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PRÉFACE

This course booklet on Numerical Methods has been prepared for second-year LMD Electrical Engineering students

in Electromechanics (ELM) and Electrotechnics (ELT) within the framework of Semester 4, in accordance with the

2021/2022 curriculum. It serves as an educational support designed to complement in-person lectures and to facilitate

the understanding of fundamental concepts in numerical methods applied to scientific and engineering problems. The

module framework is as follows: Semester 4, Teaching Unit UEF 2.2.2, Subject: Numerical Methods, Contact Hours:

45 h (Lectures: 1 h 30, Tutorials: 1 h 30), Credits: 4, Coefficient: 2.

The main objective of this booklet is to present, in a clear and progressive manner, various numerical techniques,

namely: Methods for Solving Nonlinear Equations, Numerical Integration, Polynomial Interpolation, Numerical

Solution of Ordinary Differential Equations, Direct Methods for Solving Systems of Linear Equations, and Approximate

(Iterative) Methods for Solving Systems of Linear Equations. Each chapter includes practical examples and exercises

to help students consolidate their knowledge and develop autonomy in applying the methods studied.

This booklet does not replace lectures but serves as a useful reference tool for preparing tutorials and examinations.

Students are encouraged to supplement their reading with specialized textbooks and additional educational resources.
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CHAPTER 1

METHODS FOR SOLVING NONLINEAR

EQUATIONS

In this chapter, we focus on the approximation of the zeros of a real-valued function of a real variable. In other words,

we aim to numerically solve the following problem:

(Pr)

 Let f be a real-valued function of a real variable,

Find α ∈ R such that f(α) = 0.

We will study three numerical methods for solving nonlinear equations in one variable, also known as transcendental

equations. Examples of such equations include f(x) = sin(x) + x = 0 and f(x) = ln(x) − 2x + 3 = 0. These

equations generally do not have exact solutions that can be obtained analytically. Therefore, numerical methods are

used to compute approximate solutions. The accuracy of these solutions can be improved as needed, especially with

the help of computational tools.

These numerical methods generally compute only one root within a carefully chosen interval. Hence, if the

equation has multiple roots, it is necessary to first locate them within appropriate intervals, and then compute each

root separately.

All the methods for solving problem (Pr) that we will present are iterative methods, meaning they are based on

the construction of sequences (xn)n≥0 defined by a recurrence relation of the form:

xn+1 = F (xn)

Under certain conditions, these sequences are expected to converge to the desired solution α, that is:

7



1.1 Introduction to Numerical Errors and Approximations 8

lim
n→+∞

xn = α.

With the exception of a few rare cases of simple equations (such as a quadratic equation: ax2 + bx + c = 0),

nonlinear equations are particularly difficult to solve analytically. For this reason, approximate solution techniques—called

numerical methods—are employed.

In this chapter, we present three numerical methods for solving nonlinear equations of the form f(x) = 0, namely:

• the Bisection method (or Dichotomy),

• the Fixed-Point method (or Successive Approximations),

• and Newton’s method.

1.1 Introduction to Numerical Errors and Approximations

Traditionally, mathematics introduces us to theories and methods that enable the analytical solving of various problems,

such as integration and equation solving. These approaches typically yield exact results for a given problem. In

contrast, numerical analysis often produces approximate solutions, as the methods employed depend on several

parameters that influence the accuracy of the outcome. A central concern in numerical analysis is therefore to control

the effects of the errors introduced, which generally arise from three main sources:

1.1.1 Absolute and Relative Errors

Exact numbers


in N 1, 3, 6, 7;

in Q 1
6 ,

3
7 ,

11
19 ;

in R
√
8, π, e;

Let x be an exact number and x∗ an approximate value of x, we write:

x ⋍ x∗ or x ≈ x∗

• If x∗ > x, x∗ is called an overestimate.

• If x∗ < x, x∗ is called an underestimate.

Examples:23 ≈ 0.6666, π ≈ 3.14,
√
5 ≈ 2.23 are underestimates, but e ≈ 2.72 is an overestimate.

1.1.1.1 Absolute Error

Definition 1.1. The absolute error of the approximate value x∗ of a number x is the positive real quantity, denoted

by△(x), defined as:

△(x) = |x− x ∗ |.

8



1.1 Introduction to Numerical Errors and Approximations 9

Comment: The smaller the absolute error, the more accurate the approximation x∗ is.

Example 1.1. For the exact value x = 2
3 , the approximate value x∗1 = 0.666667 is 1000 times more accurate than the

approximation x∗2 = 0.667. Indeed, we have:

△1(x) = |x− x∗1| = |
2

3
− 0.666667| = 1

3
10−6.

△2(x) = |x− x∗3| = |
2

3
− 0.667| = 1

3
10−3.

1.1.1.2 Relative error

Definition 1.2. The relative error of the approximate number x∗ of the real positive quantity x, denoted r(x), is

defined by:

r(x) =
|x− x∗|
|x|

=
∆(x)

|x|

Comment: The relative error is often expressed as a percentage (relative precision) by:

r% = r(x)× 100

Example 1.2. For exact values x = 2
3 and y = 1

15 , we consider the approximate values x∗ = 0.67 and y∗ = 0.07,

respectively.

The corresponding absolute errors are:

∆(x) = |x− x∗| =
∣∣∣∣23 − 0.67

∣∣∣∣ = 1

3
· 10−2, ∆(y) = |y − y∗| =

∣∣∣∣ 115 − 0.07

∣∣∣∣ = 1

3
· 10−2

The corresponding relative errors are:

r(x) =
|x− x∗|
|x|

= 0.5 · 10−2 = 0.5%, r(y) =
|y − y∗|
|y|

= 5 · 10−2 = 5%

Thus, although the absolute errors are equal, x∗ is a 10 times more precise approximation for x than y∗ is for y.

1.1.1.3 Upper Bounds of Absolute and Relative Errors

If the exact value is known, one can determine the absolute and relative errors. But in most cases, it is not. The

absolute and relative errors then become unknown, and to estimate them, we introduce the notion of upper bound of

the absolute and relative error.

Definition 1.3. We call an upper bound of the absolute error of an approximate value x∗ of a positive real number x,

any positive real number ∆x such that:

∆(x) = |x− x∗| ≤ ∆x

9



1.1 Introduction to Numerical Errors and Approximations 10

or equivalently:

x∗ −∆x ≤ x ≤ x∗ +∆x

and we write:

x = x∗ ±∆x which means: x ∈ [x∗ −∆x, x∗ +∆x]

Remark 1.1.

1. The smaller ∆x is, the more accurate the approximation x∗ is. Therefore, in practice, one chooses the smallest

possible ∆x.

2. Since x ≃ x∗, in practice we take rx ≃ ∆x
|x∗| , which is an upper bound of the relative error of x∗, and we write:

x = x∗ ± |x∗|rx

3. When the absolute (or relative) error is not known, the effective error ∆x(rx) is abusively referred to as the

absolute (or relative) error of x∗.

1.1.2 Separation of the roots of f(x) = 0

Let f(x) : R −→ R be a given function. We are looking for one or more solutions of the function f(x) = 0. In the

rest of this chapter, we assume that f(x) = 0 is a continuous function and that x∗ is the unique solution of f(x) = 0

in the interval [a, b].

The separation of roots of f(x) = 0 involves determining the different intervals, each containing a single root. To

do this, we use one of the following two methods: - The graphical method: We plot the curve of f(x) and locate

(separate) the interval [a, b] where the solution lies - The algebraic method: Separation of roots of f(x) = 0 using the

intermediate value theorem.

Separation of roots (r1 and r2) of a function f(x) = 0: r1 ∈ [a1, b1] and r1 ∈ [a2, b1].

10



1.2 Bisection Method (or Dichotomy Method) 11

For all numerical methods used to solve (Pr), one must first perform a very important step, which consists in

finding intervals of the form [ai, bi] in which the equation f(x) = 0 admits one and only one solution. This step is

called the separation of zeros. To achieve this, we rely on the following theorem.

Theorem 1.1. (Intermediate Value Theorem)

Let f be a function defined and continuous on the interval [a, b].

• If f(a) · f(b) < 0, then there exists at least one real number α ∈ [a, b] such that f(α) = 0.

• Furthermore, if f(x) is monotonic on the interval [a, b](if f ′(x) ̸= 0 for all x ∈ [a, b]), then the solution is

unique.

Remark 1.2. If f(a) · f(b) > 0, then either f has no zeros in [a, b], or it has an even number of zeros in that interval.

Figure 1.1: A function f(x) is monotonic on the interval [a, b].

1.2 Bisection Method (or Dichotomy Method)

The bisection method is based on the Intermediate Value Theorem. It is used to determine a root of a function f(x)

by iteratively eliminating subintervals where the function does not change sign. The core idea of the bisection method

also known as the half-interval method is to divide the interval in half at each iteration by selecting its midpoint. Then,

using the Intermediate Value Theorem, we identify which of the two subintervals contains a sign change, and hence

the root. Specifically, we retain the subinterval where the function values at the endpoints have opposite signs. The

algorithm terminates when the length of the interval becomes smaller than a prescribed precision ϵ.

The method is illustrated in Figure 4.1 and proceeds as follows. We start with an interval [a, b] such that f(a)f(b) < 0,

and set a0 = a, b0 = b. Let c1 = (a0 + b0)/2 be the mid-point of the interval [a0, b0]. Since f(a0) > 0, f(b0) < 0,

and f(c1) < 0, out of the two subintervals, [a0, c1] and [c1, b0], the first one is guaranteed to contain a root of f. Hence,

11



1.2 Bisection Method (or Dichotomy Method) 12

we set a1 = a0, b1 = c1, and continue the search with the interval [a1, b1]. For the mid-point c2 of this interval we

have f(c2) < 0, therefore there must be a root of f between a1 and c2, and we continue with [a2, b2] = [a1, c2]. After

one more step, we obtain [a3, b3] = [c3, b2] as the new search interval. If b3− a3 < ϵ, then c4 = (a3 + b3)/2 is output

as an approximation of the root x∗.

Figure 1.2: An illustration of the bisection method.

1.2.1 Convergence conditions

The bisection method is applicable and guaranteed to converge only when the following three conditions are satisfied.

• f(x) is continuous on the interval [a, b].

• The solution α lies in the open interval [a, b], i.e., α ∈ [a, b].

• The function takes opposite signs at the endpoints:f(a) · f(b) < 0.

The bisection algorithm produces a set of centers c1, ..., ck, ... such that lim
k→∞

ck = x∗, where x∗ ∈ [a0, b0] is a

root of f . Since at iteration n of the bisection method the root x∗ is in the interval [an, bn] and cn is the mid-point of

this interval, we have |x∗ − cn| ≤ 1
2(bn − an).

Also,

bn − an =
1

2
(bn−1 − an−1) =

1

22
(bn−2 − an−2) = · · · =

1

2n
(b0 − a0).

Hence,

|x∗ − cn| ≤
1

2n+1
(b0 − a0), (1.1)

and the bisection method converges. Moreover, (1.1) can be used to determine the number of iterations required

to achieve a given precision ϵ by solving the inequality:

12



1.3 Example: Solving with the Bisection Method 13

1

2n
(b0 − a0) < ϵ,

which is equivalent to

n > log2

(
b0 − a0

ϵ

)
=

ln
(
b0−a0

ϵ

)
ln 2

. (4.12)

For example, if [a0, b0] = [0, 1] and ϵ = 10−5, we have:

n >
5 ln(10)

ln 2
≈ 16.6,

and the number of iterations guaranteeing the precision ϵ is 17.

1.2.2 Algorithm

Let f be a continuous function on the interval [a, b], such that f(a)f(b) < 0. The objective is to find an approximate

root of f within a given tolerance ϵ > 0.

Step 1: Initialization. Set the tolerance ϵ > 0, and initialize: a0 = a, b0 = b, k = 1.

Step 2: Compute the midpoint. xk = ak+bk
2 .

Step 3: Check stopping condition. If |bk − ak| < ϵ, stop the algorithm. The approximate solution is x∗ = ck.

Step 4: Determine the new interval. • If f(ak)f(xk) < 0, then set: ak+1 = ak,bk+1 = ck.

• Otherwise, set: ak+1 = ck,bk+1 = bk.

Step 5: Increment. Set k = k + 1, and return to Step 2.

1.3 Example: Solving with the Bisection Method

We aim to solve the following equation using the bisection method f(x) = x3 + x2 − 3x− 3 on the interval [1, 2].

We compute f(1) = 13 + 12 − 3× 1− 3 = −4, f(2) = 8 + 4− 6− 3 = 3

Therefore,f(1) · f(2) = −4× 3 = −12 < 0, which confirms that a root exists in the interval [1, 2].

13



1.4 Fixed Point Method 14

First iteration (k = 1):

c1 =
1 + 2

2
= 1.5

f(1.5) = (1.5)3 + (1.5)2 − 3 × 1.5 − 3 = −1.875 Since f(1.5) < 0 and f(2) > 0, the sign changes in the interval

[1.5, 2]. We take this as the new working interval.

Second iteration (k = 2):

c2 =
1.5 + 2

2
= 1.75

f(1.75) = (1.75)3 + (1.75)2 − 3× 1.75− 3 = 0.171875

Now, since f(1.75) > 0 and f(1.5) < 0, the sign changes in [1.5, 1.75].

Third iteration (k = 3):

c3 =
1.5 + 1.75

2
= 1.625

f(1.625) = (1.625)3 + (1.625)2 − 3× 1.625− 3 ≈ −0.863

So, the new interval is [1.625, 1.75]. If we want an absolute error smaller than 0.5 × 10−2, we need to perform

at least: n > log(x2−x1)−log(ε)
log(2) = log(2)−log(0.5×10−2)

log(2) − 1 ≈ 7.643856. So we must perform at least 8 iterations to

guarantee this level of precision.

The following table summarizes the results:

n x1 ck x2 f(x1) f(ck) f(x2) |xc(n) − xc(n−1)|

1 1.000 1.500000 2.000 -4.000000 -1.875000 3.000000 –

2 1.500 1.750000 2.000 -1.875000 0.171875 3.000000 0.250000

3 1.500 1.625000 1.750 -1.875000 -0.943359 0.171875 0.125000

4 1.625 1.687500 1.750 -0.943359 -0.409423 0.171875 0.062500

5 1.6875 1.718750 1.750 -0.409423 -0.124786 0.171875 0.031250

6 1.71875 1.734375 1.750 -0.124786 0.022029 0.171875 0.015625

7 1.71875 1.726563 1.734375 -0.124786 -0.051755 0.022029 0.007812

8 1.726563 1.730469 1.734375 -0.051755 -0.049572 0.022029 0.003906
An illustration of the bisection method.

1.4 Fixed Point Method

In this section, we discuss the fixed point method, which is also known as simple one-point iteration or method of

successive substitutions. We consider an equation in the form

f(x) = 0. (1.2)

14



1.5 Convergence Criterion for the Fixed-Point Method 15

where f : [a, b] −→ R, and suppose that the interval [a, b] is known to contain a root of this equation. We can always

reduce (1.2) to an equation in the form

x = g(x). (1.3)

Theorem 1.2. Let [a, b] be a non-empty interval of R, and let g be a mapping from [a, b] into itself.

If g is continuous, then there exists ξ ∈ [a, b] such that g(ξ) = ξ; this is called a fixed point of g.

Consequently, under certain conditions, approximating the zeros of f is equivalent to approximating the fixed

points of g. A common method for determining fixed points consists in constructing a sequence {xn}n≥0 using the

following iterative process:

 x0 : given initial approximation

xn+1 = g(xn)

Remark 1.3. It should be noted that there are infinitely many ways to choose the function g. However, the choice of

g must ensure that the sequence constructed by the fixed-point method converges.

1.5 Convergence Criterion for the Fixed-Point Method

Theorem 1.3. Let g be a function of class C1 on the interval [a, b]. Let x0 ∈ [a, b] and define the sequence by

xk+1 = g(xk), k ≥ 0. If the following two conditions are satisfied:

First condition Contraction condition: There exists a constant M ∈ [0, 1[ such that |g′(x)| ≤ M < 1, ∀x ∈

[a, b], with M = max
x∈[a,b]

|g′(x)|.

Second condition Stability condition: g(x) ∈ [a, b] for all x ∈ [a, b].

Then, the function g has a unique fixed point x̃ in [a, b], and the sequence {xk}k≥0 defined by xk+1 = g(xk)

converges to x̃ for all x0 ∈ [a, b].

Moreover, the following formula provides an upper bound for the error at iteration n:

|xk − x̃| ≤ Mk

1−M
|x1 − x0|.

Proof. Let (xn) be a sequence defined by:

xn+1 = g(xn)

and let α be the fixed point. If g is fonction continuous with constant M ∈ [0, 1], then the sequence converges to α,

for all x0 ∈ [a, b], and the following error estimate holds:

|α− xn| ≤
Mn

1−M
|x1 − x0|

15



1.5 Convergence Criterion for the Fixed-Point Method 16

where M is the M = max
x∈[a,b]

|g′(x)|.

1. Existence:

We have:

|xn+1 − xn| ≤Mn|x1 − x0|, ∀n ∈ N

Since xi+1 − xi = g(xi)− g(xi−1) and M = max
x∈[a,b]

|g′(x)|, then:

|xn+1 − xn| ≤M |xn − xn−1| ≤M2|xn−1 − xn−2| ≤ · · · ≤Mn|x1 − x0|

Therefore, for any n, p ∈ N:

|xn+p − xn| ≤ |xn+p − xn+p−1|+ · · ·+ |xn+1 − xn|

≤ (Mn+1 + · · ·+Mn+p)|x1 − x0|

= Mn(M +M2 + · · ·+Mp)|x1 − x0|

=
Mn(1−Mp)

1−M
|x1 − x0|

≤ Mn

1−M
|x1 − x0| −→ 0 as n→ +∞(because :0 < M < 1)

So the sequence (xn) is a Cauchy sequence in R, hence convergent (since R is complete). Let α be the limit of

the sequence. By continuity of g, we get g(α) = α, hence α is a fixed point.

