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Chapter 2

Sets and functions

2.1 Sets

2.1.1 Definitions and examples

a set is a collection of objects. The objects in a set are called elements or members
If an element x is a member of A, we write

xeA.
and that x is a member of A, or that x belongs to A. If x is not in A, we write
X¢A.

The elements in the sets are described in either the Statement form, Roster Form or
Set Builder Form.

e Statement Form In statement form, the well-defined descriptions of a member
of a set are written and enclosed in the curly brackets.

Example 2.1.1 the set of even numbers less than 5. In statement form, it can be
written as

{even numbers less thanS}.

* Roster Form, all the elements of a set are listed, separated by commas, within
braces;



8 ALGEBRA 1

Example 2.1.2 The set of natural numbers less than 5. Therefore, the set is
a={0,1234}.

* Set Builder Form The general form is, A = {x : property}.

Example 2.1.3 Write the following sets in set builder form: A = {2, 4,6, 8}. So, the

set builder formis A= {x:x:Zn,neN and]1 < ns4}.

Also, Venn Diagrams are the simple and best way for visualized representation of sets.

A

Remark 2.1.1

1. Repeated elements are listed once {a, b,a,c,b, a} = {a, b, c}.
2. Thereis no order in the set {3,2, 1} = {1,2,3} = {2, 1,3}.

Example 2.1.4

1. Natural Numbers : N= {0, 1,2, }

2. Integers: 7={...,-2,-1,01,2,...}.

3. Rational numbers: Q= {% ta, beZandb # O.}.

2.1.2 Types of Sets

v/ An empty set, denoted ¢ or {}, is a set that does not contain any elements.

vV LetE= {a}, consisting of a single element, is called singleton.
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v/ A set which consists of a finite number of elements is called a finite set.

Example: A set of natural numbers up to 10, A= {0, 1,2,3,4,5,6,7,8,9, 10}

v/ A set which is not finite is called an infinite set.

v

Example: A set of all natural numbers. N = {0, 1,2,3,4,5,6,7,8,9,... }

The two sets A and B are said to be disjoint if the set does not contain any com-
mon element.

Example: Set A = {a, b,c,d } and set B = {e, f g} are disjoint sets, because there
is no common element between them.

A is a subset of B, written A c B, if and only if every element of A is also an
element of B

If Aisnota subset of B, we write A & B.

Ais equal to B, written A = B, if and only if for any a we have a € A if and only if
ac€B.

Ais a proper subset of B, written A C B, if and only if A< B but A # B.

Thus A being a proper subset of B means that A is a subset of B and B contains
something that A does not contain.

There is an important way to rephrase the definition of two sets being equal:
A =Bifand only if Ac Band B < A. . This is sometimes useful as a proof
technique, as you can split a proof of A = B into first checking A c B and then
checking Bc A

Definition 2.1.1 The cardinality of a set is a measure of how many elements are
in the set. If A a finite set. the we denote the cardinality of A by | Al.

Example 2.1.5

IfA= {a,Z,x,S}, then|Al =4
|#| =0
IfX = {a,{z,x},{l,gzs}}, then|X| =3

{oll=1
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For any set A, we have @ c A.
How many subsets can a finite set have?
If A afinite set, then A has 2/4 subsets, we prove it by induction.

Definition 2.1.2 If A a set, the set of all subsets of A is called the power set of A,
denoted 22 (A).

Example 2.1.6
© ifA={a,b,c}, then@(4) = {{}, (a}, (b}, (c},(a, b}, (a, ), b, ¢}, {a, b, c}}.
8 7(9)={s}

© 2(eh={2, (v}}.

2.1.3 Operations on Sets
Union

Let A and B be two set, the union of A and B, denoted as AU B (read as A union B) is a
set of element that belong to either A or B. The union of the sets A and B is the set

AuB:{x:xerrxeB}

AUB

Remark 2.1.2 We use often these equivalences

|xe AUB < xec AorxeB), xX¢ AUB < x¢ Aandx¢B.




CHAPTER 2. SETS AND FUNCTIONS 11

Intersection

Let A and B be two sets, the intersection of A and B, denoted as An B ( read as A
intersect B) is a set of element that belong to both A and B.

AmB:{x:xeAandxeB}

We say that A and B are disjoint sets if AN B = @.

