayiw + ao)Y(w) = F(w).

4. Solve for Y (w) :
F(w)

as(iw)? + ariw + ag

Y(w) =

5. LetG(w) = :

a2 (iw)?+a1iwtag’
then

Y(w) =Gw) - Flw),
i.e., a product of two Fourier transforms.

6. Take the inverse Fourier transform :
y(t) = F Y ()] = FHG(W)F(w)] = g(t) * f(t),

where * denotes convolution and ¢(t) = F![G(w)] is the impulse response of the
system.

Example 7.3.1. Solving a differential equation using Fourier transform

—" () +yt) =", teR
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1. The Fourier transform to every term of the differential equation :
Fl=y"®) +y0)] = Fle™),

2. Use the Fourier transform property for derivatives :
—(iw)’Y (w) + Y (w) = Fle™"],

which simplifies to
W+ 1Y (w) = F[e‘tz].

3. Solve for Y(w) :

4. Recognize that

so Y(w)=F Bem] - Fle ™).

5. Take the inverse Fourier transform to obtain the solution :
1
y(t) = 56_“‘ xe

where * denotes convolution.

Remark 7.3.1. The solution is expressed as a convolution of the impulse response %e“”

with the forcing function e=*".
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Chapter 8

Laplace Transform

The Laplace transform is a powerful mathematical tool used in engineering and physics to
simplify complex calculations. It is particularly useful for solving differential equations,
as it transforms them into algebraic equations that are easier to solve.

In this chapter, we will focus on applying the Laplace transform to solve a variety of
differential equations.

8.1 Laplace Transform

Definition 8.1.1. Let f : [0,4+00[— R be a function defined for ¢ > 0. The Laplace
transform of f(¢) is the function F'(s) defined by

LWy =F) = [ et
where s € R.

Example 8.1.1. Calculate the following Laplace transform of the functions

1. f(t) =t
+oo
By definition, L{f(t)} = L{t*} = / e 542 dt.
0
We use integration by parts. Let us apply the formula :
+oo
/ t"e "t dt
0
Integration by parts for ¢ :

+o0 1 —+00 9 rtoo
/ t2e st dt = {—t%‘st + = / te=*t dt.
0 S 0

0 S

_l’_

Compute [, te™* dt similarly :

+o00 1 oo 1 oo 1
/ te™*" dt = {—te_“] + - / e tdt = .
0 S 0 S J0 S
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+oo 2 1 2
Substitute back / tetdt=0+=. = ==,
0 s
Thus, the Laplace transform is

2
£{t2} == g, s > 0.

+o00
£{1) :/0 et . 1dt.

Compute the integral :

iy =
3. f(t) = e

+oo +oo
L{e™} :/ e e dt :/ e~ g,
0 0

Compute the integral :

400 1 +oo 1 1
/ e~ (s=a)t gy {_ e~ (s—a)t =0- <— ) = ,  S>a.
0 s—a

0 S—a

1
E{Gat} = :

a
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8.1.1 Table of Laplace transform

We will present the Laplace transform table of some usual functions

Function f(t) L{Lf(t)}(s)
Ul(t) i
() —
PU), neN Sfil
tneatU<t) (8 _:%') n+l
sin(kt) U(t) ]
cos(kt) U(t) Wkkg
e sin(kt) U(t) (s — af yr
e cos(kt) U(t) GG—a? 12
Ult—a)f(t—a), a>0 e F(s)
f(t)e™ F(s—a)
f(at), a >0 CILF<Z)
f'(@) sF(s) — f(07)
F(t) s"F(s) = "1 f(0F) — - = f7D(0F)
[ () d R (s)

Example 8.1.2. Calculate the Laplace transform of following functions :

1. f(t) = cos(4t).
Using the Laplace transform table :

L{cos(4t)} = i

s24+ 16
2. f(t) = e
Using the Laplace transform table, we obtain
L{e*} = L, s> 2.
5 —2

8.2 Properties of the Laplace Transform

e Linearity: L{af + B¢} = oF + 8G.
e Exponential shift: £{e™f(t)} = F(s — a).
e Time shift: L{U(t —a)f(t —a)} = e *F(s).
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Scaling: £{f(at)} = iF(i)

Derivatives: L{f™} = s"F(s) —--- — f=1(0H).
Integral: £ {f(f f(u) du} =1F(s).

Convolution: L{f x g} = FG.

8.3 Inverse Laplace transform

Definition 8.3.1. Let F'(s) be a function defined for s > sy and suppose that there exists
a function f(¢) such that
L{f()} = F(s).

Then f(t) is called the inverse Laplace transform of F'(s), denoted by

f(t) =L7H{F(s)}.

Remark 8.3.1. In practice, the inverse Laplace transform is usually computed using
tables and properties of the Laplace transform.

1 1
Example 8.3.1. 1. Find 5_1{3}. We use the formula £{e*} = —— therefore
s — s—a

1
1 _ 3t
£ {3—3}_6'

, - s
2. Find £ 1{52 —|—k:2}'

Since L{cos(kt)} =

we obtain

_ s
L 1{32 n kQ} = cos(kt).

s
s2 + k2’

8.4 Solving differential equations using Laplace trans-
form

8.4.1 Second order differential equation

Laplace transform method is found to be effective in solving differential equations. We
use it to convert a differential equation into an algebraic equation in the variable s, solve
the resulting equation, and then take the inverse Laplace transform.

Consider the second-order differential equation :
azy”(t) + ary'(t) + aoy(t) = f(t),  y(0) =w0, ¥'(0)=u1.

The solution procedure using the Laplace transform is as follows :
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1. Apply the Laplace transform to every term in the differential equation :
LU = F(s),  L{y)} =Y (s),
LU/®) = sV () —y(0), L' (D)} = 52 (s) — sy(0) — ¥/ (0).
2. Substitute the initial conditions y(0) = yo and ¢/(0) = y; to obtain :

(a98® + ays + ag)Y (s) + ®(s) = F(s), where ®(s) = —[aa(syo + Y1) + a1yo)-

3. Solve for Y(s) : F(s) — ®(s)

ass? +a1s+ay

Y(s) =
4. Finally, find the solution y(¢) by taking the inverse Laplace transform :

y(t) = L7HY (s)}.
Example 8.4.1. Solve the differential equation.
L. y"(t) + 4y(t) = sin(2t), y(0) =0, ¢(0)=1.
Apply the Laplace transform.
L{y"(t)} +4L{y (1)} = L{sin(20)},

2

s%Y (5) — sy(0) — ¢/ (0) +4Y (s) = FERwE

Substitute the initial conditions.

2
Y (s) =1 +4Y(s) = ——
PY(5) = 1+4Y (5) = .
Y(S)(82+4)_L+1
oS24
Solve for Y (s).
2 1

B (52+4)2+52+4'

Take the inverse Laplace transform.

1 . 2 1. 1 .
= +4} +L {(824—4)2} = §sm(2t) + §tsm(2t).

y(t) = 5_1{
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