By fixing n and letting p→∞, we get:

|α− xn| ≤
Mn

1−M
|x1 − x0|

2. Uniqueness:

Let α1 and α2 be two fixed points of g. Then:

|α1 − α2| = |g(α1)− g(α2)| ≤M |α1 − α2|

and since M < 1, it implies that α1 = α2.

1.5.1 Geometric interpretation

Finding α such that g(α) = α amounts to finding the intersection of the graph of g (i.e., y = g(x)) with the line

y = x, which is equivalent to finding the fixed point of g.

It is clearly observed that the slope of the curve y = g(x) in the neighborhood of the root α is small, that is,

g′(x) ≤ 1, and the iteration converges to the unique solution α.

16



1.5 Convergence Criterion for the Fixed-Point Method 17

Figure 1.3: Geometric Interpretation of the Fixed Point Method.

1.5.2 Algorithm

• Step 1. With the defined approximation error, x0 ∈ [a, b], we set k = 0.

• Step 2. Compute xk+1 = g(xk).

If |xi+1 − xi| < ε, stop the iterations, the solution is x∗ = xi+1.

Otherwise, set k = k + 1 and return to Step 2.

1.5.3 Termination criterion

The computations for the fixed-point method are stopped when the absolute difference between two successive

iterations is less than a given tolerance ϵ:

|xn − xn−1| ≤ ϵ

The number of required iterations n is calculated using this relation:

Mn

1−M
|x1 − x0| < ϵ

Indeed,
Mn

1−M
|x1 − x0| ≤ ε ⇐⇒ Mn ≤ 1−M

|x1 − x0|
ε

Hence, the number of iterations n required to achieve a given accuracy ε satisfies:

n ≥
ln

(
ε(1−M)

|x1 − x0|

)
lnM

Example 1.3. Consider the equation f(x) = x2 − 2 = 0.

17



1.5 Convergence Criterion for the Fixed-Point Method 18

• Solving with the Fixed-Point Method.

• Find the approximate value of the root of this equation using the fixed-point method with an error of 10−4.

Solution:

Choice 1

x2 − 2 = 0⇔ x =
2

x
= g1(x)

Verification of Condition 1: Is g1(x) a contraction on [1, 1.5] ?

• g1(x) is continuously differentiable on [1, 1.5] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . satisfied

• max |g′1(x)| = max
∣∣−2
x2

∣∣ = 2 = M , M > 1, ∀x ∈ [1, 1.5] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .not satisfied

Therefore, g1(x) is not a contraction on [1, 1.5], and the first condition is not satisfied. Thus, with the choice of

g(x) = 2
x , the algorithm will never converge.

Choice 2

x2 − 2 = 0⇔ (x− 1)2 + 2x− 3 = 0⇒ x = −1

2
((x− 1)2 − 3) = g2(x)

Verification of Condition 1: Is g2(x) a contraction on [1, 1.5]?

• g2(x) is continuously differentiable on [1, 1.5] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . satisfied

• max |g′2(x)| = max |x− 1| = 1
2 = M , M < 1, ∀x ∈ [1, 1.5] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . satisfied

Then g2(x) is a contraction on [1, 1.5], and the first condition is satisfied.

Verification of Condition 2: Is g2(x) stable within [1, 1.5]?

It can be observed that ∀x ∈ [1, 1.5], g(x) ∈ [1, 1.5]⇒ condition satisfied.

Both conditions are satisfied, so with the choice of g(x) = −1
2((x− 1)2 − 3), the algorithm will converge after a

few iterations.

xk+1 = g(xk) = −
1

2
((xk − 1)2 − 3)

Setting x0 = 1.0000 :

18



1.6 Newton’s method 19

k = 0, x1 = −
1

2
((x0 − 1)2 − 3) = 1.5000, |x1 − x0| = 0.5000 > 0.0001

k = 1, x2 = −
1

2
((x1 − 1)2 − 3) = 1.3750, |x2 − x1| = 0.1250 > 0.0001

k = 2, x3 = −
1

2
((x2 − 1)2 − 3) = 1.4297, |x3 − x2| = 0.0547 > 0.0001

k = 3, x4 = −
1

2
((x3 − 1)2 − 3) = 1.4077, |x4 − x3| = 0.0220 > 0.0001

k = 4, x5 = −
1

2
((x4 − 1)2 − 3) = 1.4169, |x5 − x4| = 0.0092 > 0.0001

k = 5, x6 = −
1

2
((x5 − 1)2 − 3) = 1.4131, |x6 − x5| = 0.0038 > 0.0001

k = 6, x7 = −
1

2
((x6 − 1)2 − 3) = 1.4147, |x7 − x6| = 0.0016 > 0.0001

k = 7, x8 = −
1

2
((x7 − 1)2 − 3) = 1.4140, |x8 − x7| = 0.0007 > 0.0001

k = 8, x9 = −
1

2
((x8 − 1)2 − 3) = 1.4143, |x9 − x8| = 0.0003 > 0.0001

k = 9, x10 = −
1

2
((x9 − 1)2 − 3) = 1.4142, |x10 − x9| = 0.0001 > 0.0001

k = 10, x11 = −
1

2
((x10 − 1)2 − 3) = 1.4142, |x11 − x10| = 0.0000 < 0.0001

Since |x11 − x10| = 0.0000 < ϵ = 0.0001, the solution is x∗ = x11 = 1.4142.

1.6 Newton’s method

This is the fastest method, but requires analytical computation of the derivative of f(x).

1.6.1 Principle of the Method:

The principle of this method consists in approximating f(xn−1) for n = 1, 2, . . . by the tangent line to the curve of f

such that the intersection of this tangent with the x-axis is the point xn. The condition is that f is differentiable and

f ′ does not vanish in the considered interval [a, b].

Given the approximation xn−1 (n ≥ 1), the next approximation xn of the root x̃ is obtained as follows:

f(xn−1)

xn−1 − xn
= f ′(xn−1) ⇒ xn = xn−1 −

f(xn−1)

f ′(xn−1)
.

Note that Newton’s method is a particular case of a fixed-point method by setting

xn = g(xn−1) with g(x) = x− f(x)

f ′(x)
.

We can derive Newton’s Method graphically, or by a Taylor series. We again want to construct a sequence x0, x1, x2, . . .

that converges to the root x = r. Consider the xn+1 member of this sequence, and perform a Taylor series expansion

of f(xn+1) about the point xn. We have:
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1.6 Newton’s method 20

f(xn+1) = f(xn) + (xn+1 − xn)f
′(xn) + · · ·

To determine xn+1, we drop the higher-order terms in the Taylor series and assume f(xn+1) = 0. Solving for

xn+1, we get:

xn+1 = xn −
f(xn)

f ′(xn)

Starting Newton’s Method requires an initial guess x0, hopefully close to the root x = α.

1.6.2 Convergence Criterion of Newton’s Method

We present the convergence criterion in the form of a theorem.

Theorem 1.4. Let f be a C2 class function on the interval [a, b]. Let x0 ∈ [a, b], and define the sequence by

xn+1 = xn −
f(xn)

f ′(xn)
, n ≥ 0.

If the following three conditions are satisfied:

Condition 1) f(a)f(b) < 0

Condition 2) f ′(x) ̸= 0 for all x ∈ [a, b] (this implies that f is strictly monotonic)

Condition 3) f ′′(x) ̸= 0 for all x ∈ [a, b] (the concavity of f has a consistent sign, see Figure 1.3),

then the sequence (xn)n≥0 generated by Newton’s method converges to x̃ for any x0 ∈ [a, b] such that f(x0)f ′′(x0) >

0. Moreover, the convergence is quadratic (of order 2):

|xn − x̃| ≤M |xn−1 − x̃|2.

with M =

max
x∈[a,b]

|f ′′(x)|

2 min
x∈[a,b]

|f ′(x)|
.

First condition and second condition ensure that there exists a unique x̃ ∈ [a, b] such that f(x̃) = 0.

Second condition guarantees that the sequence (xn)n≥0 is decreasing and bounded below by x̃ if f ′′(x) > 0 (i.e., f is

convex), and increasing and bounded above by x̃ if f ′′(x) < 0 (i.e., f is concave).

Proof. Let us now demonstrate the quadratic convergence stated in Theorem (1.3). Using the second-order Taylor

expansion of f at the point xn−1, we obtain:

f(α) = f(xn−1) + (α− xn−1)f
′(xn−1) +

1

2
(α− xn−1)

2f ′′(c)
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1.6 Newton’s method 21

for some c between xn−1 and x̃.

Since f(α) = 0, we get:

f(xn−1) + (α− xn−1)f
′(xn−1) +

1

2
(α− xn−1)

2f ′′(c) = 0.

Dividing by f ′(xn−1), we obtain:

f(xn−1)

f ′(xn−1)
+ (α− xn−1) +

(α− xn−1)
2f ′′(c)

2f ′(xn−1)
= 0.

Therefore,

α−
(
xn−1 −

f(xn−1)

f ′(xn−1)

)
=

(α− xn−1)
2f ′′(c)

2f ′(xn−1)
.

Using Newton’s recurrence relation xn = xn−1 −
f(xn−1)

f ′(xn−1)
, we finally obtain:

|xn − α| =
∣∣∣∣ f ′′(c)

2f ′(xn−1)

∣∣∣∣ |xn−1 − α|2 ≤M |xn−1 − α|2.

with M =

max
x∈[a,b]

|f ′′(x)|

2 min
x∈[a,b]

|f ′(x)|
.

Remark 1.4. 1. If x0 is chosen sufficiently close to x̃, Newton’s method converges very rapidly to α because the

convergence is quadratic.

2. If f ′(α) = 0, Newton’s method converges only linearly (i.e., with order 1) to α in a neighborhood of α.

1.6.3 Geometric Interpretation of Newton’s Method

The idea is to replace a small arc of the curve y = f(x) with its tangent drawn at a certain point on the curve.

Figure 1.4: Geometric Interpretation of the Fixed Point Method.
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1.7 Example: Solving with the Newton’s Method 22

From a well-chosen point x0 ∈ [a, b], x1 is the x-coordinate of the point where the tangent to the graph of f at

(x0, f(x0)) intersects the x-axis. Hence:

f(x0)

f ′(x0)
= x0 − x1 ⇒ x1 = x0 −

f(x0)

f ′(x0)
(if f ′(x0) ̸= 0).

Repeating the process at x1, we obtain a new point x2, and so on.

The sequence of points (xn)n∈N satisfies the recurrence relation:

xn+1 = xn −
f(xn)

f ′(xn)
, n = 0, 1, 2, . . .

This is the most commonly used Newton-Raphson formula for finding roots.

1.6.4 Newton’s Method Algorithm

1. Step 1. With the defined approximation error ε and initial guess x0 ∈ [a, b], set k = 0.

2. Step 2. Compute:

xk+1 = xk −
f(xk)

f ′(xk)

3. Step 3. If |xk+1 − xk| < ε, stop the iterations. The solution is x∗ = xk+1.

4. Otherwise, set k = k + 1 and return to Step 2.

Algorithm 1: Newton’s Method Algorithm

1.6.5 Termination criterion

The Newton method iterations are stopped when the absolute difference between two successive iterations becomes

smaller than a given precision ε:

|xn − xn−1| < ε.

1.7 Example: Solving with the Newton’s Method

Approximate the solution α of the equation

x2ex + 2x− 1 = 0, x ∈ [0.3, 0.5]

using Newton’s method with a precision ε = 10−3. We can choose x0 = 0.5.

• We have f(0.3)f(0.5) = −0.278 × 0.412 < 0, and the derivative is f ′(x) = 2xex + x2ex + 2 > 0 for all

x ∈ (0.3, 0.5), hence the solution α is unique in [0.3, 0.5].
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• The second derivative is f ′′(x) = x2ex + 4xex + 2ex > 0 for all x ∈ (0.3, 0.5), so f is convex.

• Therefore, the Newton sequence defined by

xn+1 = xn −
x2ne

xn + 2xn − 1

2xnexn + x2ne
xn + 2

converges to the exact solution α.

Let us now perform the iterations:

Iteration 1: x0 = 0.5 ⇒ x1 = x0 −
x2
0e

x0+2x0−1

2x0ex0+x2
0e

x0+2
= 0.3985.

We have |x1 − x0| = 0.101 > 10−3, so the stopping criterion is not satisfied.

Iteration 2: We compute the next iteration: x2 = x1 −
x2
1e

x1+2x1−1

2x1ex1+x2
1e

x1+2
= 0.3887.

We have |x2 − x1| = 0.098 > 10−3.

Iteration 3: We compute the next iteration: x3 = x2 −
x2
2e

x2+2x2−1

2x2ex2+x2
2e

x2+2
= 0.3886.

We observe that |x3 − x2| = 10−4 < 10−3. Therefore, the process is stopped.

The approximate solution is x3 = 0.3886, thus α ≈ x3 = 0.3886.

1.8 Exercises

Exercise 1.1. Let f(x) = 2x3 − x− 5.

1. Plot the graph of the function f .

2. Show that the function f has a root in the interval [1, 2].

3. Using the Bisection Method on the interval [1, 2] with a precision ε = 10−2, compute the zeros of this function.

Exercise 1.2. We want to approximate the solution of the following equation:

ln(x) + x = 0.

1. Show that there is only one solution x0 ∈ R+.

2. Apply the Newton-Raphson method on the interval
[
1
2 ,

3
4

]
for the first five iterations.
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Exercise 1.3. We want to find the zeros of the following function:

f(x) = ex
2 − 4x2.

1. Study graphically the equation f(x) = 0. Deduce that there is a root in the interval [0, 1].

2. Study the convergence of the sequence generated by the Fixed Point Method and determine its order of convergence.

3. Study the convergence of the sequence generated by Newton’s Method, specifying the order of convergence.

4. What conclusion can you draw?

1.9 Solutions to the Exercises

Solution to Exercise 1

Consider the function f(x) = 2x3 − x− 5, which is continuous and differentiable on R.

On the interval [1, 2], we have

f ′(x) = 6x2 − 1 > 0,

which shows that f is strictly increasing on [1, 2]. Moreover,

f(1) = −4 < 0, f(2) = 9 > 0.

By the Intermediate Value Theorem, there exists a unique c ∈ (1, 2) such that

f(c) = 0.

Bisection Method with ε = 10−2

We apply the method on the interval

1, 2

. The required number of iterations is

n ≥
ln
(
b−a
ε

)
ln 2

− 1 ≈ 6.

Iteration Interval [ak, bk] Midpoint ak+bk
2 f

(
ak+bk

2

)
New Interval

0 [1, 2] 3
2

1
4 > 0 [1, 32 ]

1 [1, 32 ]
5
4 −75

32 < 0 [54 ,
3
2 ]

2 [54 ,
3
2 ]

11
8 −301

256 < 0 [118 ,
3
2 ]

3 [118 ,
3
2 ]

23
16 −1017

2048 < 0 [2316 ,
3
2 ]

4 [2316 ,
3
2 ]

47
32 − 2161

16384 < 0 [4732 ,
3
2 ]

5 [4732 ,
3
2 ]

95
64 ≈ 0 Root ∈ [4732 ,

3
2 ]
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Thus, after 5 iterations, the approximate root is

x ≈ 95

64
≈ 1.484.

Solution Exercise 2

The function f(x) = x+ ln(x) is defined, continuous, and strictly increasing on R+. Moreover,

lim
x→0+

f(x) = −∞, lim
x→+∞

f(x) = +∞.

By the Intermediate Value Theorem, there exists a unique c ∈ R+ such that f(c) = 0.

We now apply the Newton–Raphson method on the interval I =
[
1
2 ,

3
4

]
. The Newton–Raphson iteration is given

by

xn+1 = xn −
f(xn)

f ′(xn)
= xn −

xn + ln(xn)

1 + 1
xn

=
xn
(
1 + ln(xn)

)
1 + xn

.

Starting with x0 =
1
2 , we obtain:

x1 ≈ 0.56438239352.

[ x2 ≈ 0.567138987716, x3 ≈ 0.567143290399, x4 ≈ 0.567143290410, x5 ≈ 0.5671432904098 ≈

0.567143290410.

We observe that with x5, we already obtain 10 exact decimal places.

Solution Exercise 3

1. Let f(x) = ex
2 − 4x2 be a function defined on R. We observe that f(−x) = f(x), i.e., the function f is even.

Therefore, we can restrict our study to the interval [0,+∞[.

On the other hand, f is continuous and f(0) = 1 > 0 and f(1) = e − 4 < 0. Therefore, by the Intermediate

Value Theorem, ∃c ∈ ]0, 1[ : f(c) = 0.

2. Let us study the convergence of the fixed-point sequence of the equation f(x) = 0:

ex
2 − 4x2 = 0 ⇐⇒ 2x =

√
ex2 ⇐⇒ x =

1

2
e
x2

2 .

We set

g(x) =
1

2
e
x2

2 ,

which is C1([0, 1]).

For 0 ≤ x ≤ 1, we have

0 ≤ 1

2
e
x2

2 ≤ 1

2
e
1
2 < 1.

Hence, g([0, 1]) ⊂ [0, 1].
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|g′(x)| =
∣∣∣∣x2 ex2

2

∣∣∣∣ = |xg(x)| < |x| < 1,

thus g is contractive.

