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Chapter 1

Introduction to Mathematical logic

1.1 Statement

Definition 1.1.1

1. A Statement (or assertion, proposition) is a sentence which is either true
or false, but not both at the same time. Propositions are often denoted by
capital letter P, Q, R, - --

2. The truth value is one of the two values. true (T) or False(F), that can be
taken by a given statement. Sometimes the truth value T is denoted by 1,
and F by 0.

3. Atruth table is a table showing the truth value of a statement ( generally a
compound one) given the possible truth values of the simple statement of|
which it is composed.

Example 1.1.1

1. "2isa prime number". T
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2. "every prime number is odd". F
3. "The sum of two odd numbers is always odd" F
4. "The sum of two even numbers is always even" T

5.

Definition 1.1.2 (Axiom) An axiom, postulate, or assumption is a statement ac-
cepted as true as the basis for argument.

Example 1.1.2 Euclids axiom in geometry are :
1. A straight line may be drawn between any two points.
2. Any terminated straight line may be extended indefinitely.
3. Acircle may be drawn with any given point as center and any given radius.
4. Allright angles are equal.

5. For any given point not on a given line, there is exactly one line through the point
that does not meet the given line.

Example 1.1.3 (Peano Axioms) If M isa subsetof N containing0 such that every suc-
cessor of elemnet of M is an element of M then M =N.

Definition 1.1.3
Theorem is a statement that has been proven true, or can be proven.
Corollary is a proposition that follows from one already proved.

Lemma is a proposition proved or accepted for immediate use in the proof of
some other proposition.

Definition is a statement that explains the meaning of a word or phrase.
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Definition 1.1.4 (Conjecture) A statement or an idea which is unproven, but is
thought to be true, a guess.

Remark 1.1.1 A conjecture is an important step in problem solving; it is not just a tool
for professional mathematicians. In everyday problem solving, it is very rare that a prob-
lem’s solution is immediately apparent. Instead, the problem solving process involves
analyzing the problem structure, examining cases, developing a conjecture about the
solution, and then confirming that conjecture through proof.

Example 1.1.4 (Bertrand’s Conjecture) "At least one Prime between n and 2n" after 5
years, In 1850 Tschebyschev published a proof of Bertrand’s Conjecture.

Example 1.1.5 (Fermat’s conjecture or Fermat’s Last Theorem) states that no three pos-
itive integers x,y, and z satisfy the equation x"+ y" =z" for any integer value of n
greater than 2.

After 358 years of effort by mathematicians, the first successful proof was released in 1994
by Andrew Wiles and formally published in 1995.

1.2 The logical connectors

Connectors ( or operators) are used to construct or define a new proposition from one
or more initial propositions.

1.2.1 Negation

let P be a proposition, we define a proposition " not P" denoted as no(P) or =P or
simply as P. _ _
If P isfalse, then P istrue. If P istrue, then P is false.

Pl1Q
T|F
F|T

Example1.2.1 1. P:"2+5=8" (F), P:"2+5#8" (T).

2. we have P: "2 is an even number" is true (T), then P :"2is an odd number" is
false (F).
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1.2.2 Conjunction "and"

Let P and Q be two propositions. We define a new proposition " P and Q" which is
denoted P A Q which is true when the propositions P and Q are both true, and false in
all other cases.

P Q| PAQ
T|T

T|F F
F|T F
F|F F

Example 1.2.2 1. The proposition "2+5 =7 and 3 is an odd number " is true.

2. "4 isa number less than 7 and 5 is even" is false.

1.2.3 Disjunction "or"

Let P and Q be two propositions. We define a new proposition " P or Q" denoted P v Q
which is true when at least one of the two proposition P or Q are true, and false in all
other cases. ( P v Q false when both of the propositions are false).

P[Q[PVQ
T[T| T
T|F| T
F|T| T
F|F

Example 1.2.3 1. The proposition "2+5="7 or2is an odd number " is true.

2. "4 is a number less than 3 or 5 is even" is false.

