DERIVATION NUMERIQUE
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5. Use the three-point central-difference formula to compute the approximate value
for f(5) with f(z) = (22 + 1)Inz, and h = 0.05. Compute the actual error and
the error bound for you approximation.
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Solution: Given f(z) = (2° 4+ 1)Inz and 23 = 5,7 = 0.05, then using the
three-point formula, we have
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Then [(5.05) + 1] In(5.05) — [(4.95)? + 1] In(4.95)
') = 0.1

4 7837 — 40.788382
~ w:ﬂ_gg%{)g

The actual error is
Error = f'(5) — 21.294553 = 21.294379 — 21.294553 = —0.000174
To compute the error bound for the approximation, we use the formula

2
Ec(f h)= (00 ) ————f"(n(x1)), for n(z1) < (4.95,5.05)

o (0.05)2
|Be(r )l = | =~ |If

The third derivative f”(z) of the function can be found as

M), for ne) € (495,5.05)

fl(2)=22lna+ (x®+1)/z, f'(z) =2Inz — (2 +1)/a* —4, f"(z) = 2(a*+1)/2*

The value of the third derivative f”(n(z;)) cannot be computed exactly because
7(1) is not known. But one can bound the error by computing the largest possible
value for | f”(n(x1))|. So bound |f”] on [4.95,5.05] can be obtain

M= max _[2(2® +1)/2°] = 0.4205302

4955505
at © = 4.95. Since |f"(n(z))| < M, therefore, for h = 0.1, we have

(0. 0))2

|Ep(f,h)] < 22 M = 0.00042(0.4205302) = 0.000175

which is the possible maximum error in our approximation.
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13. Use the most accurate formula to determine approximations that will complete the
following table.

x f(x) I'(@)

8.1 16.94410
8.3 17.56492
8.5 8.19056

8.7 18.82091
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Solution: We first find the approximation of f/(8.1) using h = 0.2 with the help
of forward-difference formula as follows

F61) = —3f(8.1)+42f}58v3)—f(8,5)

3(16.94410) + 4(17.56492) — (18. 19056
- 3(10.0-1-110)+-1(1(1':6-102) (18.19056) _ o (oo

Now we find the approximation of f/(8.3) using & = 0.2 with the help of central-

difference formula as follows

f(8.5) — f(8.1) _ 18.19056 — 16.94410
2h B 0.4

= 3.116150

F(83) ~

To find the approximation of f/(8.5) using h = 0.2, we use again central-difference
formula as follows
f(8.7) — f(8.3)  18.82091 — 17.56492

— 3130075
8= 20 = 01 = 3.1399750

To find the approximation of f/(8.7) using h = 0.2, we use backward-difference
formula as follows

F(3.3) — 4£(8.5) + 3£(8.7)

'(8.7) =~
FEm) 2h
7.56492 — 4(18.19056) + 3(18.82
- 17.56492 — 4(18 1?0 56) + 3(18.82091) 51635250
0.4
Thus
x f(x) f'(z)

8.1 16.94410 | 3.092050
8.3 17.56492 | 3.116150
8.5 18.19056 | 3.1399750
8.7 18.82091 | 3.1635250
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14. The data in the Problem 13 were taken from the function f(z) = zlnz. Compute
the actual errors in the Problem 13 and also, find error bounds using the error
formulas.
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Solution: The actual errors are as follows:
Error = f'(8.1) — 3.092050 = 3.0918641 — 3.092050 = —0.0001859

Error = f'(8.3) — 3.116150 = 3.1162555 — 3.116150 = 0.0001055
Error = f'(8.5) — 3.139975 = 3.1400662 — 3.139975 = 0.0000912
Error = f'(8.7) — 3.163525 = 3.163323 — 3.163525 = —0.000202

Now finding the error bound for the approximation of f'(8.1), we do the following

f"(x) = =1/2* and |f"(n(x0))] < M
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where
M= max |- 1/2° =0.0152416
81<r<8.3

at © = 8.1 and h = 0.2, we obtain
0.2
|Er(f,h)] < ( 3) 0.0152416 = 0.000203
The error bound for the approximation of f’(8.3), we have
M= max | -1/ = 0.0152416
81Zr<8.5
at © = 8.1 and h = 0.2, we obtain
(. -)2
|Ec(f,h)| <-~—--0.0152416 = 0.000102
The error bound for the approximation of f(8.5), we have
M= max | -1/ = 0.0138408
83%r<8.7
at © = 8.3 and h = 0.2, we obtain

(© -)’

|Ec(f, h)| < ~—=2-0.0138408 = 0.0000923

Finally, the error bound for the approximation of f'(8.7), we have

M= max |- 1/ = 0.0138408
8.3%a

at © = 8.3 and h = 0.2, we obtain

|EB(f,h)] < 031) 0.0138408 = 0.000185
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4. Let f(x) = sin(z + 1). Compute the approximations of f’ (l) using the two-point
forward-difference and backward-difference formulas. Compute the actual errors
and also, find error bounds using the error formulas.
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Solution: Given f(z) = sin(z+1) and h = 0.1, then using the two-point forward-
difference formula with zo = /4, we have
w/4+h)— f(n/4
iy = SO N S

Then for h = 0.1, we get

sin(m/4+0.141) — sin(r/4+ 1)
0.1
0.9509197 — 0.9770613
0.1

P/ ~

= —0.261416

Q

The actual error is
Error = f'(7/4) + 0.261416 = —0.212958 + 0.261416 = 0.048458
To find the error bound, we use the following formula
Ep(f,h) = 7§f/’(17(z)), where 7(z) € (zo,x0 + h)
which can be written as

\Ep(f.h)\:‘—%‘\f”(n(.v))\, for 7 € (0.7854,0.8854)
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The second derivative f”(z) of the function can be found as
f'(x) =cos(x+1) and f"(z)=—sin(z+1)

The value of the second derivative f”(n(z)) cannot be computed exactly because
7(x) is not known. But one can bound the error by computing the largest possible
value for | f” f"] on [0.7854, 0.8854] can be obtain

M= | —sin(z + 1)] = 0.977061

0. '804<;<0 8854

at = 0.7854. Since |f”(n(z))| < M, therefore, for h = 0.1, we have

0.1
(£, )] < =M = 0.05(0.977061) = 0.048853
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Then for h = 0.1, we get

P/ ~ sin(m/44+1) — ;i.,i(ﬁ/4+ 1-01)

0.9770613 — 0.993440

01 = —0.163787

The actual error is
Error = f'(w/4) + 0.163787 = —0.212958 + 0.163787 = —0.049171
To find the error bound, we use the following formula
Ep(f.h) = 7§f”(17(1‘)). where 7(z) € (z0 — h,xo)
which can be written as

1Er () =] = 15" ()

, for 7 e (0.6854,0.7854)
The second derivative f”(z) of the function can be found as
f'(x) =cos(x+1) and f"(z)=—sin(z+1)

The value of the second derivative f”(n(z)) cannot be computed exactly because
7(x) is not known. But one can bound the error by computing the largest possible
value for | f/(n(x))]. So bound | f”| on [0.6854, 0.7854] can be obtain

M= 1| —sin(z + )] = 0.093440

max
0.6854<r<0.785

at @ = 0.6854. Since |f”(n(xz))| < M, therefore, for h = 0.1, we have
0.1
|Er (£, )] < <M = 0.05(0.093440) = 0.049672

which is the possible maximum error in our approximation.