Therefore, by the Fixed Point Theorem, the sequence defined by

xn+1 = g(xn), x0 ∈ [0, 1],

is convergent to the root c ∈ ]0, 1[.

On the other hand,

g′(c) = cg(c) = c2 ̸= 0,

hence the fixed-point method converges only with order 1.

3. We define the Newton sequence of the function f as follows:

xn+1 = xn −
f(xn)

f ′(xn)
= xn −

ex
2
n − 4x2n

2xnex
2
n − 8xn

= xn −
ex

2
n − 4x2n

2xn
(
ex2

n − 4
) .

Since c is a simple root of f , the Newton method has order 2.

4. We conclude that the Newton method is more efficient than the fixed-point method.

26



CHAPTER 2

NUMERICAL INTEGRATION

The objective of this chapter is to compute definite integrals numerically. Let f be a function defined and continuous

on the interval [a, b]. We consider the following definite integral:

If =

∫ b

a
f(x) dx. (2.1)

In many situations, the computation of If by analytical methods is very complicated, or even impossible. For

example,
∫ 2
0 e−x2

dx cannot be calculated using exact methods, since
∫
e−x2

dx

does not have an explicit antiderivative (e−x2
admits no primitive). Consequently, numerical methods are used to

approximate the integral If .

Let us first subdivide the interval [a, b] into small subintervals [xi−1, xi], for i = 1, 2, . . . , n such that a = x0 <

x1 < · · · < xn−1 < xn = b. We define the step size by hi = xi − xi−1. It is clear that

If =

∫ b

a
f(x) dx =

∫ x1

x0

f(x) dx+

∫ x2

x1

f(x) dx+ · · ·+
∫ xn

xn−1

f(x) dx (2.2)

=

n∑
i=1

∫ xi

xi−1

f(x) dx. (2.3)

The principle of numerical integration is to approximate (or simply replace) f on the interval [xi−1, xi] by a

polynomial p of degree d ≥ 0 (i.e., f(x) ≈ p(x) on [xi−1, xi]).

In this chapter, we present three of the most commonly used numerical integration methods, namely: the rectangle

method with its three variants (left, right, and midpoint), the trapezoidal rule, and finally Simpson’s rule.
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2.1 Rectangle Methods 28

2.1 Rectangle Methods

2.1.1 Riemann Sums

The so-called rectangle approximation methods are natural and rely on the notion of Riemann sums. Let us briefly

recall this notion.

Let f : [a, b] → R be a piecewise continuous function. A subdivision σ of [a, b] is a finite set {a0, . . . , ak} such

that

a = a0 < a1 < a2 < · · · < ak = b.

We denote |σ| = max
i=0,...,k−1

(ai+1 − ai) the length of the subdivision. If for every i = 0, . . . , k − 1 we choose

xi ∈ [ai, ai+1], we say that σp = (σ, (xi)i) is a tagged subdivision of [a, b].

We the n define

Sσp(f) :=
k−1∑
i=0

f(xi)(ai+1 − ai).

This sum is called the Riemann sum associated with the tagged subdivision σp, see Figure 2.1. The foundation of

Figure 2.1: Riemann sum associated with the tagged subdivision σp.

the theory of Riemann integration states that

Theorem 2.1. If f is piecewise continuous, then for any sequence (σp
n)n of tagged subdivisions of [a, b] such that

|σp
n| → 0 as n→∞, we have

lim
n→∞

Sσp
n
(f) =

∫ b

a
f(x) dx.
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2.1 Rectangle Methods 29

2.1.2 Left and Right Rectangles

The left and right rectangle methods are based on Theorem 2.1, where we respectively choose the following tagged

subdivisions:

• Left rectangles: σp
n = {a0, . . . , an} where ak = a+

k(b− a)

n
and xk = ak,

• Right rectangles: σp
n = {a0, . . . , an} where ak = a+

k(b− a)

n
and xk = ak+1.

In other words, we divide the interval [a, b] into n segments of equal length, each equal to
b− a

n
, and we choose

as points xk the left endpoints (respectively, the right endpoints) of each subinterval.

We denote simply Sg
n and Sd

n the corresponding Riemann sums, i.e.,

Sg
n =

b− a

n

n−1∑
k=0

f

(
a+

k

n
(b− a)

)
, and Sd

n =
b− a

n

n∑
k=1

f

(
a+

k

n
(b− a)

)

Figure 2.2: Left rectangles Figure 2.3: Right rectangles

2.1.3 Error Analysis for Left and Right Rectangles

We know that the two sequences (Sg
n)n and (Sd

n)n converge to
∫ b
a f(x) dx. The question is therefore to estimate the

error if we take one of these values as an approximation.

Proposition 2.1. Let f : [a, b]→ R be a C1 function and let M1 = supx∈[a,b] |f ′(x)|. Then, for any n,

∣∣∣∣∫ b

a
f(x) dx− Sg

n

∣∣∣∣ ≤ M1(b− a)2

2n
,

∣∣∣∣∫ b

a
f(x) dx− Sd

n

∣∣∣∣ ≤ M1(b− a)2

2n
. (2.1)

Proof. We prove the result for Sg
n, the proof being the same for Sd

n. We set ak = a +
k

n
(b − a). First, note that M1

is indeed a finite number. In fact, since f ∈ C1, we know that f ′ is continuous on the segment [a, b], and therefore

bounded there.

By Chasles’ relation and the triangular inequality, we obtain
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2.1 Rectangle Methods 30

∣∣∣∣∫ b

a
f(x) dx− Sg

n

∣∣∣∣ =

∣∣∣∣∣
n−1∑
k=0

∫ ak+1

ak

f(x) dx− b− a

n

n−1∑
k=0

f(ak)

∣∣∣∣∣
=

∣∣∣∣∣
n−1∑
k=0

∫ ak+1

ak

(
f(x)− f(ak)

)
dx

∣∣∣∣∣
≤

∣∣∣∣∣
n−1∑
k=0

∫ ak+1

ak

|f(x)− f(ak)| dx

∣∣∣∣∣ .
By the Mean Value Inequality, we can write, for every k and for every x ∈ [ak, ak+1],

|f(x)− f(ak)| ≤M1(x− ak).

Hence,

∣∣∣∣∫ b

a
f(x) dx− Sg

n

∣∣∣∣ ≤ M1

n−1∑
k=0

∫ ak+1

ak

(x− ak) dx

≤ M1

2

n−1∑
k=0

(ak+1 − ak)
2.

Since ak+1 − ak =
b− a

n
, we obtain

∣∣∣∣∫ b

a
f(x) dx− Sg

n

∣∣∣∣ ≤ M1(b− a)2

2n
.

Remark 2.1. One can show that the error bound is optimal in the sense that there exist functions f for which equality

holds in (2.1). For this to happen, all the inequalities in the proof must be equalities. This is the case if f is affine.

For example, if f(x) = x on [0, 1], we have

Sg
n =

n− 1

2n
and Sd

n =
n+ 1

2n
,

while
∫ 1

0
x dx =

1

2
. We then find that

∫ 1

0
x dx− Sg

n =

∫ 1

0
x dx− Sd

n =
1

2n
=

M1(b− a)2

2n
.

Example 2.1. Let us consider the function

f(x) = x2.

Compute the approximate value of the integral of f(x) over [a, b] = [0, 1] using the composite rectangle method with

n = 6.
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2.1 Rectangle Methods 31

Solution.

We have

I =

∫ b

a
f(x) dx ≈ h

n−1∑
i=0

fi,

where

xi = a+ ih, h =
b− a

n
=

1

6
, fi = f(xi), i = 0, . . . , 5.

Thus,

x0 = a = 0, x1 =
1
6 , x2 =

2
6 , x3 =

3
6 , x4 =

4
6 , x5 =

5
6 .

f0 = 02 = 0, f1 =
(
1
6

)2
= 1

36 , f2 =
(
2
6

)2
= 4

36 ,

f3 =
(
3
6

)2
= 9

36 , f4 =
(
4
6

)2
= 16

36 , f5 =
(
5
6

)2
= 25

36 .

Therefore,

I ≈ h
5∑

i=0

fi =
1

6

(
0 + 1

36 + 4
36 + 9

36 + 16
36 + 25

36

)
.

I ≈ 1

6
· 55
36

=
55

216
≈ 0.2546.

The exact value of the integral is

I =

∫ 1

0
x2 dx =

[
x3

3

]1
0
= 1

3 ≈ 0.3333.

The relative error is

εr =
|0.3333− 0.2546|

0.3333
≈ 0.236 ≈ 23.6%.

2.1.4 Midpoint Method

In the left and right rectangle methods, the convergence appears to be slow. However, the actual error may in principle

be much smaller than the one given by (2.1).

Indeed, to obtain the latter we estimated the error committed on each subinterval [ak, ak+1] and then added these

errors. However, these errors may “compensate” each other, some being positive and others negative.

In the left rectangle method, the error is negative on intervals where f is increasing (in the sense that b−a
n f(ak) ≤∫ ak+1

ak
f(x) dx) and it is positive when f is decreasing.

Conversely, in the right rectangle method, the error is positive on intervals where f is increasing and negative

when f is decreasing.

In particular, if the function f is increasing on [a, b] or decreasing on [a, b], there is no compensation of errors

between the intervals, which explains why the error bound (2.1) can be attained.
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2.1 Rectangle Methods 32

Figure 2.4: Errors in the left and right rectangle methods.

The midpoint method provides a significant improvement in the rate of convergence compared to the left or right

rectangle methods. The idea here is to subdivide the interval [a, b] again into subintervals of equal length, i.e., we still

set ak = a+
k

n
(b− a), but we choose the points xk at the midpoint of the subintervals, i.e., xk =

ak + ak+1

2
.

Whether on an interval [ak, ak+1] the function f is increasing or decreasing, there will be a form of "partial

compensation" within the interval itself.

Figure 2.5: Errors in the midpoint method.

We denote mk =
(ak + ak+1)

2
the midpoint of the interval [ak, ak+1], and

Sm
n =

(b− a)

n

n−1∑
k=0

f(mk).

2.1.5 Error Analysis for Midpoint Method

The associated Riemann sum. Again, Theorem (2.1) ensures that the sequence (Sm
n )n converges to

∫ b

a
f(x)dx, and

we wish to estimate the error
∣∣∣∣∫ b

a
f(x)dx− Sm

n

∣∣∣∣.
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2.1 Rectangle Methods 33

Proposition 2.2. Let f : [a, b] −→ R be of class C2, and let M2 = supx∈[a,b]|f ′′(x)|. Then, for all n,∣∣∣∣∫ b

a
f(x)dx− Sm

n

∣∣∣∣ ≤ M2(b− a)3

(24n2)
. (2.2)

Proof. The same computation as in the proof of (2.1) gives∫ b

a
f(x) dx− Sm

n =

n−1∑
k=0

∫ ak+1

ak

(
f(x)− f(mk)

)
dx.

For each k, we apply the Taylor–Lagrange formula between x and mk: there exists ck between x and mk such that

f(x)− f(mk) = f ′(mk)(x−mk) +
f ′′(ck)

2
(x−mk)

2.

Hence, ∫ b

a
f(x) dx− Sm

n =

n−1∑
k=0

(
f ′(mk)

∫ ak+1

ak

(x−mk) dx+

∫ ak+1

ak

f ′′(ck)

2
(x−mk)

2 dx

)
.

Since mk is the midpoint of [ak, ak+1], we have∫ ak+1

ak

(x−mk) dx = 1
2

(
(ak+1 −mk)

2 − (ak −mk)
2
)
= 0,

which yields ∣∣∣∣∫ b

a
f(x) dx− Sm

n

∣∣∣∣ =

∣∣∣∣∣
n−1∑
k=0

∫ ak+1

ak

f ′′(ck)

2
(x−mk)

2 dx

∣∣∣∣∣
≤

n−1∑
k=0

M2

2

∫ ak+1

ak

(x−mk)
2 dx

≤ M2(b− a)3

24n2
.

Remark 2.2. One might think that the improvement in the error compared to the left or right rectangle methods comes

from using the second-order Taylor expansion. This is not the case. If we apply the same strategy to the left rectangles,

for instance, the first-order term gives∫ ak+1

ak

(x− ak) dx =
1

2
(ak+1 − ak)

2 =
(b− a)2

2n2
.

Thus, we obtain ∫ b

a
f(x) dx− Sg

n =
n−1∑
k=0

f ′(ak)
(b− a)2

2n2
+

n−1∑
k=0

∫ ak+1

ak

f ′′(ck)

2
(x− ak)

2 dx.

The second term on the right-hand side can be bounded by (b−a)3

6n2 , and is therefore also of order 1
n2 . However, the

first term is a priori bounded by
n−1∑
k=0

f ′(ak)
(b− a)2

2n2
≤ M1(b− a)2

2n
.

This recovers exactly the error obtained in (2.1).
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Example 2.2. We evaluate numerically, for n = 3, the integral

I(f) =

∫ π
2

0
sinx dx,

whose exact value is I(f) = 1.

We have a = 0, b = π
2 , n = 3, h =

b− a

n
,

xi = a+ ih, 0 ≤ i ≤ n, f(x) = sinx.

Thus,

h =

π

2
− 0

3
=

π

6
, xi =

iπ

6
, 0 ≤ i ≤ 3.

We obtain the following tables:

i xi
xi−1 + xi

2
f(xi) = sin(xi) f

(
xi−1 + xi

2

)
0 0 0

π
12 sin π

12 =
√
6−

√
2

4

1 π
6

1
2

π
4 sinπ

4 =
√
2
2

2 π
3

√
3
2

5π
12 sin5π

12 =
√
6+

√
2

4

3 π
2 1

For the integral, we compute:

Rg = h
3∑

i=1

f(xi−1) =
π

6

(
0 + 1

2 +
√
3
2

)
=

1 +
√
3

12
π ≈ 0.7152492,

Rd = h
3∑

i=1

f(xi) =
π

6

(
1
2 +

√
3
2 + 1

)
=

3 +
√
3

12
π ≈ 1.238848,

Rm = h
3∑

i=1

f
(
xi−1+xi

2

)
=

π

6

(
sin π

12 + sinπ
4 + sin5π

12

)
≈ 1.011515.

2.2 Trapezoidal Method

The previous methods are based on the notion of Riemann sums, and therefore on the idea of approximating, on each

subinterval [ak, ak+1], the function f by a constant function (equal to the value of f at the chosen point). It is natural

to try instead to approximate f not by a constant, but by an affine function (or even a higher-order polynomial, see

Chapter 3).

34



2.2 Trapezoidal Method 35

Once again, we consider only the case where the intervals [ak, ak+1] all have the same length, i.e. ak =
k

n
(b−a).

We denote by fk the affine function that interpolates f at the points (ak, f(ak)) and (ak+1, f(ak+1)). In other words,

fk(x) =
f(ak+1)− f(ak)

ak+1 − ak
(x− ak) + f(ak).

We will take fk as an approximation of f on the interval [ak, ak+1]. The approximated value of the integral of f

is then given by

Tn :=
n−1∑
k=0

∫ ak+1

ak

fk(x) dx. (2.3)

Figure 2.6: Trapezoidal Method.

We can easily compute (this is the area of a trapezoid, see Figure 2.6)∫ ak+1

ak

fk(x) dx =
1

2

(
f(ak+1) + f(ak)

)
(ak+1 − ak) =

b− a

n
.

Thus we obtain

Tn =
b− a

2n

n−1∑
k=0

(
f(ak+1) + f(ak)

)
=

b− a

2n

(
f(a) + 2

n−1∑
k=1

f(ak) + f(b)

)
.

2.2.1 Error Analysis for Trapezoidal Method

We then have the following upper bound for the error.
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Proposition 2.3. Let f : [a, b]→ R be of class C2 and let M2 = supx∈[a,b] |f ′′(x)|. Then, for all n,

∣∣∣∣∫ b

a
f(x) dx− Tn

∣∣∣∣ ≤ M2(b− a)3

12n2
. (2.4)

Proof. The beginning of the proof is the same: using Chasles’ relation and the triangle inequality, we write∫ b

a
f(x) dx− Tn ≤

n−1∑
k=0

∫ ak+1

ak

(
f(x)− fk(x)

)
dx.

The idea is then to estimate each term∫ ak+1

ak

gk(x) dx, where gk(x) = f(x)− fk(x),

by first performing an integration by parts. We first note that, by construction, gk(ak) = gk(ak+1) = 0, so there is no

boundary term in the integration by parts. Thus we can write∫ ak+1

ak

gk(x) dx = −
∫ ak+1

ak

g′k(x)(x− c) dx.

By parts, still without generating boundary terms. The primitives of v(x) = x− c are of the form
1

2
(x− c)2 + d,

and therefore

∫ ak+1

ak

gk(x) dx = −
∫ ak+1

ak

g′k(x)(x− c) dx

∫ ak+1

ak

g′k(x)
(
1
2(x− c)2 + d

)
dx

= −
[
g′′k(x)

(
1
2(x− c)2 + d

)]ak+1

ak
.

In order for the new boundary term to vanish, it suffices that the polynomial 1
2(x − c)2 + d vanishes at ak and

ak+1. In other words, we choose c and d so that

1
2(x− c)2 + d = 1

2(x− ak)(x− ak+1).