1.2.4 Implication. "=—"

Let P and Q be two propositions. The proposition P = Q reads " P implies Q" or " if
P then Q" It is false when P is true and Q is false, and true otherwise. The truth table
for proposition P = Q is as follows :
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P|Q|P=Q
T|T T
T|F

F|T T
F|F T

Remark 1.2.1 P = Q can also read as
1. IfBthen Q
2. itis necessary for Q to have P
3. Itis sufficient for P to have Q
4. Qisrequired for P

So, if you hear one of these expressions in everyday language, it is actually an implica-
tion.

Example 1.2.4 for x real number, 0 < x <4 = 0 < \/x <2 (take the square root)

1.2.5 Equivalence." <"

Let P and Q be two propositions. The new proposition P < Qread " P is equivalent
to Q". It can be read "P if and only if Q"

P < Qistrue when P and Q have the same truth value ( both true or both false) False
otherwise.

Equivalence is defined by :

(P < Q) is the proposition [(P= Q) and (Q = P)].

The truth table for proposition P <= Q is as follows :

P[Q[P= Q
T[T

T|F F
F|T F
F|F

When proving an equivalence, the double implication rule is often employed, First we
establish one direction of implication then we prove the reciprocal implication.
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Example 1.2.5 1. Forareal numberx,0<x’<4 < -2<x<2

2. For x,yeR:xy=0 < x=00ry=0.

Proposition 1 (Proporties) Let B Q and R three propositions. We have the fol-
lowing equivalences:

1. (PAQ) < (QA P) (commutativity of and ).

2. (PvQ) < (QvV P) (commutativity of or ).

3. (PAQ) < (PVQ) (morgan’s laws).

4. (PvQ) < (PAQ) (morgan’s laws)

5. % <~ P.

6. (PANP) < P.

7. (PvP) < P.

8. [(PAQ)AR] < [PA(QAR)] (associativity of and ).
9. [([PVQ)VR] < [PV(QVR)] (associativity of or ).

10. [([PAQ)VR] < [(PVR)A(QVR)] (distributiveness of and with respect
toor).

11. [([PVQ)AR] < [(PAR)V(QAR)] distributiveness of or with respect to
and ).

12. P=Q) < (PVQ).
13. (P= Q) < (PAQ).

14. (P = Q) < (Q = P) (contraposition).

15, (P = Q) <= (P=>0QAnQ=P).

Proof 1.2.5.1 We prove proposition 12.
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PlQ|Q|P=Q|P=Q |P\Q| (P=0Q) < (PAQ)
T|T|F T F F
T|F|T F T T
F| T|F T F F
F|F|T T F F

Definition 1.2.1 A tautology is a statement that is always true ( regardless of the

truth value of its elementary statements).

Example 1.2.6 The statement

(PAQ)=(PVQ)

is a tautology. To prove it, we construct the truth table.

p

Q

p

Q

(PAQ)=(PVQ)

I I
ISl
| | = >

N <

1.3 Quantifiers

Definition 1.3.1 A predicate is a sentence that contains variables and that may

be true or false depending on the value of these variables.

Example 1.3.1 1. Let P(x): x* > 0 is a predicate, one has P(0) : 0 > 0 is false and

P(-1):(-1?%=1>0is true.

2. LetP(x,y): (x+y)? = x* + y? is a predicate,, P(0,1) and P(1,0) are true but P(1,1)

is false.

A predicate can also be made a proposition by adding a quantifier. There are two quan-

tifiers :
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1.3.1 The universal quantifier "V"
We write mathematically the expression
for all element of E , the proposition P(x) is true
as
VxeE,P(x).

The symbole V is read " for all" or "for every",or " for any", --- . It is a quantifier that
indicates that the property is true for all objects satisfying the given condition.

Example 1.3.2 1. The proposition " every real number is greater than or equal to 5"
iswritten "VxR,x=5".

2. The propositionVx €N, x+1 >0 is true.

3. The propositionVxZ, x = 0 ids false.

1.3.2 Existential quantifier "3"
The expression
There existe x of E such that P(x)
is written mathematically
dxe E, P(x)

to express that the proposition P(x) is true for at least one x of E.
The symbole 3 represente the existential quantifier, and it signifies the existence of at
least one element that satisfies the predicate.