We then have

∣∣∣∣∫ ak+1

ak

gk(x) dx

∣∣∣∣ ≤ 1

2

∫ ak+1

ak

∣∣g′′k(x)(x− ak)(x− ak+1)
∣∣ dx

≤ M2

2

∫ ak+1

ak

(x− ak)(ak+1 − x) dx

=
M2(ak+1 − ak)

3

12

=
M2(b− a)3

12n3
,

where in the second line we used the fact that fk is affine and therefore |g′′k(x)| = |f ′′(x)| ≤M2.
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Finally, we obtain

∣∣∣∣∫ b

a
f(x) dx− Tn

∣∣∣∣ ≤ n−1∑
k=0

∣∣∣∣∫ ak+1

ak

gk(x) dx

∣∣∣∣ ≤ M2(b− a)3

12n2
.

Example 2.3. Consider

I =

∫ 1

0
e−x2

dx.

1. Approximate I using the trapezoidal rule for n = 5 with a uniform step size.

2. Determine the maximum error committed by the trapezoidal rule.

Solution. We provide in the following table the values of xi, f(xi) and
f(xi−1) + f(xi)

2
for n = 5 with the step size

h = 1−0
5 = 0.2.

xi f(xi)
f(xi−1) + f(xi)

2

0 1.0000 0.9803

0.2 0.9607 0.9064

0.4 0.8521 0.7749

0.6 0.6976 0.6124

0.8 0.5272 0.4475

1 0.3678

By applying the trapezoidal rule formula given by (2.7), we obtain the following approximation:

IT = h

5∑
i=1

f(xi−1) + f(xi)

2
= 0.2 (0.9803 + 0.9064 + · · ·+ 0.4475) = 0.7443.

To determine the maximum error, we need to compute the second derivative. For f(x) = e−x2
, we have

f ′(x) = −2xe−x2
, f ′′(x) = e−x2

(4x2 − 2).

Thus,

V = max
x∈[a,b]

|f ′′(x)| = max
x∈[0,1]

∣∣e−x2
(4x2 − 2)

∣∣ = |f ′′(0)| = 2.

Therefore, the maximum error of the trapezoidal method is given by

V

12
(b− a)h2 =

2

12
(1− 0)(0.2)2 =

0.04

6
≈ 0.0066.
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2.3 Simpson’s Method

We conclude this first chapter on numerical integration with Simpson’s method. In this case, the idea is again to

approximate the function f on each interval [ak, ak+1], with ak = k
n(b− a), by a “simple” function. We have already

used a constant function, or a polynomial of degree at most 0, in Section 2.1, and an affine function, or a polynomial

of degree at most 1, in Section 2.2. It is natural here to choose a polynomial of degree at most 2.

Given an interval [c, d], we consider the polynomial P ∈ R2[X] that interpolates f at the points of abscissa c, d,

and m =
c+ d

2
. That is, P (X) = α+ βX + γX2 such that P (c) = f(c), P (m) = f(m), and P (d) = f(d).

Lemma 2.1. There exists a unique P ∈ R2[X] which interpolates f at the points with abscissas c, d, and m. It is

given by

P (X) = f(c)
(X −m)(X − d)

(c−m)(c− d)
+ f(m)

(X − c)(X − d)

(m− c)(m− d)
+ f(d)

(X − c)(X −m)

(d−m)(d− c)
. (2.5)

This formula is a particular case of the Lagrange interpolation polynomial. We will return to this in Section 3.1. A

straightforward computation shows that if P is given by (2.5), then∫ d

c
P (x) dx =

d− c

6

(
f(c) + 4f(m) + f(d)

)
. (2.6)

As in the previous sections, on each interval [ak, ak+1] we approximate f by the corresponding interpolation

polynomial and the integral of f by that of the polynomial. Thus, Simpson’s method consists in approximating∫ b
a f(x) dx by (where for each k we have ak+1 − ak = b−a

n )

Sn :=
b− a

6n

n−1∑
k=0

(
f(ak) + 4f(mk) + f(bk)

)
.

2.3.1 Error Analysis for Simpson’s Method

The error estimate is based on the following lemma

Lemma 2.2. Let f : [c, d]→ R be a function of class C4 and let M4 = supx∈[c,d] |f (4)(x)|. Then∣∣∣∣∫ d

c
f(x) dx− d− c

6

(
f(c) + 4f

(
c+d
2

)
+ f(d)

)∣∣∣∣ ≤ M4(d− c)5

2880
.

By applying the lemma on each interval [ak, ak+1], we immediately obtain:

Proposition 2.4. Let f : [a, b]→ R be of class C4 and let M4 = supx∈[a,b] |f (4)(x)|. Then, for all n,∣∣∣∣∫ b

a
f(x) dx− Sn

∣∣∣∣ ≤ M4(b− a)5

2880n4
.

The Simpson’s method has an error of order h4. It is the most commonly used method in practice because its

error converges very quickly to zero as h → 0, compared to other methods (the trapezoidal rule of order h2 and the

rectangle rule of order h or h2).
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Example 2.4. • Compute I =
∫ 2
0 x2ex dx using Simpson’s method for n = 8 with a regular step.

• Determine the maximum error committed by Simpson’s method.

Solution We present in the following table the values of xi, f(xi),
f(xi−1) + f(xi)

2
, and f(x̄i) = f

(
xi−1+xi

2

)
for n = 8 with the step h = 2−0

8 = 0.25.

xi f(xi)
f(xi−1) + f(xi)

2
x̄i =

xi−1 + xi
2

f(x̄i)

0 0 0.0802 0.125 0.0177

0.25 0.0802 0.4924 0.375 0.2046

0.50 0.4121 1.6029 0.625 0.7297

0.75 1.1908 3.9090 0.875 1.8366

1.00 2.7182 8.1719 1.125 3.8983

1.25 5.4536 15.5374 1.375 7.4775

1.50 10.0838 27.7072 1.625 13.4102

1.75 17.6234 47.1796 1.875 22.9247

2.00 29.5562

Applying Simpson’s formula, we obtain the following approximation:

ÎS =
h

6

8∑
i=1

(f(xi−1) + f(xi) + 4f(x̄i))

=
0.25

6

(
(0.0802 + · · ·+ 47.1796) + 4(0.0177 + · · ·+ 22.9247)

)
= 12.7783.

To determine the maximum error, we need to compute the fourth derivative. Since f(x) = x2ex, we have:

f ′(x) = x2ex + 2xex, f ′′(x) = x2ex + 4xex + 2ex,

f (3)(x) = x2ex + 6xex + 6ex, f (4)(x) = x2ex + 8xex + 12ex.

We get

W = max
x∈[a,b]

|f (4)(x)| = max
x∈[0,2]

(
x2ex + 8xex + 12ex

)
= f (4)(2) = 236.4498,

because f (4)(x) is strictly positive and strictly increasing on [0, 2].

Therefore, the maximum error of Simpson’s method is given by

W

2880
(b− a)h4 =

236.4498

2880
(2− 0)(0.25)4 ≈ 0.0006.
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2.4 Exercises

Exercise 2.1. Let the function f(x) be defined by the following table:

x 0 π
8

π
4

3π
8

π
2

f(x) 0 0.382683 0.707107 0.923880 1

1. Determine
∫ π/2
0 f(x) dx using the trapezoidal rule and then Simpson’s rule.

2. Knowing that f(x) = sinx, compare the obtained results with the exact value.

Exercise 2.2. Let the integral

I =

∫ π

0
sin(x) dx.

1. Compute the exact value of I .

2. Using the composite trapezoidal rule and the composite Simpson’s rule with step size h = π
4 :

(a) Compute the approximation of I .

(b) Provide an upper bound for the error.

(c) Evaluate the error.

3. Determine the step size h and the number of subdivisions of the interval [0, π] such that the error obtained by

the composite trapezoidal rule (respectively, the composite Simpson’s rule) is less than 5× 10−4.

2.5 Solutions to the Exercises

Solution Exercise 1

1/ Calculation of the integral using the trapezoidal rule

IT (f) =
b− a

2n

[
f(a) + f(b) + 2

n−1∑
i=1

f(xi)

]
, h =

b− a

n
=

π/2

4
=

π

8
.

Thus,

IT (f) =
π

16

[
f(0) + f

(
π
2

)
+ 2

(
f
(
π
8

)
+ f

(
π
4

)
+ f

(
3π
8

))]
.

IT (f) =
π

16
[0 + 1 + 2(0.382683 + 0.707107 + 0.923880)] ≈ 0.987116.

- Calculation of the integral using Simpson’s rule
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IS(f) =
h

3

f(a) + f(b) + 4
n−1∑
i=1
i odd

f(xi) + 2
n−2∑
i=2
i even

f(xi)

 , h =
π

8
.

IS(f) =
π

24

[
f(0) + f

(
π
2

)
+ 4

(
f
(
π
8

)
+ f

(
3π
8

))
+ 2f

(
π
4

)]
.

IS(f) =
π

24
[0 + 1 + 4(0.382683 + 0.923880) + 2(0.707107)] ≈ 1.000135.

2/ Comparison

The exact value is

Iexact =

∫ π/2

0
sin(x) dx =

[
− cos(x)

]π/2
0

= 1.

Errors:

|Iexact − IT | = 1− 0.987116 = 0.012884,

|Iexact − IS | = 1− 1.000135 = 0.000135.

We conclude that the approximation of I by Simpson’s rule is more accurate than the trapezoidal rule.

Solution Exercise 2

1.

I =

∫ π

0
sin(x) dx = [− cos(x)]π0 = 2.

2. I) We start with the Trapezoidal Rule:

(a)

Itrap =
h

2

(
f(x0) + f(x4) + 2(f(x1) + f(x2) + f(x3))

)
,

with x0 = 0, x1 = π
4 , x2 = π

2 , x3 = 3π
4 , and x4 = π. Thus:

Itrap =
π

8

(
f(0) + f(π) + 2(f(π4 ) + f(π2 ) + f(3π4 ))

)
=

π

4
(1 +

√
2) ≈ 1.896.

(b) We have:

E = −h2

12
(xn − x0)f

′′(ξ), 0 ≤ ξ ≤ π.

Hence:

|E| = π3

192
| sin(ξ)| ≤ π3

192
≈ 0.16149, 0 ≤ ξ ≤ π.
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(c) The relative error is:

Erel = Iexact − Itrap ≈ 0.1038.

II) Simpson’s Method

(a)

ISimp =
π

12

(
f(0) + f(π) + 2f

(
π
2

)
+ 4
(
f(π4 ) + f(3π4 )

))
=

π

6
(1 + 4

√
2) ≈ 3.4855207.

(b) We have:

E = −h5

90
f (4)(ξ), 0 ≤ ξ ≤ π.

Thus:

|E| = h5

90
| sin(ξ)| ≤ h5

90
≈ 0.00033205, 0 ≤ ξ ≤ π.

(c) The relative error is:

Erel = Iexact − ISimp ≈ 1.4855207.

3. Let us compute the step size h and the number of subdivisions n of the interval [0, π] for ε = 5 × 10−4.

Trapezoidal Method

We have:

E = −h2

12
(xn − x0)f

′′(ξ), 0 ≤ ξ ≤ π.

Thus:

|E| = π

12
h2| sin(ξ)| ≤ π

12
h2 ≈ 0.0005, 0 ≤ ξ ≤ π.

Hence:

h2 ≤ 12

π
· 0.0005, h ≤ 0.044.

Therefore:

n >
π

h
≈ 71.8.

Thus, the number of subdivisions of the interval [0, π] is n ≥ 72.

Simpson’s Method

We have:

E = − π

90
h4f (4)(ξ), 0 ≤ ξ ≤ π.

Thus:

|E| = π

90
h4| sin(ξ)| ≤ π

90
h4 ≈ 0.0005, 0 ≤ ξ ≤ π.

Hence:

h4 ≤ 90

π
· 0.0005, h ≤ 0.4111408.
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Therefore:

n >
π

h
≈ 7.64116.

Thus, the number of subdivisions of the interval [0, π] with Simpson’s method is n ≥ 8.
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CHAPTER 3

POLYNOMIAL INTERPOLATION

For example, consider an experiment in which the distance traveled by an object is recorded as a function of time.

The results are given in the following table:

t (sec) 0 1 2 3 4

X (m) 0 5 15 0 3

We want, for instance, to calculate the position of the object at time t = 2.5 seconds, or the velocity of the

object at a given time. For this purpose, we need an analytical expression of x as a function of t, namely X(t). This

function must at least match the points given in the table. Then we can compute X(2.5),
∫ 4

0
X(t) dt, or the velocity

v(t) =
dX(t)

dt
.

In this chapter, we will consider approximating X(t) by a polynomial expression, that is:

X(t) = a0 + a1t+ a2t
2 + · · ·+ ant

n,

where the coefficients ai (i = 0, . . . , n) are to be determined.

The polynomials we will study differ only in the way the coefficients ai are computed. For any given table of

values, the interpolation polynomial is unique.

3.1 Interpolation or Approximation

Definition 3.1 (Interpolation). Unlike interpolation, approximating a function does not require the sought curve (of

the approximated function) to pass through the points (xi, yi), but it requires that a certain approximation criterion be

satisfied (e.g., least squares criterion).
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Definition 3.2 (Approximation). Unlike interpolation, approximating a function does not require the sought curve

(of the approximated function) to pass through the points (xi, yi), but it requires that a certain approximation criterion

be satisfied (e.g., least squares criterion).

Figure 3.1: Polynomial interpolation.

Figure 3.2: Function approximation.

3.2 Lagrange Interpolation Polynomial

Let (n+ 1) distinct points x0, x1, . . . , xn be given, and let f be a function whose values at these points are

f(x0), f(x1), . . . , f(xn). Then there exists a unique polynomial of degree less than or equal to n that coincides with

the interpolation points, i.e.,

f(xk) = Pn(xk), k = 0, 1, 2, . . . , n.
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This polynomial is given by:

Pn(x) =
n∑

i=0

f(xi)Li(x) = f(x0)L0(x) + f(x1)L1(x) + · · ·+ f(xn)Ln(x),

where

Lk(x) =
n∏

i=0
i ̸=k

x− xi
xk − xi

=
x− x0
xk − x0

· x− x1
xk − x1

· · · x− xk−1

xk − xk−1
· x− xk+1

xk − xk+1
· · · x− xn

xk − xn
, (k = 0, . . . , n).

The functions Lk(x) are called the Lagrange basis polynomials. They are orthogonal in the sense that:

Lk(xj) = 0 for j ̸= k, Lk(xk) = 1.

3.2.1 Example:

Let us take again the table given at the beginning of the chapter and try to compute the Lagrange interpolation

polynomial for this table. Note that for (n+1) points, the degree of the interpolation polynomial is less than or equal

to n. In our case, we have 5 points, which gives a polynomial of degree at most 4.

X(t) ≈ P4(t) =
4∑

i=0

f(ti)Li(t) = f(t0)L0(t) + f(t1)L1(t) + f(t2)L2(t) + f(t3)L3(t) + f(t4)L4(t).

Since the coefficients f(ti) are simply the values of X(ti) at the given points, we substitute them to obtain:

X(t) ≈ P4(t) = 0 · L0(t) + 5 · L1(t) + 15 · L2(t) + 0 · L3(t) + 3 · L4(t).

Next, we compute the Lagrange basis polynomials.

L0(t) =
4∏

i=0
i ̸=0

t− ti
t0 − ti

.

Note that it is unnecessary to compute L0(t) and L3(t) because they will be multiplied by zero in the interpolation

formula.

L1(t) =

4∏
i=0
i ̸=1

t− ti
t1 − ti

=
t− 0

1− 0
· t− 2

1− 2
· t− 3

1− 3
· t− 4

1− 4
= −1

6

(
t4 − 9t3 + 26t2 − 24t

)
.

L2(t) =
4∏

i=0
i ̸=2

t− ti
t2 − ti

=
t− 0

2− 0
· t− 1

2− 1
· t− 3

2− 3
· t− 4

2− 4
=

1

4

(
t4 − 8t3 + 19t2 − 12t

)
.

L4(t) =

4∏
i=0
i ̸=4

t− ti
t4 − ti

=
t− 0

4− 0
· t− 1

4− 1
· t− 2

4− 2
· t− 3

4− 3
=

1

24

(
t4 − 6t3 + 11t2 − 6t

)
.

Finally, substituting the computed Lagrange polynomials, we obtain:

X(t) ≈ P4(t) = −25.75 t+ 50.95833 t2 − 23.25 t3 + 3.04167 t4.
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3.3 Newton Interpolation Polynomial

We have seen that the Lagrange polynomial uses (n+ 1) polynomial coefficients, which are themselves polynomials

of degree less than or equal to n. Computing these polynomial coefficients is also a delicate task, which is why it is

useful to employ a more flexible formulation: the Newton interpolation polynomial.

The construction of the Newton polynomial begins with a polynomial of degree 1, P1(x), which passes through

the first two points. This polynomial is then used to compute another of degree 2, P2(x), which passes through the

first three points, and so on, until the final polynomial of degree less than or equal to n, Pn(x).

We have the following recurrence relation between two successive polynomials, Pi−1(x) and Pi(x) for i =

2, 3, . . . , n+ 1:



P1(x) = a0 + a1(x− x0),

P2(x) = P1(x) + a2(x− x0)(x− x1),

P3(x) = P2(x) + a3(x− x0)(x− x1)(x− x2),

...

Pn(x) = Pn−1(x) + an(x− x0)(x− x1) · · · (x− xn−1).

We observe that the coefficients ak (k = 0, . . . , n) are the essential elements in the computation of Newton

polynomials. These coefficients are the divided differences of order k of the function f .

3.4 Computation of the Divided Differences of a Function f

The divided differences of a function f based on the points x0, x1, . . . , xn are given by:

ak = f [x0, x1, . . . , xk] =
k∑

i=0

yi∏k
j=0
j ̸=i

(xi − xj)
.

In practice, for a limited number of points, the divided differences are computed using a table of the following

form:

xk f(xk) = f [xk] DD1 DD2 DD3 DD4

x0 f [x0]

x1 f [x1] f [x0, x1]

x2 f [x2] f [x1, x2] f [x0, x1, x2]

x3 f [x3] f [x2, x3] f [x1, x2, x3] f [x0, x1, x2, x3]

x4 f [x4] f [x3, x4] f [x2, x3, x4] f [x1, x2, x3, x4]

With:
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f [x0, x1] =
f [x1]− f [x0]

x1 − x0
, f [x1, x2] =

f [x2]− f [x1]

x2 − x1
, . . .

f [x0, x1, x2] =
f [x1, x2]− f [x0, x1]

x2 − x0
, f [x1, x2, x3] =

f [x2, x3]− f [x1, x2]

x3 − x1
, . . .

f [x0, x1, x2, x3] =
f [x1, x2, x3]− f [x0, x1, x2]

x3 − x0
, f [x1, x2, x3, x4] =

f [x2, x3, x4]− f [x1, x2, x3]

x4 − x1
,

f [x0, x1, x2, x3, x4] =
f [x1, x2, x3, x4]− f [x0, x1, x2, x3]

x4 − x0
.

3.5 Interpolation Error

This is the error made when replacing the function f by the corresponding interpolation polynomial. It is denoted

by ε(x) because it varies from one point to another within the interpolation interval. This error must be zero at the

interpolation points, i.e., ε(xi) = 0 for i = 0, . . . , n.

If the function f is continuous and (n + 1) times differentiable on the interpolation interval [a = x0, b = xn],

then for every x ∈ [a, b] there exists z ∈ [a, b] such that:

ε(x) = |f(x)− Pn(x)| =

n∏
i=0

(x− xi)

(n+ 1)!
f (n+1)(z)

If |f (n+1)(z)| ≤M ∀z ∈ [a, b], we can write:

ε(x) = |f(x)− Pn(x)| ≤

n∏
i=0

(x− xi)

(n+ 1)!
M

In this case, M is an upper bound for the function f (n+1)(x) on the interval [a, b].

3.5.1 Example:

Let us take again the table given at the beginning of the chapter and try to compute the Newton interpolation

polynomial for this table. Note that for n + 1 points, the degree of the polynomial is less than or equal to n. In

our case, we have 5 points, which gives a polynomial of degree less than or equal to 4. Let us write the Newton

polynomials:
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

P1(t) = a0 + a1(t− t0)

P2(t) = P1(t) + a2(t− t0)(t− t1)

P3(t) = P2(t) + a3(t− t0)(t− t1)(t− t2)

P4(t) = P3(t) + a4(t− t0)(t− t1)(t− t2)(t− t3)

The coefficients ai are the divided differences of order i.

Let us compute the divided difference table:

tk f(tk) = f [tk] DD1 DD2 DD3 DD4

0 0 = a0

1 5 5 = a1

2 15 10 2.5 = a2

3 0 −15 −12.5 −5 = a3

4 3 3 9 7.1667 3.04167 = a4

By substituting the ai and ti values into the Newton polynomials, we obtain:

P1(t) = a0 + a1(t− t0) = 0 + 5(t− 0) = 5t

P2(t) = P1(t) + a2(t− t0)(t− t1) = 5t+ 2.5(t− 0)(t− 1) = 2.5t2 + 2.5t

P3(t) = P2(t) + a3(t− t0)(t− t1)(t− t2) = 2.5t2 + 2.5t− 5(t− 0)(t− 1)(t− 2)

= −5t3 + 17.5t2 − 7.5t

P4(t) = P3(t) + a4(t− t0)(t− t1)(t− t2)(t− t3)

= −5t3 + 17.5t2 − 6t+ 3.0417(t− 0)(t− 1)(t− 2)(t− 3)

= 3.04167t4 − 23.25t3 + 50.95833t2 − 25.75t
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Figure 3.3: Plots of the Newton interpolation polynomials.
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CHAPTER 4

NUMERICAL SOLUTION OF ORDINARY

DIFFERENTIAL EQUATIONS

Differential equations are among the most important mathematical tools used in modeling problems in the physical

sciences. Finding the solution of an ordinary differential equation (ODE) is a common problem, often difficult or

impossible to solve analytically. It is therefore necessary to use numerical methods to solve such equations.

The accuracy of the various solution methods presented in this course is proportional to the order of these methods.

We begin with the simple Euler method (which has a geometric interpretation) that will gradually lead us to more

complex methods such as the fourth-order Runge–Kutta methods, which allow us to obtain highly accurate results.

In this chapter, we focus on first-order differential equations of the form:

y′(t) = f(t, y(t)).

The Cauchy problem (initial value problem) consists in finding a function y(t) defined on the interval I = [a, b]

such that: 
dy(t)
dt = f(t, y(t)), t ∈ I, y(t) ∈ R,

y(t0) = y0, t0 ∈ I, y0 ∈ R.

The condition y(t0) = y0 is called an initial condition or Cauchy condition.

If we assume that the function f is continuous with respect to both variables t, y, and that f satisfies a Lipschitz

condition with respect to y, that is:

∃K > 0 such that ∀t ∈ [a, b], ∀y1, y2 ∈ R, |f(t, y1)− f(t, y2)| ≤ K|y1 − y2|,
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then, in practice, to verify this condition, one computes:

K = max
t∈[a,b], y∈R

∣∣∣∣∂f(t, y)∂y

∣∣∣∣ .
Under these assumptions, the solution of the Cauchy problem exists and is unique on [a, b] (this is the Cauchy

theorem).

4.1 Numerical Methods

4.1.1 General Principle

Consider the following initial value Cauchy problem:
y′(t) = f(t, y(t)),

y(t0) = y0.

We assume that this problem admits a unique solution on the interval [a, b].

To obtain a numerical approximation of this solution y(t) on the interval [a, b], we divide the given interval into n

equally spaced points t0, t1, t2, . . . , tn, with t0 = a and tn = b, which determines the integration step

h =
b− a

n
,

and the abscissa of point ti is given by

ti = a+ ih, (i = 0, 1, . . . , n).

The exact solution at point ti is denoted by y(ti), while the approximate solution is denoted by

yi ≈ y(ti).

A numerical method is a system of difference equations involving a certain number of successive approximations

yn, yn+1, . . . , yn+k, where k denotes the number of steps of the method.

- If k = 1, we speak of a single-step method: these allow the computation of yn+1 using only the value of yn. -

If k > 1, we speak of a multi-step method: these allow the computation of yn+1 using the values yn, yn−1, . . . , yn−k

(for a fixed k).

The solution to be estimated can be approximated using a Taylor series expansion. The Taylor expansion of

y(tn+1) up to order m around the point tn is written as:

y(tn+1) = y(tn) + hy′(tn) +
h2

2!
y′′(tn) + · · ·+

hm

m!
y(m)(tn) +O(hm+1).
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4.1.2 Euler’s Method

Euler’s method is the oldest and simplest of the numerical methods for approximating first-order ordinary differential

equations. If the functions y(t) and y′(t) are continuous, we can write the Taylor series expansion of y(t) in the

neighborhood of tn:

y(tn+1) = y(tn) + h y′(tn) +O(h2).

The term O(h2) represents the error term of order 2. Neglecting the second-order terms, we can rewrite this

equation as:

y(tn+1) ≈ y(tn) + h y′(tn).

Let yi be an approximation of y(ti), i.e., yi ≈ y(ti). The first-order Euler method is written as:


y0 = y(t0),

yi+1 = yi + h f(ti, yi), i = 0, 1, 2, . . .

4.1.2.1 Geometric Interpretation

The Euler method consists of locally replacing, at each point ti, the solution curve passing through yi by its tangent.

Figure 4.1: Euler’s Method.

The tangent to the curve y = y(t) at t = t0 has the equation:

Y (t) = y(t0) + y′(t0)(t− t0).

Since y′(t0) = f(t0, y(t0)), we can write:

Y (t) = y(t0) + f(t0, y(t0))(t− t0).
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Or equivalently:

Y (t) = y0 + f(t0, y0)(t− t0).

At the point t = t1:

Y (t1) = y0 + f(t0, y0)(t1 − t0).

Since t1 − t0 = h, this becomes:

Y (t1) = y0 + hf(t0, y0).

Approximating Y (t1) ≈ y1, we obtain:

y1 = y0 + hf(t0, y0).

Similarly, considering the tangent line at t = t1:

Y (t) = y(t1) + y′(t1)(t− t1).

At t = t2:

Y (t2) = y1 + f(t1, y1)(t2 − t1).

Thus:

Y (t2) = y1 + hf(t1, y1).

By proceeding in the same way, we obtain the recurrence relation:

yi+1 = yi + hf(ti, yi).

Example 4.1. Consider the initial value problem:

y′(t) = −y(t) + t+ 1, y(0) = 1.

1. Approximate the solution of this equation at t = 0.5 using Euler’s method, by subdividing the interval into 5

equal parts (perform the computations with six decimals).

2. Compare the obtained results with the exact solution:

y(t) = e−t + t.

Solution:

We have:

y′(t) = −y(t) + t+ 1, y(0) = 1, n = 5, and the integration interval is [0, 0.5].

Let us verify the Lipschitz condition on t ∈ [0, 0.5] and y ∈ R:
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Notice that the function

f(t, y) = −y(t) + t+ 1

is continuous on [0, 0.5] × R. Moreover, it is Lipschitz with respect to y on [0, 0.5] with Lipschitz constant K = 1.

Indeed, for all t ∈ [0, 0.5] and y1, y2 ∈ R, we have:

|f(t, y1)− f(t, y2)| = | − y1 + t+ 1− (−y2 + t+ 1)| = | − y1 + y2| = |y1 − y2| ≤ 1 · |y1 − y2|.

Also,
∂f

∂y
(t, y) = −1, ⇒ max

∣∣∣∣∂f∂y
∣∣∣∣ = 1 = K.

Condition verified. Hence, the Cauchy problem admits a unique solution.

Computation of the approximate solution using Euler’s method: We have:

f(t, y) = −y(t) + t+ 1, t0 = 0, y0 = y(0) = 1, h =
b− a

n
=

0.5− 0

5
= 0.1.

Euler’s method is given by:
ti = t0 + ih, i = 0, 1, . . . , 5,

yi+1 = yi + hf(ti, yi) = yi + h (−yi + ti + 1) .

Using this method, we successively obtain approximations of y(0.1), y(0.2), y(0.3), . . ., denoted y1, y2, y3, . . ..

i = 0 : y1 = y0 + h(−y0 + t0 + 1) = 1 + 0.1(−1 + 0 + 1) = 1.000000,

i = 1 : y2 = y1 + h(−y1 + t1 + 1) = 1.000000 + 0.1(−1.000000 + 0.1 + 1) = 1.010000.

The following table summarizes the results of the first five iterations.

Exact solution: The analytical solution of this differential equation is:

y(t) = e−t + t.

This allows us to compare the numerical (approximate) and analytical (exact) solutions and to observe the growth

of the error.

Thus, the approximation of y(t) at t = 0.5 using Euler’s method is:

y5 = 1.090490
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i ti yi (Approximate Solution) y(ti) (Exact Solution) |yi − y(ti)|

0 0.0 1.000000 1.000000 0.000000

1 0.1 1.000000 1.004837 0.004837

2 0.2 1.010000 1.018731 0.008731

3 0.3 1.029000 1.040818 0.011818

4 0.4 1.056100 1.070302 0.014220

5 0.5 1.090490 1.106531 0.016041

Table 4.1: Comparison between approximate and exact solutions using Euler’s method.

4.1.3 Runge-Kutta Method

Runge-Kutta methods are generalizations of Euler’s method to higher orders (higher accuracy). These methods

provide greater precision (they generate numerical solutions closer to the analytical solutions) than Euler’s method.

These methods are of the form:

yi+1 = yi + b1k1 + b2k2 + b3k3 + · · ·

where
k1 = hf(xi, yi),

k2 = hf(xi + c2h, yi + c2k1) ,

k3 = hf(xi + c3h, yi + a31k1 + a32k2) .

...

4.1.3.1 Second-Order Runge-Kutta Method: RK2

The second-order Runge-Kutta methods are of the form:

k1 = hf (ti + c1h, yi + c1k1) ,

k2 = hf (ti + c2h, yi + c2k2) ,

yi+1 = yi + b1k1 + b2k2,

where b1, b2, c1, c2, k1, and k2 are determined.

The computation of the values b1, b2, c1, c2, k1, and k2 requires the calculation of y(2), y(3), and y(4) from y′ =

f(x, y) and the Taylor expansion. We obtain:
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k1 = hf(ti, yi),

k2 = hf(ti + h, yi + k1),

yi+1 = yi +
1

2
(k1 + k2).

The numerical scheme of the second-order Runge-Kutta method is given as follows:



y0 = y(t0) given,

K1 = f(ti−1, yi−1), K2 = f(ti−1 + h, yi−1 + hK1),

yi = yi−1 +
h

2
(K1 +K2), i = 1, . . . , n.

Example 4.2. Solve the previous initial value problem using both the RK2 and RK4 methods to compute the first five

values of the solution, taking the integration step h = 0.1.

Compare the numerical results with the exact solution.

Solution: We have: f(t, y) = −y(t) + t+ 1, y(0) = 1 and h = 0.1.

The RK2 method is given by: 

k1 = hf(ti, yi),

k2 = hf(ti + h, yi + k1),

yi+1 = yi +
k1 + k2

2
.

Using this method, we obtain the successive approximations y1, y2, . . . , y5.

For i = 0:

k1 = 0.1f(0, 1) = 0.1(−1 + 0 + 1) = 0,

k2 = 0.1f(0.1, 1 + 0) = 0.1(−1 + 0.1 + 1) = 0.01,

y1 = 1 +
0 + 0.01

2
= 1.005.

For i = 1:

k1 = 0.1f(0.1, 1.005) = 0.1(−1.005 + 0.1 + 1) = 0.0095,

k2 = 0.1f(0.2, 1.005 + 0.0095) = 0.1(−1.0145 + 0.2 + 1) = 0.02855,

y2 = 1.005 +
0.0095 + 0.02855

2
= 1.019025.

The following table summarizes the results of the first five iterations:
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i ti yi (approximate solution) y(ti) (exact solution) Error

0 0.0 1.000000 1.000000 0.000000

1 0.1 1.005000 1.004837 0.000163

2 0.2 1.019025 1.018731 0.000294

3 0.3 1.041218 1.040818 0.000400

4 0.4 1.070802 1.070302 0.000482

5 0.5 1.107075 1.106531 0.000544

Thus, the approximation of y(t) at t = 0.5 using the RK2 method is y5 = 1.107075.

We observe that the error is smaller with the RK2 method than with the Euler method.

4.1.3.2 Runge-Kutta of order 4: RK4

This is the most accurate and most widely used method, of order 4. It computes the value of the function at four

intermediate points according to:



k1 = hf(ti, yi),

k2 = hf

(
ti +

h

2
, yi +

k1
2

)
,

k3 = hf

(
ti +

h

2
, yi +

k2
2

)
,

k4 = hf(ti + h, yi + k3),

yi+1 = yi +
k1 + 2k2 + 2k3 + k4

6
.

The numerical scheme of the Runge-Kutta of order 4 method is given as follows:



y0 = y(t0) given,

K1 = f(ti, yi),

K2 = f
(
ti +

h
2 , yi +

h
2K1

)
,

K3 = f
(
ti +

h
2 , yi +

h
2K2

)
,

K4 = f(ti + h, yi + hK3) ,

yi+1 = yi +
h

6
(K1 + 2K2 + 2K3 +K4) .

Example 4.3. Solve the previous initial value problem using both the RK4 and RK4 methods to compute the first five

values of the solution, taking the integration step h = 0.1.

Compare the numerical results with the exact solution.
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Solution:

The RK4 method is given by:

k1 = hf(ti, yi),

k2 = hf
(
ti +

h
2 , yi +

k1
2

)
,

k3 = hf
(
ti +

h
2 , yi +

k2
2

)
,

k4 = hf(ti + h, yi + k3),

yi+1 = yi +
1

6
(k1 + 2k2 + 2k3 + k4).

- For i = 0 :



k1 = hf(t0, y0) = 0,

k2 = hf
(
t0 +

h
2 , y0 +

k1
2

)
= 0.005,

k3 = hf
(
t0 +

h
2 , y0 +

k2
2

)
= 0.00475,

k4 = hf(t0 + h, y0 + k3) = 0.00952.

Thus:

y1 = y0 +
1
6(k1 + 2k2 + 2k3 + k4) = 1.004837.

- For i = 1 :



k1 = hf(t1, y1) = 0.09516,

k2 = hf
(
t1 +

h
2 , y1 +

k1
2

)
= 0.0140404,

k3 = hf
(
t1 +

h
2 , y1 +

k2
2

)
= 0.013814,

k4 = hf(t1 + h, y1 + k3) = 0.018730.

Thus:

y2 = y1 +
1
6(k1 + 2k2 + 2k3 + k4) = 1.01873.

The following table gathers the results of the first five iterations:
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i ti yi (approx. solution) y(ti) (exact solution) Error

0 0.0 1.000000 1.000000 0.000000

1 0.1 1.004837 1.004837 0.819× 10−7

2 0.2 1.018730 1.018731 0.148× 10−6

3 0.3 1.040818 1.040818 0.210× 10−6

4 0.4 1.070320 1.070302 0.242× 10−6

5 0.5 1.106530 1.106531 0.274× 10−6

Thus, the approximation of y(t) at t = 0.5 using the RK4 method is y5 = 1.106530.