Remark 1.3.1

1. We use sometimes the symbole 3! to express
There exists a unique element - - - .

The proposition "3! € E, P(x) " means that the assertion P(x) is true for a unique
value x of E.
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2. The order of Existential quantifier and universal quantifier in a statement is im-
portant. For example these propositions "Vx e R,Ay e R, x+y =0" and "3Iye€
R, VxeR, x+y=0" arenotthesame.
The first proposition is true, , the existence of y depends on x, if you pick any x, we
can find y that make x + y = 0 (for example y = —x).
The second proposition is false, the existence of y doex not depend on x, there is no
y that make x + y = 0 true for every x.
The negation of quantifiers
Let E be a set, and P(x) be a proposition
1. The negation of "Vx e E,P(x)" is:"dx€ E, P(x)"
2. The negation of "Ix € E,P(x)" is: "Vx€E, P(x)"

Exercise 1.3.1 1. Translate the following proposition into a logical expression " Ev-
ery real number except zero has a multiplicative inverse"

2. Write the following proposition with quantifiers :
"fis not increasing on R (where f'is a function of R in R)

3. Show that the function cos is note zero.
4.
Solution 1.3.1 1. VxeR*, IyeR:xy=1.
2. Bydefintion
fisincreasing <— (Vx,yeR,x<y= f(x) < f(y).

By applying the negation of an implication

P=Q < PAQ,

one has

VX, yeRx<y= f(x) < f(y) < [EI(x,y)ERZ, x< Y Af(x)> fFN].

3. 3x=0,cos(0) =1#0, thencos(x)#0.
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Exercise 1.3.2 IfA=1{1,3,5,7,9,10}, determine the truth value of each of the following
1. dx€e A, x+4="7.
2. Vxe A 4—xeN.

3. dx € A, xis even.

Solution 1.3.2
1. Since x=3, satisfies x +4 =7, then the proposition is true, its truth value is "T".

2. dx € A,x =5, do not satisfy 4—5=—1¢N, then the proposition is false, so its truth
valueis "F".

3. Since x = 10 € A satisfies the given proposition , then the proposition is true, its
truth value is "T".

Exercise 1.3.3 Write the following sentence using quantifiers.
* The square of any real number is positive.

» Every integer has an opposite ( there is another integer such that the sum equal to
zero)

* there is at least one integer which is opposite to all integers.

* For all real numbers , the square of the sum of two numbers is equal to the sum of
their squares.

Solution 1.3.3 e VxeR,x2=0.(T)
e VxeZ,dyeZ,x+y=0(T)
e IxeZ,VyZ,x+y=0.(F)

e VXeRVyeR, (x+y)?=x*+y%.(F)
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1.4 Reasoning methods

1.4.1 Direct Proof
To show that (P = Q) is true , we assume that P is true and we prove that Q is also true.
Example 1.4.1 Prove that

Ya,beR,(a* = b*) = (lal = |b).

Solution 1.4.1 Let a, b be two real numbers, we assume that a®> = b?, since a?, b* are
positive real numbers then we can consider their square roots , so we have

aZ:bZ:\/a_:\/ﬁ

= |al =b|.

1.4.2 Proof by cases

Suppose that we want to prove (P = Q) and this is difficult for somme reason. We
notice however that P can be broken, namely there exist Py, P;,---, P, and we show
that P; = Qistrueforall i € {1, ---, n}, then we conclude that P = Q is true.

Example 1.4.2 Let n be an integer, prove by cases

e 2dividesn(n+1)
e 3dividesn(n+1)(n+2)

Solution 1.4.2

e Let n be an integer. Then n is either even or odd.

o Ifniseven, it exists k € N such that n = 2k.
Therefore, n(n+1) = 2k(2k+1) = 2k,, with k = k2k+1) €N, so 2 divides
nn+1).

o Ifnisodd, it exists k e N such thatn =2k + 1.
Therefore, n(n+1) = 2k +1)2k+2) = 2k, withk = k+ 1 (k+1) €N, s0 2
divides n(n+1).