We observe that the error is of the order of 10−6, which compares favorably with the errors obtained using lower-

order methods (Euler, second-order Runge-Kutta).

4.2 Exercises

Exercise 4.1. Let us consider the initial value problem (IVP):
y′(t) = y(t) + t,

y(0) = 1.

1. Compute the approximate solution of this equation at t = 1 using Euler’s method, by subdividing the interval

[0, 1] into 10 equal parts.

2. Knowing that the exact solution is

y(t) = 2et − t− 1,

compare the obtained result with the exact solution.

Exercise 4.2. Let us consider the following Cauchy problem:
y′(t) = y(t)− t2,

y(0) = 1.

1. Compute the approximate solution of this equation at t = 0.2 using the second-order Runge-Kutta method

(RK2) with step size h = 0.2.

2. Knowing that the exact solution is

y(t) = 2et + t+ 1,

compare the obtained result with the exact solution.
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Exercise 4.3. Let us consider the following Cauchy problem:
y′(t) = e−t − y(t), t ∈ [0, 1],

y(0) = 1.

1. Show that f(t, y) is Lipschitz continuous with respect to y, uniformly in t, and provide a Lipschitz constant.

2. Prove that this problem admits a unique solution.

3. Determine the exact solution of this problem as well as the value of y(0.2).

4. Apply Euler’s method to this problem and compute the approximation y2 of y(0.2) using the discretization step

h = 0.1.

5. Compare the obtained result with the exact solution.

4.3 Solutions to the Exercises

Solution to Exercise 1

1. Compute the approximate solution of the differential equation at t = 1 using Euler’s method:

We have:

f(t, y) = y + t.

The interval is [0, 1] =⇒ h = 1−0
10 = 0.1.

Euler’s method is given by:
ti = t0 + ih, y0 = 1,

yi+1 = yi + hf(ti, yi) = yi + h(yi + ti), i = 0, 1, . . . , 10.

Using this method, we successively obtain approximations of y(0.1), y(0.2), y(0.3), . . . , denoted by y1, y2, y3, . . . .

For i = 0:

y1 = y0 + h(y0 + t0) = 1 + 0.1(1 + 0) = 1.1.

For i = 1:

y2 = y1 + h(y1 + t1) = 1.1 + 0.1(1.1 + 0.1) = 1.22.

The following table summarizes the results of the first ten iterations:
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i ti yi

0 0.0 1.0000

1 0.1 1.1000

2 0.2 1.2200

3 0.3 1.3620

4 0.4 1.5282

5 0.5 1.7210

6 0.6 1.9431

7 0.7 2.1974

8 0.8 2.4871

9 0.9 2.8158

10 1.0 3.1874

Therefore, the approximation of y(t) at t = 1 by Euler’s method is y10 = y(1) ≈ 3.1874. 2/ Comparison of the

obtained result with the exact solution: The exact solution is: y(t) = 2e−t − 1

y(1) = 2e−1 − 1 = 0.7358 (exact)

Therefore, the error is:

E = yexact(1)− yapprox(1) = 0.7358− 0.4867 = 0.2491

Solution to Exercise 2

1/ Computation of the approximate solution of the differential equation at t = 1 using the Runge-Kutta method of

order 2:

We have:

f(t, y) = −1
2y, y(0) = 1

The interval is [0, 0.2], with step size h = 0.2.

The RK2 method is given by:

k1 = hf(ti, yi), k2 = hf (ti + h, yi + k1) , yi+1 = yi +
1
2(k1 + k2).

Using this method, we obtain the successive approximations y1, y2, . . . , y5.

For i = 0:

k1 = hf(0, 1) = 0.2(−0.5× 1) = −0.1

k2 = hf(0.2, 1 + (−0.1)) = 0.2(−0.5× 0.9) = −0.09
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y1 = y0 +
1
2(k1 + k2) = 1 + 1

2(−0.1− 0.09) = 1.1866

Thus, the approximation of y(t) at t = 0.2 by the RK2 method is:

y1 = y(0.2) ≈ 1.1866.

2/ Comparison of the obtained result with the exact solution:

The exact solution is:

y(t) = 2e−t

At t = 0.2, the exact solution is:

y(0.2) = 2e−0.2 = 1.1832 (exact).

Therefore, the error is:

E = yapprox(0.2)− yexact(0.2) = 1.1866− 1.1832 = 0.0034.
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CHAPTER 5

DIRECT METHODS FOR SOLVING

SYSTEMS OF LINEAR EQUATIONS

In this chapter, we present various direct methods for solving systems of linear equations. Direct methods are

techniques that allow us to calculate the solution of the system

Ax = b

in a finite number of operations (the solution is exact).

Let’s consider solving a linear system of m equations with n unknowns xi, i = 1, . . . , n:

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2

...

am1x1 + am2x2 + · · ·+ amnxn = bm (5.1)

This system of linear equations can be written in the following matrix form:

Ax = b (5.2)

where A is a matrix of dimension m× n, x is a vector of dimension n× 1, and b is a vector of dimension m× 1.
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A =


a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
. . .

...

am1 am2 . . . amn

 , x =


x1

x2
...

xn

 , b =


b1

b2
...

bm


Therefore, we have the matrix equation:


a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
. . .

...

am1 am2 . . . amn




x1

x2
...

xn

 =


b1

b2
...

bm

 (5.3)

The problem is to find the values of the unknowns xi, i = 1, . . . , n, that satisfy the m equations simultaneously.

Three cases can arise depending on the relationship between the number of equations m and the number of unknowns

n:

• m > n (the number of equations is strictly greater than the number of unknowns): no solution.

• m < n (the number of equations is strictly less than the number of unknowns): an infinite number of solutions.

• m = n (the number of equations is equal to the number of unknowns): a unique solution.

5.1 Préliminaires

5.1.1 Cramer’s System

A system of linear equations with an equal number of equations and unknowns (m = n) and with a non-zero

determinant of the coefficient matrix (|A| ≠ 0) is referred to as a Cramer’s system. Most physical linear systems fall

into the category of Cramer’s systems.

Remark 1: In this course, we are only concerned with Cramer’s systems.

5.1.2 Homogeneous System

A system of linear equations in the form:

Ax = 0, i.e. b = 0

is called a homogeneous system of linear equations. All homogeneous systems admit at least one solution where

xi = 0 (i = 1, . . . , n). This solution is known as the null or trivial solution.
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5.2 Matrix Operations and Properties

• Matrix:

A matrix of dimensions n×m (denoted An×m) is a table of numbers with n rows and m columns. The numbers

that make up the matrix (aij , where i = 1, . . . , n and j = 1, . . . ,m) are called elements or coefficients of the

matrix.

An×m = [aij ] =


a11 . . . a1m

...
. . .

...

an1 . . . anm


• Square Matrix:

A square matrix is a matrix that has the same number of rows and columns (n = m).

• Matrix Diagonal:

(To be completed: definition of the diagonal of a matrix.)

• Main Diagonal:

The main diagonal (or simply the diagonal) of a matrix A is the set of elements aii of the matrix.

• Diagonal Matrix:

A diagonal matrix is a square matrix in which all elements outside the main diagonal are zero. The elements

on the main diagonal may or may not be zero.

• Identity Matrix (Unit Matrix):

The identity matrix is a diagonal matrix in which all elements on the main diagonal are equal to 1, denoted as

aii = 1.

• Addition and Subtraction of Matrices:

Only matrices of the same dimensions can be added or subtracted. Consider two matrices A and B of the same

dimension:

Addition: C = A+B, cij = aij + bij

Subtraction: D = A−B, dij = aij − bij

• Transpose of a Matrix:

The transpose of a matrix A of dimensions n×m is denoted by AT and has dimensions m× n. It is obtained

by interchanging the rows and columns of the original matrix:

An×m =


a11 . . . a1m

...
. . .

...

an1 . . . anm

 ⇒ AT
m×n =


a11 . . . an1

...
. . .

...

a1m . . . anm


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• Scalar Multiplication of a Matrix:

The product of a matrix by a scalar is obtained by multiplying each element of the matrix by that scalar.

• Matrix Multiplication:

Matrix multiplication of An×m by Bm×p is only possible if the number of columns of A equals the number of

rows of B. The resulting matrix Cn×p has the same number of rows as A and the same number of columns as

B:

Cn×p = An×m ×Bm×p

5.2.1 Matrix Examples and Properties

5.2.1.1 Example 1: Matrix Multiplication

Consider two matrices A and B:

A2×3 =

a11 a12 a13

a21 a22 a23

 , B3×2 =


b11 b12

b21 b22

b31 b32

 , C2×2 =

c11 c12

c21 c22


The elements of C = AB are given by:

c11 = a11b11 + a12b21 + a13b31, c12 = a11b12 + a12b22 + a13b32,

c21 = a21b11 + a22b21 + a23b31, c22 = a21b12 + a22b22 + a23b32.

The transpose of a product satisfies:

(AB)T = BTAT

Matrix Trace The trace of a square matrix is the sum of the elements on its main diagonal:

tr(A) =
∑
i

aii

Minors The minor Mij of a matrix A is the determinant of the matrix obtained by removing the i-th row and j-th

column from A.

5.2.1.2 Example 2: Minors and Cofactors

Consider the matrix

A =


a11 a12 a13

a21 a22 a23

a31 a32 a33


Some minors of A are:

M12 =

∣∣∣∣∣∣a22 a23

a32 a33

∣∣∣∣∣∣ , M22 =

∣∣∣∣∣∣a21 a23

a31 a33

∣∣∣∣∣∣ , M32 =

∣∣∣∣∣∣a11 a13

a21 a23

∣∣∣∣∣∣
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Cofactor The cofactor Dij of A is defined by:

Dij = (−1)i+jMij

Remark: The minor and cofactor have the same absolute value; the difference is only in the sign.

Determinant of an n-th Order Matrix Let A be a square matrix and Dij its cofactors. The determinant of A

can be computed using the cofactor expansion:

det(A) =
n∑

j=1

a1jD1j = a11D11 + a12D12 + · · ·+ a1nD1n

1. Choose a row or column of A. To simplify calculations, select the row or column with the highest number of

zeros.

2. Multiply each element aij of the chosen row or column by its corresponding cofactor Dij .

3. Sum up all these products:

det(A) =
∑

j∈row/column

aijDij .

5.2.1.3 Example 3: Determinant Calculation

Calculate the determinant of the matrix

A =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 .

By choosing the first row:

det(A) = a11D11 + a12D12 + a13D13

= a11(−1)1+1

∣∣∣∣∣∣a22 a23

a32 a33

∣∣∣∣∣∣+ a12(−1)1+2

∣∣∣∣∣∣a21 a23

a31 a33

∣∣∣∣∣∣+ a13(−1)1+3

∣∣∣∣∣∣a21 a22

a31 a32

∣∣∣∣∣∣
= a11

∣∣∣∣∣∣a22 a23

a32 a33

∣∣∣∣∣∣− a12

∣∣∣∣∣∣a21 a23

a31 a33

∣∣∣∣∣∣+ a13

∣∣∣∣∣∣a21 a22

a31 a32

∣∣∣∣∣∣ .
By choosing the third column:

det(A) = a13D13 + a23D23 + a33D33

= a13(−1)1+3

∣∣∣∣∣∣a21 a22

a31 a32

∣∣∣∣∣∣+ a23(−1)2+3

∣∣∣∣∣∣a11 a12

a31 a32

∣∣∣∣∣∣+ a33(−1)3+3

∣∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣∣
= a13

∣∣∣∣∣∣a21 a22

a31 a32

∣∣∣∣∣∣− a23

∣∣∣∣∣∣a11 a12

a31 a32

∣∣∣∣∣∣+ a33

∣∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣∣ .
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5.2.1.4 Example 4: Determinant and Adjoint Matrix

Calculate det(A) for the matrix

A =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 .

By choosing the first row:

det(A) = a11M11 + a12M12 + a13M13

= a11

∣∣∣∣∣∣a22 a23

a32 a33

∣∣∣∣∣∣− a12

∣∣∣∣∣∣a21 a23

a31 a33

∣∣∣∣∣∣+ a13

∣∣∣∣∣∣a21 a22

a31 a32

∣∣∣∣∣∣ .
• Adjoint Matrix (Cofactor Matrix):

The adjoint matrix, also called the cofactor matrix, is obtained by taking the cofactors of each element of A and

arranging them in a matrix:

adj(A) =


D11 D12 D13

D21 D22 D23

D31 D32 D33

 ,

where Dij = (−1)i+jMij is the cofactor corresponding to element aij .

Let A be a square matrix of order n:

A =


a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
. . .

...

an1 an2 . . . ann

 .

The adjoint matrix of A, denoted adj(A), is defined as:

adj(A) =


D11 D12 . . . D1n

D21 D22 . . . D2n

...
...

. . .
...

Dn1 Dn2 . . . Dnn

 ,

where Dij = (−1)i+jMij is the cofactor of the element aij , and Mij is the minor of aij (the determinant of the

matrix obtained by removing row i and column j from A).

• Inverse of a Matrix:

A square matrix A of order n is invertible (or nonsingular) if there exists a matrix B of the same order such that

AB = BA = In,
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where In is the identity matrix of order n. The inverse of A is denoted by A−1 and is given by the formula:

A−1 =
adj(A)T

det(A)
,

where det(A) ̸= 0 and adj(A) is the adjoint matrix of A.

5.3 Direct Methods for Solving Systems of Linear Equations

In the case where m = n, the system of linear equations can be written as:

Ax = b ⇔


a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
. . .

...

an1 an2 . . . ann




x1

x2
...

xn

 =


b1

b2
...

bn

 , (5.4)

where aij and bj are known, and n is the order of the system (the number of unknowns, which is equal to the number

of equations). We are seeking the values of the unknowns xi, i = 1, . . . , n.

5.4 Gauss Method

This method involves transforming the system Ax = b into an upper triangular system (i.e., eliminating all elements

of A below the main diagonal) starting from the augmented matrix:


a11 a12 . . . a1n b1

a21 a22 . . . a2n b2
...

...
. . .

...
...

an1 an2 . . . ann bn

 .

Notations

• Li : denotes the i-th row of the matrix.

• Lk ↔ Lj : interchange the k-th and j-th rows.

• Li ← Li − δLk : replace the i-th row with the i-th row minus a multiple δ of the k-th row.

5.4.1 Algorithm of Gauss Method

Initialization: k = 1

1. Step k:
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5.4 Gauss Method 71

• If the pivot akk = 0, interchange rows Lk ↔ Lj (with j > k such that ajk ̸= 0) and go to step 3.

• Otherwise, continue.

2. For i = k + 1, . . . , n, perform the elimination:

Li ← Li −
aik
akk

Lk

3. Increment k ← k + 1.

• If k ≤ n− 1, return to step 1.

• Otherwise, stop: we obtain the upper triangular system
a∗11 a∗12 . . . a∗1n b∗1

0 a∗22 . . . a∗2n b∗2
...

...
. . .

...
...

0 0 . . . a∗nn b∗n

 .

Backward Substitution

Once the upper triangular system is obtained, the solution xT = [x1, x2, . . . , xn] is computed by applying

backward substitution:

xn =
b∗n
a∗nn

, xi =
1

a∗ii

(
b∗i −

n∑
m=i+1

a∗imxm

)
, i = n− 1, n− 2, . . . , 1.

5.4.2 Example:

Solve the system of linear equations using the Gauss method:


x2 + x3 = 2

2x1 − x2 − x3 = 0

x1 + x2 − x3 = 1

Solution

The system can be written in matrix form as follows:


0 1 1

2 −1 −1

1 1 −1



x1

x2

x3

 =


2

0

1

 .

Starting from the augmented matrix:
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
0 1 1 2

2 −1 −1 0

1 1 −1 1

 .

Step 1: k = 1

The pivot a11 = 0, so we swap rows L1 ↔ L2:


2 −1 −1 0

0 1 1 2

1 1 −1 1

 .

The new pivot is 2, and we eliminate all elements below this pivot:

• Row 2: the element below the pivot is already zero, so L2 ← L2.

• Row 3: the element below the pivot is 1, so we make it zero:

L3 ← L3 −
1

2
L1

2 −1 −1 0

0 1 1 2

0 3
2 −1

2 1

 .

Step 2: k = 2

The pivot a22 = 1 ̸= 0. We eliminate the element below the pivot:

L3 ← L3 −
3/2

1
L2 = L3 −

3

2
L2

The resulting augmented matrix is:


2 −1 −1 0

0 1 1 2

0 0 −2 −2

 = [A∗ | b∗].

The matrix A∗ is now in upper triangular form, so we stop the elimination process. The system can be written as:

A∗x = b∗,


2 −1 −1

0 1 1

0 0 −2



x1

x2

x3

 =


0

2

−2

 .
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Backward Substitution

−2x3 = −2 ⇒ x3 = 1

x2 + x3 = 2 ⇒ x2 = 1

2x1 − x2 − x3 = 0 ⇒ x1 = 1

x1 = 1, x2 = 1, x3 = 1

5.4.3 Gauss Method with Partial Pivoting Strategy

At step k, the pivot element is chosen as the largest (in absolute value) element in the k-th column from rows k to n:

pivotk = ark = max
i=k,...,n

|aik|

where r is the row index corresponding to this maximum value.

We then swap rows r and k:

Lr ↔ Lk

and continue the elimination process using the standard Gauss algorithm.

5.4.4 Example: Gauss Method with Partial Pivoting

Solve the system of linear equations using the Gauss method with partial pivoting strategy:


x2 + x3 = 2

2x1 − x2 − x3 = 0

x1 + x2 − x3 = 1

Solution

The system in matrix form: 
0 1 1

2 −1 −1

1 1 −1



x1

x2

x3

 =


2

0

1


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Starting from the augmented matrix: 
0 1 1 2

2 −1 −1 0

1 1 −1 1

 L1, L2, L3

Step 1: k = 1 Partial pivoting: pivot = maxi=1,3 |aik| = max(|0|, |2|, |1|) = 2 Swap rows: L1 ↔ L2
2 −1 −1 0

0 1 1 2

1 1 −1 1


Eliminate elements below pivot: - L2 ← L2 − 0

2L1 (unchanged) - L3 ← L3 − 1
2L1


2 −1 −1 0

0 1 1 2

0 3/2 −1/2 1


Step 2: k = 2 Partial pivoting: pivot = max(|1|, |3/2|) = 3/2 Swap rows: L2 ↔ L3

2 −1 −1 0

0 3/2 −1/2 1

0 1 1 2


Eliminate element below pivot: L3 ← L3 − 1

3/2L2 = L3 − 2
3L2


2 −1 −1 0

0 3/2 −1/2 1

0 0 4/3 4/3


Step 3: Backward Substitution From the last row: 4

3x3 =
4
3 =⇒ x3 = 1

Second row: 3
2x2 −

1
2x3 = 1 =⇒ 3

2x2 −
1
2 = 1 =⇒ x2 = 1

First row: 2x1 − x2 − x3 = 0 =⇒ 2x1 − 1− 1 = 0 =⇒ x1 = 1

x1 = 1, x2 = 1, x3 = 1


2 −1 −1

0 3/2 −1/2

0 0 4/3



x1

x2

x3

 =


0

1

4/3


From the last row:

4

3
x3 =

4

3
=⇒ x3 = 1
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Second row:
3

2
x2 −

1

2
x3 = 1 =⇒ 3

2
x2 −

1

2
= 1 =⇒ x2 = 1

First row:

2x1 − x2 − x3 = 0 =⇒ 2x1 − 1− 1 = 0 =⇒ x1 = 1

x1 = 1, x2 = 1, x3 = 1

5.4.5 Gauss Method with Composite Partial Pivoting

At step k, the pivot element aik is chosen as:

pivotk = max
i=k,...,n

|aik|,

and within the row i, the element aij with the largest absolute value is selected:

di = max
j=1,...,n

|aij |.

We then swap the rows i↔ k and continue the elimination using the standard Gauss algorithm.

5.4.6 Gauss method with total pivoting strategy

At step k, the pivot element aik is chosen as:

pivotk = max
i=k,...,n
j=k,...,n

|aij |

Once the pivot ark,m is identified:

• Swap rows r ↔ k.

• If m ̸= k, swap columns m↔ k and also swap the corresponding unknowns xm ↔ xk in the vector x.

After pivoting, continue the elimination process using the standard Gauss algorithm to reduce the matrix to upper

triangular form.

This method ensures maximum numerical stability by selecting the largest available element in the remaining

submatrix as the pivot.
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5.4.7 Determinant of a Matrix Using the Gauss Method

The determinant of a square matrix A can be computed using the Gauss elimination method:

det(A) = (−1)α
n∏

i=1

a∗ii

where:

• a∗ii are the pivot elements (diagonal elements of the upper triangular matrix after elimination),

• α is the total number of row swaps performed during the elimination process.

5.5 Gauss-Jordan Method

This method involves transforming the matrix A into an identity matrix. The solution is obtained directly from the

last column of the augmented matrix.

Algorithm

1. Initialization: k = 1.

2. If the pivot akk = 0, swap row k with a row j > k such that ajk ̸= 0.

3. Divide row k by the pivot akk.

4. For all rows i ̸= k, replace Li ← Li − aikLk to make all elements in column k zero except the pivot.

5. If A has become the identity matrix, then the solution is

xi = b∗i ,

where b∗i are the elements of the last column of the final augmented matrix.

6. Otherwise, set k ← k + 1 and return to step 2.

5.5.1 Example:

Solve the system of linear equations using the Gauss-Jordan method:


x2 + x3 = 2

2x1 − x2 − x3 = 0

x1 + x2 − x3 = 1

Solution:

We write the augmented matrix:
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[A|b] =


0 1 1 2

2 −1 −1 0

1 1 −1 1

 .

Step 1: Pivot in column 1. Swap L1 ↔ L2:


2 −1 −1 0

0 1 1 2

1 1 −1 1

 .

Divide L1 by the pivot 2:

L1 ←
1

2
L1 ⇒


1 −1/2 −1/2 0

0 1 1 2

1 1 −1 1

 .

Eliminate column 1 for L3: L3 ← L3 − L1:


1 −1/2 −1/2 0

0 1 1 2

0 3/2 −1/2 1

 .

Step 2: Pivot in column 2. Eliminate column 2 for L3: L3 ← L3 − 3
2L2:


1 −1/2 −1/2 0

0 1 1 2

0 0 −2 −2

 .

Divide L3 by −2: L3 ← L3/(−2):


1 −1/2 −1/2 0

0 1 1 2

0 0 1 1

 .

Step 3: Eliminate above pivots:

L2 ← L2 − L3, L1 ← L1 +
1

2
L3


1 0 0 1

0 1 0 1

0 0 1 1

 .
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Solution:

x1 = 1, x2 = 1, x3 = 1.

5.5.2 Inverse of a Matrix Using the Gauss-Jordan Method

Let A be a square invertible (non-singular) matrix. Its inverse is denoted as A−1.

To compute A−1 using the Gauss-Jordan method, we form the augmented matrix with the identity matrix:

[A|In],

where In is the identity matrix of order n. Then, we apply Gauss-Jordan elimination to transform A into In. The

resulting augmented part will be the inverse:

[In|A−1].

5.5.3 Determinant of a Matrix Using the Gauss-Jordan Method

The determinant of the matrix A, det(A), can be computed during the Gauss-Jordan process. It is given by:

det(A) =
∏

(the elements used to divide the rows to achieve pivots of 1).

That is, multiply all the pivot divisors used in the elimination steps to get the determinant.

5.5.4 Example: Inverse and Determinant Using Gauss-Jordan Method

Calculate the inverse and the determinant of the matrix

A =


0.5 0 2

0 0.5 1

1 1 2

 .

Solution:

We start by forming the augmented matrix [A|I]:


0.5 0 2 1 0 0

0 0.5 1 0 1 0

1 1 2 0 0 1


Step 1: Divide L1 by the pivot 0.5:

78



5.5 Gauss-Jordan Method 79

L1 ←
1

0.5
L1


1 0 4 2 0 0

0 0.5 1 0 1 0

1 1 2 0 0 1


Step 1: Eliminate below and normalize the first pivot:

L2 ← L2, L3 ← L3 − L1


1 0 4 2 0 0

0 0.5 1 0 1 0

0 1 −2 −2 1 1


Step 2: Divide L2 by 0.5:

L2 ←
1

0.5
L2


1 0 4 2 0 0

0 1 2 0 2 0

0 1 −2 −2 1 1


Step 3: Eliminate elements in column 2:

L1 ← L1 − 4L3, L3 ← L3 − L2


1 0 4 0 −2 −1

0 1 2 0 2 0

0 0 1 0.5 0.5 −0.25


Step 4: Backward elimination to get identity on the left:

L1 ← L1 − 4L3, L2 ← L2 − 2L3


1 0 0 0 −2 −1

0 1 0 1 1 0.5

0 0 1 0.5 0.5 −0.25


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Result: The inverse of A is

A−1 =


0 −2 −1

1 1 0.5

0.5 0.5 −0.25


Determinant: The determinant is the product of the pivots used:

det(A) = (0.5) · (0.5) · (−4) = −1

5.6 Crout method (LU Decomposition)

Applicability Condition: The Crout method can be applied (i.e., the system admits an LU decomposition) only if all

leading principal minors of A are non-zero:

det(Ak) ̸= 0, k = 1, . . . , n

For example, for n = 3:

∆1 = a11 ̸= 0, ∆2 =

∣∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣∣ ̸= 0, ∆3 =

∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣∣ ̸= 0

LU Decomposition: We decompose A as

A = LU,

where L is lower triangular with non-zero diagonal and U is upper triangular with unit diagonal:

L =


L11 0 0

L21 L22 0

L31 L32 L33

 , U =


1 U12 U13

0 1 U23

0 0 1

 .

Solving the System: For Ax = b, we have

Ax = b =⇒ LUx = b.

We introduce y = Ux, leading to two simpler systems:


Ly = b (lower triangular system)

Ux = y (upper triangular system)
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5.6 Crout method (LU Decomposition) 81

These two systems can be solved easily using forward and backward substitution, respectively.

Identification of Elements: In Crout’s method, the elements of L and U are computed sequentially to satisfy

A = LU , ensuring all pivots are non-zero.

Then the product LU gives:

LU =


L11 0 0

L21 L22 0

L31 L32 L33



1 U12 U13

0 1 U23

0 0 1

 =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 .

Procedure to Identify Elements

1. Determine the first column of L and the first row of U .

2. Determine the second column of L and the second row of U .

3. Determine the third column of L and the third row of U .

Solving the System

Once all elements Lij and Uij are determined:


Ly = b (solve for y using forward substitution)

Ux = y (solve for x using backward substitution)

Here, the vector y is obtained from Ly = b, and then the vector x is obtained from Ux = y.

Example :

Solve the system of linear equations using the Crout method (LU decomposition):


x2 + x3 = 2

2x1 − x2 − x3 = 0

x1 + x2 − x3 = 1

The coefficient matrix is:

A =


0 1 1

2 −1 −1

1 1 −1

 .

Check applicability of the Crout method:
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The Crout method requires that all leading principal minors of A are non-zero. The first leading principal minor

is:

∆1 = |a11| = |0| = 0.

Since ∆1 = 0, the Crout method cannot be applied to this system.

Example:

Solve the system of linear equations using the Crout method (LU decomposition):


x1 + 3x2 + 3x3 = −2

2x1 + 2x2 + 5x3 = 7

3x1 + 2x2 + 6x3 = 12

Solution:

The coefficient matrix and the right-hand side vector are:

A =


1 3 3

2 2 5

3 2 6

 , b =


−2

7

12

 .

Check applicability:

det(A1) = |1| = 1 ̸= 0, det(A2) =

∣∣∣∣∣∣1 3

2 2

∣∣∣∣∣∣ = −4 ̸= 0, det(A3) =

∣∣∣∣∣∣∣∣∣
1 3 3

2 2 5

3 2 6

∣∣∣∣∣∣∣∣∣ = 5 ̸= 0.

Since all leading principal minors are non-zero, the Crout method can be applied.

LU decomposition:

A = LU

Proceeding by term-to-term identification:

L =


l11 0 0

l21 l22 0

l31 l32 l33

 , U =


1 u12 u13

0 1 u23

0 0 1

 .

Step-by-step identification:
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• Column 1 of L: l11 = 1, l21 = 2, l31 = 3.

• Row 1 of U : l11u12 = 3⇒ u12 = 3, l11u13 = 3⇒ u13 = 3.

• Column 2 of L: l21u12 + l22 = 2⇒ l22 = −4, l31u12 + l32 = 2⇒ l32 = −7.

• Row 2 of U : l21u13 + l22u23 = 2⇒ u23 =
1
4 .

• Column 3 of L: l31u13 + l32u23 + l33 = 6⇒ l33 = −5
4 .

Final matrices:

L =


1 0 0

2 −4 0

3 −7 −5
4

 , U =


1 3 3

0 1 1
4

0 0 1

 .

L =


1 0 0

2 −4 0

3 −7 −5/4

 , b =


−2

7

12


Solve Ly = b:


1 0 0

2 −4 0

3 −7 −5/4



y1

y2

y3

 =


−2

7

12

 ⇒ y1 = −2, y2 = −
11

4
, y3 = 1

Step 2: Solve Ux = y

U =


1 3 3

0 1 1/4

0 0 1

 , y =


−2

−11/4

1


Solve Ux = y:


1 3 3

0 1 1/4

0 0 1



x1

x2

x3

 =


−2

−11/4

1

 ⇒ x3 = 1, x2 = −3, x1 = 4

x =


4

−3

1


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5.6.1 Inverse of a matrix using LU Decomposition (Crout)

Let A = LU and assume L−1 = L̂. Then we solve:

A−1 = U−1L−1 = U−1L̂

Using forward substitution, the elements of L−1 are obtained step by step:

L̂11 =
1

L11
, L̂21 = −

L21L̂11

L22
, L̂22 =

1

L22
, . . .

Similarly, we compute U−1 and finally:

A−1 = U−1L−1

This completes the computation of the inverse using the Crout (LU) method.

5.6.2 Determinant of a Matrix using Crout Method

If a matrix A admits an LU decomposition, A = LU , then the determinant is given by:

det(A) = det(L) det(U)

For the Crout method, L is a lower triangular matrix with unit diagonal in U (or U has 1 on its diagonal depending

on convention). Therefore:

det(U) = 1 ⇒ det(A) = det(L)

Since L is lower triangular, its determinant is the product of its diagonal elements:

det(A) =
n∏

i=1

Lii

5.6.3 Example: Inverse and Determinant using Crout Method

Solve for the inverse and determinant of

A =


1 3 3

2 2 5

3 2 6

 .

Solution:

Perform LU decomposition (Crout method):
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L =


1 0 0

2 −4 0

3 −7 −5/4

 , U =


1 3 3

0 1 1/4

0 0 1

 .

Inverse of L

Let L−1 = L̂, then solve LL̂ = I:

L̂ =


1 0 0

1/2 −1/4 0

−2/5 7/5 −4/5

 .

Inverse of U

Let U−1 = Û , then solve UÛ = I:

Û =


1 −3 −9/4

0 1 −1/4

0 0 1

 .

Inverse of A

A−1 = U−1L−1 =


2/5 −12/5 9/5

3/5 −3/5 1/5

−2/5 7/5 −4/5

 .

Determinant of A

det(A) = det(L) det(U) = det(L) =

n∏
i=1

Lii = (1)(−4)(−5/4) = 5.

5.7 Cholesky method

Applicability Conditions

The Cholesky method can be applied if the matrix A satisfies:

1. A is symmetric: AT = A.
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2. A is positive definite (all leading principal minors are positive), i.e.,

∆1 = a11 > 0, ∆2 =

∣∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣∣ > 0, ∆3 =

∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣∣ > 0, . . .

Decomposition

We set

A = LLT ,

where L is a lower triangular matrix:

L =


l11 0 0

l21 l22 0

l31 l32 l33

 .

Solving the System Ax = b

Let

b = Ax =⇒ b = LLTx.

Set

Ly = b and LTx = y,

which gives two triangular systems:

1. Solve Ly = b for y (forward substitution).

2. Solve LTx = y for x (backward substitution).

Identification of Elements of L

The elements of L are determined similarly to the Crout method, replacing U by LT . Once L is known:

• Solve Ly = b for y.

• Solve LTx = y for x.

5.7.1 Example: Solve a System Using the Cholesky Method

Solve the system: 
x1 + x2 = 1

x1 + 2x2 + x3 = 0

x2 + 5x3 = 2
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Solution

The system can be written as Ax = b with

A =


1 1 0

1 2 1

0 1 5

 , b =


1

0

2

 .

Applicability Conditions

Check positive definiteness (leading principal minors):

∆1 = |1| = 1 > 0, ∆2 =

∣∣∣∣∣∣1 1

1 2

∣∣∣∣∣∣ = 1 > 0, ∆3 =

∣∣∣∣∣∣∣∣∣
1 1 0

1 2 1

0 1 5

∣∣∣∣∣∣∣∣∣ = 5 > 0.

Hence, the Cholesky method can be applied.

Cholesky Decomposition

We seek A = LLT , where

L =


l11 0 0

l21 l22 0

l31 l32 l33

 .

By term-to-term identification:

l11 = 1, l21 = 1, l31 = 0,

l22 = 1, l32 = 1, l33 = 2.

So

L =


1 0 0

1 1 0

0 1 2

 , LT =


1 1 0

0 1 1

0 0 2

 .

Solve Ax = b

1. Forward substitution: Ly = b
1 0 0

1 1 0

0 1 2



y1

y2

y3

 =


1

0

2

 =⇒ y1 = 1, y2 = −1, y3 =
3

2
.
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2. Backward substitution: LTx = y
1 1 0

0 1 1

0 0 2



x1

x2

x3

 =


1

−1

3/2

 =⇒ x3 =
3

4
, x2 = −

7

4
, x1 =

11

4
.

5.7.1.1 Inverse of A Using Cholesky

Let A−1 = L−1(LT )−1. The elements of L−1 are obtained using forward substitution. Similarly, (LT )−1 is obtained

using backward substitution.

5.7.1.2 Determinant of A

det(A) = det(L) · det(LT ) = (
n∏

i=1

lii)
2 = (1 · 1 · 2)2 = 4.
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CHAPTER 6

APPROXIMATE METHOD FOR SOLVING

SYSTEMS OF LINEAR EQUATION

In this chapter, we introduce various indirect methods (also referred to as approximate or iterative methods) for

solving systems of linear equations. Iterative methods involve calculating a sequence of vectors x(k) that converge

after a certain number of iterations to the solution x∗ of the system Ax = b (approximate solution). In comparison to

so-called direct methods, these approaches are better suited for implementation on a calculator.

To solve systems of equations in the form Ax = b, we can proceed in a manner similar to solving equations of

the type f(x) = 0, where we constructed a numerical sequence xn+1 = g(xn) that converged to the solution α of

f(x) = 0. Indeed, the system Ax = b can be equivalently transformed into the form f(x) = 0, where

x = Ξx+ P,

with Ξ being a matrix and P a vector. This way, we construct the recursive sequence known as the iterative process:

xn+1 = Ξxn + P.