Conclusion: The proposition is true for all n € N.

e hint: Any natural number n can be written as 3k, or 3k + 1, or 3k + 2, for some
natural number k.( 3 cases to study).
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1.4.3 Proof by the contrapositive
It is based on the following property
(P=Q) < (Q=P).

If the direct method does not help to prove that (P = Q), then we prove that its con-
trapositive hold.

Example 1.4.3
Letx,y€Z, showthatify#0 thenx+yv2¢Q.

Solution 1.4.3 We can write the proposition by using implication
(Y#0) = (x+yV2¢ Q).

By using the contrapositive property, it remaind the same to show if the proposition
(x+yvV2eQ) = (y=0).

is true.

if x + y\/§ € Q then there exist (p, q) € Z x (Z—{0}), such that x + y\/§ = Z.

p

So yv2 = 5 — x is arational number, if y # 0 then v/2 = "7x will be a rational number,
contradiction since /2 ¢ Q, hence y = 0.

1.4.4 Proof by contradiction ( or absurd)

In order to prove that a proposition P is true, we assume that it is false, in other word
we assume that P is true and from this assumption, we are able to deduce a statement
that contradicts some assumption we made in the proof or some known fact.

To prove that (P = Q) is true, we assume that P is true and Q is false, such assumption
will lead to a contradiction.

Example 1.4.4 Using reasoning by contradiction, show that for every integer n, we have
[n? is even) = [n is even).

Solution 1.4.4 We suppose that ([n? is even] = [n is even)) is false , that means (n? is
even and n is odd.

since n is odd, then n can be written as n = 2k + 1 for some natural number k.

So n? = 2k +1)? = 4k? + 4k + 1 is odd, contradiction, since we assumed that n’ is even.
Hence the assumption (n? is even => n is even) is true, for all natural number n.
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1.4.5 Proof by counter example

To prove that the proposition (Vx € E, P(x)) is not true, it is enough to find an element
Xo in E such that P(xp) is false.

Example 1.4.5 Is the following proposition true ?why?

VxER,x2>O.

1.4.6 Proof by induction

Let P(n) be a family of statement indexing by the naturel number. Suppose
(i) P(0) is true. ( initial step)

(ii) for any n € Nif P(n) is true then P(n + 1) is true. (Induction step)

then P(n) is true for all n e N.

Example 1.4.6 Prove by induction that :
1l 1
vneN, ) k==n(n+1)
k=0 2

Solution 1.4.5 * P(0) is true since for n=0, in the left hand side (LHS), we obtain
Z]]zjg k=0 and in the Right hand side (RHS) , we have %O(O +1)=0.

* Suppose that P(n) is true, show that P(n+ 1) is true.

k=n+1

k=n
Y k=) k+(n+l
k=0 k=0

1
= zn(n +1) + (n+1) (using inductive hypothesis)
1
=—(n+1)(n+2).
2
so P(n+1) is also true, by induction P(n) is true for all neN.

In some cases, we can use this second form of induction called "strong induction”

Theorem 1.4.1 (Strong induction)
Let P(n) be a family of statement indexed by n, suppose :
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(I) P(0) is true.( O represent the first element of the set)
(II) ForanyneN, if P(0), P(1),...,P(n) are true, then P(n+1) is true.

Then P(n) is true for alln e N.

Example 1.4.7 Every natural number greater than 1 can be expressed as a product of
one or more primes.

Solution 1.4.6 Let P(n) be the statement that n can be expressed as a product of primes.
* P(2) is true since 2 is itself prime.
e Let n>2 and suppose P(n) holds for all m < n.

o Ifnisprime, then P(n) is true.

o Ifn is not prime, then n = rs for somer,s,€ N with r,s < n. By induction
hypothesis r and s can be expressed as product of primes and hense n = rs,
so P(n) is true.

By strong induction, P(n) holds for all natural number greater than 1.