Typical iterative schemes are obtained by splitting the matrix A into A = M −N , where M is chosen invertible

and easy to solve with, which yields the iteration

xn+1 = M−1Nxn +M−1b.

Depending on the choice of M and N , classical methods such as JACOBI and GAUSS–SEIDEL are recovered.

Convergence of the iterative process typically depends on the spectral radius ρ(Ξ); a sufficient condition for convergence

is ρ(Ξ) < 1.
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6.1 Recap on the calculation of matrix norms 90

6.1 Recap on the calculation of matrix norms

Let M be a matrix defined as

M =


m11 m12 · · · m1n

m21 m22 · · · m2n

...
...

. . .
...

mm1 mm2 · · · mmn

 .

The matrix norms are defined as follows:

∥M∥1 = max
j

(
n∑

i=1

|mij |

)
, ∥M∥∞ = max

i

 n∑
j=1

|mij |

 .

6.2 Préliminaires

6.2.1 Characteristic polynomial of a matrix

The characteristic polynomial of a matrix M of dimension n× n is defined as:

P (λ) = det(M − λI),

where I is the identity matrix of dimension n× n.

This polynomial is of degree n and has real or complex conjugate roots.

6.2.2 Eigenvalues λi of a matrix

The characteristic polynomial of a matrix M of dimension n× n is defined as:

P (λ) = det(M − λI),

where I is the identity matrix of dimension n× n.

This polynomial is of degree n and has real or complex conjugate roots.

6.2.3 Spectral radius of a matrix

The spectral radius of a matrix M is defined as:

ρ(M) = max
i=1,...,n

|λi|, (6.3)

where λi are the eigenvalues of M , and |λi| denotes the complex modulus of λi.
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6.2.4 Strictly diagonally dominant matrix

A matrix M = [mij ] is said to be strictly diagonally dominant (SDD) if:

|mii| >
n∑

j=1
j ̸=i

|mij |, ∀i = 1, 2, . . . , n,

where mij are the elements of the matrix M .

6.3 Indirect methods for solving systems of linear equations

6.3.1 Jacobi Iterative Method

Consider the system of linear equations:

Ax = b,

where

A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann

 , x =


x1

x2
...

xn

 , b =


b1

b2
...

bn

 .

The Jacobi iterative process, which allows us to compute the solution iteratively, is obtained as follows:

• Ensure that aii ̸= 0 for all i; otherwise, interchange two rows.

• Decompose the matrix A of the system Ax = b into the form:

A = D + L+ U,

where:

– D is the diagonal part of A,

– L is the strictly lower triangular part,

– U is the strictly upper triangular part.

Let A = D + L+ U , where the matrices D, L, and U are defined as:

U =



0 a12 a13 · · · a1n

0 0 a23 · · · a2n
...

...
. . . . . .

...

0 0 · · · 0 an−1,n

0 0 · · · 0 0


, D =



a11 0 0 · · · 0

0 a22 0 · · · 0

0 0 a33 · · · 0
...

...
...

. . .
...

0 0 0 · · · ann


, L =



0 0 0 · · · 0

a21 0 0 · · · 0

a31 a32 0 · · · 0
...

...
...

. . .
...

an1 an2 an3 · · · 0


.
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The system Ax = b can thus be written as:

(D + L+ U)x = b.

Rearranging terms:

Dx = b− (L+ U)x ⇒ x = D−1[b− (L+ U)x].

We set:

J = −D−1(L+ U), C = D−1b.

Hence, we obtain the matrix form of the Jacobi algorithm:

x(k+1) = Jx(k) + C, (6.5)

where J is called the iteration matrix of the Jacobi method (or Jacobi matrix).

The elements of J are defined by:

Jii = 0, Jij = −
aij
aii

, 1 ≤ i ≤ n, i ̸= j. (6.6)

The components of the solution vector can be computed directly using:

x
(k+1)
i =

1

aii

bi −
i−1∑
j=1

aijx
(k)
j −

n∑
j=i+1

aijx
(k)
j

 , i = 1, 2, . . . , n.

6.3.1.1 Convergence conditions

The sufficient conditions for the Jacobi method to converge are:

• ∥J∥∞ < 1

• ∥J∥1 < 1

• The matrix A of the system is strictly diagonally dominant (SDD).

In cases where the sufficient conditions are not met, the Jacobi process still converges for all initial vectors x(0) if:

ρ(J) < 1,

where ρ(J) denotes the spectral radius of J .

6.3.1.2 Number of necessary iterations

One can estimate the number of iterations required to achieve a given accuracy ε as:

k ≥
log

(
ε(1− ∥J∥)
∥C∥

)
log(∥J∥)

(6.8)

Remark 1: The theoretical estimation of k required to achieve the given accuracy often proves to be exaggerated in

practice.

92



6.3 Indirect methods for solving systems of linear equations 93

6.3.1.3 Stopping Criterion for the Jacobi Iterations

We stop the iterations when:

max
1≤i≤n

∣∣x(k+1)
i − x

(k)
i

∣∣ ≤ ε, (6.9)

where ε is the desired accuracy.

The solution vector is then given by:

x(k) =


x
(k)
1

x
(k)
2

...

x
(k)
n

 .

6.3.1.4 Example: Solving a System using the Jacobi Method

Consider the system:

Ax = b,

where

A =


3 1 −1

1 5 2

2 −1 −6

 , x =


x1

x2

x3

 , b =


2

17

−18

 .

We solve this system using the Jacobi method with an accuracy of ε = 10−2 and initial guess x(0) =


0

0

0

.

Solution: decompose A = D + L+ U

D =


3 0 0

0 5 0

0 0 −6

 , L =


0 0 0

1 0 0

2 −1 0

 , U =


0 1 −1

0 0 2

0 0 0

 .

Compute Jacobi Iteration Matrix and Vector:

J = −D−1(L+ U) = −


1/3 0 0

0 1/5 0

0 0 −1/6




0 0 0

1 0 0

2 −1 0

+


0 1 −1

0 0 2

0 0 0


 =


0 −1/3 1/3

−1/5 0 −2/5

1/3 −1/6 0

 .

C = D−1b =


1/3 0 0

0 1/5 0

0 0 −1/6




2

17

−18

 =


2/3

17/5

3

 .
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Iterative Formula:

The Jacobi iteration formula is:

x(k+1) = Jx(k) + C.

Convergence Conditions:

For the Jacobi iteration matrix J :

∥J∥∞ = max(2/3, 3/5, 1/6) = 0.67 < 1, ∥J∥1 = max(2/15, 1/2, 11/15) = 0.73 < 1.

The matrix A is strictly diagonally dominant (SDD):

|3| > |1|+ | − 1|, |5| > |1|+ |2|, |6| > |2|+ | − 1|.

Since these three sufficient conditions are satisfied, the Jacobi process converges for any initial vector x0 ∈ Rn.

Spectral radius check:

det(J − λI) =

∣∣∣∣∣∣∣∣∣
−λ −1/3 1/3

−1/5 −λ −2/5

1/3 −1/6 −λ

∣∣∣∣∣∣∣∣∣ = 0 ⇒ λ1 = −0.58, λ2,3 = −0.29± 0.10i

ρ(J) = max(0.58, 0.30) = 0.58 < 1 ⇒ Jacobi converges.

Jacobi Iterations

The iteration formula is:

x(k+1) = Jx(k) + C, C =


2/3

17/5

3

 .

Iteration 1:

x(1) = Jx(0) + C =


0 −1/3 1/3

−1/5 0 −2/5

1/3 −1/6 0



0

0

0

+


2/3

17/5

3

 =


0.67

3.40

3.00

 .

max
i
|x(1)i − x

(0)
i | = max(|0.67− 0|, |3.40− 0|, |3.00− 0|) = 3 > ε = 0.01

Iteration 2:

x(2) = Jx(1) + C =


0 −1/3 1/3

−1/5 0 −2/5

1/3 −1/6 0



0.67

3.40

3.00

+


2/3

17/5

3

 =


0.53

2.07

2.65

 .
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Iteration 3

x(3) = Jx(2) + C =


0 −1/3 1/3

−1/5 0 −2/5

1/3 −1/6 0



0.53

2.07

2.65

+


2/3

17/5

3

 =


0.86

2.23

2.83


max

(
|0.86− 0.53|, |2.23− 2.07|, |2.83− 2.65|

)
= 0.33 > 0.01 = ε

Iteration 4

x(4) = Jx(3) + C =


0.87

2.09

2.91

 , max
i
|x(4)i − x

(3)
i | = 0.14 > 0.01

Iteration 5

x(5) = Jx(4) + C =


0.94

2.06

2.94

 , max
i
|x(5)i − x

(4)
i | = 0.07 > 0.01

Iteration 6

x(6) = Jx(5) + C =


0.96

2.03

2.97

 , max
i
|x(6)i − x

(5)
i | = 0.03 > 0.01

Iteration 7

x(7) = Jx(6) + C =


0 −1/3 1/3

−1/5 0 −2/5

1/3 −1/6 0



0.96

2.03

2.97

+


2/3

17/5

3

 =


0.98

2.02

2.98


max

(
|0.98− 0.96|, |2.02− 2.03|, |2.98− 2.97|

)
= 0.02 > 0.01 = ε

Iteration 8

x(8) = Jx(7) + C =


0 −1/3 1/3

−1/5 0 −2/5

1/3 −1/6 0



0.98

2.02

2.98

+


2/3

17/5

3

 =


0.99

2.01

2.99


max

(
|0.99− 0.98|, |2.01− 2.02|, |2.99− 2.98|

)
= 0.01 ≤ 0.01 = ε

Conclusion We stop the Jacobi process, and the approximate solution is:

x ≈


0.99

2.01

2.99

 .

The exact solution is:

x =


1

2

3

 .
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6.4 Gauss-Seidel method

The Gauss-Seidel method is an improved variant of the Jacobi method. For simplicity, we consider a system of three

equations with three unknowns and an initial guess

x(0) =


x
(0)
1

x
(0)
2

x
(0)
3

 =


0

0

0

 .

First Iteration

In the first iteration, we substitute x
(0)
2 and x

(0)
3 into the first equation, giving:

x
(1)
1 =

1

a11

(
b1 − a12x

(0)
2 − a13x

(0)
3

)
.

It is this new value x
(1)
1 , and not x(0)1 , that is then substituted into the second equation of the system to compute

x
(1)
2 .

x
(1)
2 =

1

a22

(
b2 − a21x

(1)
1 − a23x

(0)
3

)
Similarly, in the third equation, we substitute x

(1)
1 and x

(1)
2 (not the initial values x(0)1 and x

(0)
2 ) to obtain:

x
(1)
3 =

1

a33

(
b3 − a31x

(1)
1 − a32x

(1)
2

)
This iterative process continues, which ensures much faster convergence compared to the Jacobi method.

General System with n Equations

For a system of n equations with n unknowns:

x
(k+1)
i =

1

aii

bi −
i−1∑
j=1

aijx
(k+1)
j −

n∑
j=i+1

aijx
(k)
j

 , aii ̸= 0

Otherwise, we swap two equations.

Matrix Form

The Gauss-Seidel process can be expressed in matrix form:

x(k+1) = D−1
(
b− Lx(k+1) − Ux(k)

)
, where A = D + L+ U

Or equivalently:

x(k+1) = Gx(k) + F
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with

G = −(D + L)−1U, F = (D + L)−1b

G is called the iteration matrix of the Gauss-Seidel method.

6.4.1 Convergence conditions of Gauss-Seidel Method

The sufficient conditions for the Gauss-Seidel process to converge are the same as for the Jacobi method:

• ∥G∥∞ < 1

• ∥G∥1 < 1

• The matrix A of the system is strictly diagonally dominant (SDD)

In cases where the sufficient conditions are not met, the Gauss-Seidel process still converges for any initial guess

x(0) if:

ρ(G) < 1

where ρ(G) is the spectral radius of G.

Remark 2: If the matrix A of the system Ax = b is symmetric and positive definite, then the Gauss-Seidel method

converges regardless of the initial guess x(0).

6.4.2 Number of Necessary Iterations

One can estimate the number of iterations required to achieve a given accuracy ε:

k ≥
log
(
∥x(k)−x∗∥
∥x(0)−x∗∥

)
log(ρ(G)−1)

where G is the iteration matrix and ρ(G) is its spectral radius.

6.4.3 Gauss-Seidel Method: Termination Criterion

We stop the iterations when the maximum change between successive iterations is less than or equal to the desired

accuracy ε:

max
1≤i≤n

∣∣∣x(k+1)
i − x

(k)
i

∣∣∣ ≤ ε

The approximate solution is then:
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x(k+1) =


x
(k+1)
1

x
(k+1)
2

...

x
(k+1)
n


6.4.4 Example: Gauss-Seidel Method

Consider the system:

Ax = b

where

A =


3 1 −1

1 5 2

2 −1 −6

 , x =


x1

x2

x3

 , b =


2

17

−18

 .

Solve this system using the Gauss-Seidel method with an accuracy ε = 10−2 and initial guess

x(0) =


0

0

0

 .

Solution

Decompose A as A = D + L+ U , where:

D =


3 0 0

0 5 0

0 0 −6

 , L =


0 0 0

1 0 0

2 −1 0

 , U =


0 1 −1

0 0 2

0 0 0

 .

The iteration matrix G is defined as:

G = −(D + L)−1U = −


1/3 0 0

−1/15 1/5 0

11/90 −1/30 −1/6



0 1 −1

0 0 2

0 0 0

 .

The iteration matrix G and vector C are given by:

G =


0 −1/3 1/3

0 1/15 −7/15

0 −11/90 17/90

 , C = (D + L)−1b =


1/3 0 0

−1/15 1/5 0

11/90 −1/30 −1/6




2

17

−18

 =


2/3

49/15

241/90

 .

The Gauss-Seidel iteration is:

x(k+1) = Gx(k) + C.
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Convergence Conditions

The sufficient conditions for convergence are:

• ∥G∥∞ = max(2/3, 8/15, 28/90) = 0.67 < 1,

• ∥G∥1 = max(0, 48/90, 89/90) = 0.98 < 1,

• The matrix A is strictly diagonally dominant (SDD): |3| > |1|+ | − 1|, |5| > |1|+ |2|, |6| > |2|+ | − 1|.

All three sufficient conditions are satisfied, thus the Gauss-Seidel process converges for any initial guess x(0) ∈ R.

Spectral Radius Check

det(G− λI) =

∣∣∣∣∣∣∣∣∣
−λ −1/3 1/3

0 −λ+ 1/15 −2/5

0 −11/90 −λ+ 17/90

∣∣∣∣∣∣∣∣∣ = 0

Eigenvalues:

λ1 = 0, λ2 = 1/15 ≈ 0.0667, λ3 = 17/90 ≈ 0.189

ρ(G) = max(0, 0.0667, 0.189) = 0.189 < 1,

so the Gauss-Seidel process converges to x∗ for any x(0).

Iteration 1

x(1) = Gx(0) + C =


0 −1/3 1/3

0 1/15 −7/15

0 −11/90 17/90



0

0

0

+


2/3

49/15

241/90

 =


2/3

49/15

241/90

 .

Iteration matrix G and vector C:

G =


0 −1/3 1/3

0 1/15 −7/15

0 −11/90 17/90

 , C =


2/3

49/15

241/90

 .

The iterative process is:

x(k+1) = Gx(k) + C

Iterations

Iteration 1:

x(1) = Gx(0) + C =


0

0

0

⇒ x(1) =


0.67

3.26

2.67

 , max
(
|x(1) − x(0)|

)
= 3.26 > 0.01
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Iteration 2:

x(2) = Gx(1) + C =


0.47

2.23

2.78

 , max
(
|x(2) − x(1)|

)
= 1.03 > 0.01

Iteration 3:

x(3) = Gx(2) + C =


0.85

2.12

2.93

 , max
(
|x(3) − x(2)|

)
= 0.38 > 0.01

Iteration 4:

x(4) = Gx(3) + C =


0.94

2.04

2.97

 , max
(
|x(4) − x(3)|

)
= 0.09 > 0.01

Iteration 5:

x(5) = Gx(4) + C =


0.97

2.03

2.98

 , max
(
|x(5) − x(4)|

)
= 0.04 > 0.01

Iteration matrix G and vector C:

G =


0 −1/3 1/3

0 1/15 −7/15

0 −11/90 17/90

 , C =


2/3

49/15

241/90

 .

The iterative process:

x(k+1) = Gx(k) + C

Iterations

Iteration 1:

x(1) = Gx(0) + C =


0.67

3.26

2.67

 , max(|x(1) − x(0)|) = 3.26 > 0.01

Iteration 2:

x(2) =


0.47

2.23

2.78

 , max(|x(2) − x(1)|) = 1.03 > 0.01
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Iteration 3:

x(3) =


0.85

2.12

2.93

 , max(|x(3) − x(2)|) = 0.38 > 0.01

Iteration 4:

x(4) =


0.94

2.04

2.97

 , max(|x(4) − x(3)|) = 0.09 > 0.01

Iteration 5:

x(5) =


0.98

2.01

2.99

 , max(|x(5) − x(4)|) = 0.03 > 0.01

Iteration 6:

x(6) =


0.992

2.012

2.99

 , max(|x(6) − x(5)|) = 0.01 ≤ 0.01

Convergence: The process stops as the desired accuracy ϵ = 0.01 is reached.

Approximate solution: x ≈


0.992

2.012

2.99



Exact solution: x =


1

2

3


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