Remark 2.1.3 In practice, we use these equivalences

’xeAmB@xeAandxeB, ]erAmB@xe_‘AorxGEB.\

Proposition 1 Let A, B, C be subsets of a set E
O AUA=A, AnA=A.
O Aug=A Ang=9.
® AUB=BUA, AnB=Bn A. (Commutativity)
® AUuBUC)=(AUB)UC, An(BNC)=(AnB)nC. (Associativity)

® AUBNC)=(AUB)N(AUQC), AN(BUC)=(ANB)U(ANC). (Distribu-
tivity)

Proof 2.1.3.1 We provethat An(BUC)=(ANnB)U(ANC). Letxe An(BuC()

xXeAN(BUC) < [xe Aand xe BUC]
< [xe Aand (xe Bor x€ Q)]
<~ [(xeAand xeB)or (xe Aand x€ C)]
<~ [(xe AnB) or (xe AnC)]
— x€(AnB)U(AN(O).
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A complement of a set

Let E be a set, if a set A is contained in E, we say that A is a subset or a subset of E. The
elements of E that do not belong to set A form a new set called the complement of A
in E, denoted as A€ or Cp(A),

CE(A):{x:erA}.

Remark 2.1.4 In practice, we use these equivalences

‘xECE(A)@xEEandeEA, ‘xéCE(A)@xEA

Set difference

Let A, B be two sets of E. The difference of A and B, denoted A\ B, consists of elements
that are in A but not in B. in other words A\ B= An Cg(B).

A\B:{x:xEAande:B}

B

The symetric difference of A and B, denoted AAB, is the set (A\ B) U (B \ A) which is
the same

AAB=A\BUB\A=(AUB)\(ANnB) ‘
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Remark 2.1.5 In exercises , we usually use these equivalences:

x€ A\B < x€Aandx¢ B

Proposition 2 Let A, B be two subsets of E, then

0 A\A=¢

O A\g=A

® AuCp(A)=E

O AnCg(A) =09.

© Cp(Cg(A)=A

® Cr(AUB)=Cg(A)NCg(B).
® Cr(AnB)=Cg(A)UCEg(B).

Proof 2.1.3.2 We prove that C5(AUB) = Cg(A)NCg(B). Letxe Cg(AUB),

x€Cg(AUB) < [x€ Eand x¢ AU B]

[x€ E and x€ AUB]

[xe Eand x€ Aor x € B]

(xe Eand x€ A) and (x € E and x € B)]
[(xe Eand x¢ A) and (x€ E and x ¢ B)]
[x€ Cg(A) and x € Cg(B)]

<= x € Cp(A)nCg(B).

—
—
—
—
—

2.1.4 Cartesian product of sets

Definition 2.1.3 Consider two arbitrary sets A and B. The set of all ordered pairs
(a,b) wherea € Aandb € B is called the product, or cartesian product, of A and
B.

AXB:{(a,b): aEAandbeB} |

A ]xiA\B@xererB.
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Remark 2.1.6 In pratice, we use these equivalences.

’(a,b)eAxB < acAandbeB

, (@, b)¢ AxB < a¢ Aorb¢ B

Example 2.1.7

1. LetA= {1,2} and B = {a, b,c} then Ax B = {(1,a), a,b),qd,0), 2 a),2,b), 2, c)}
Also, Ax A= {(1, 1,(1,2),21), (2,2)}.

2 RZ:RxR:{(x,y):xeR,yeR}.

5. ZxR={(xy):xcZ yeR}.

Proposition 3 Let A, B,C, D be a subsets of E, then
O (AxCQ)uBxC)=(AUB)xC.

O AxB)UAxC)=Ax(BUCQC)

® (AxB)Nn(CxD)=(AnC)x(BND)

Proof 2.1.4.1 We provethat Ax B)U(AxC)=Ax(BUC). Let(x,y)€e AxB)U(AxC(C),
then

(x, 7)) EAxB)U(AxC) < [(x,y)€e AxBor (x,y) € AxC]
< [(xeAand ye B) or (xe Aand y € C)]
< [xe€eAand (yeBor yeC)]
< [x€e Aandye€ BUC(C]
— (x,y) e Ax(BUCQ).

Exercise 2.1.1 Let A= {a, b, c} and B = {a,d} be two subsets of a set E = {a, b,c,d, e}».
O Determine AnB, AuB, Cg(B), Cg(A), A\B, B\ A, AAB

® Determine Ax B, Ax A, @(B), Bx @, B x {ga}, P(P(B)).

Solution 2.1.1 (1] J AﬂB:{xEE:xeAandxeB}:{a}
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AuB={xeE:xeAorxeB}=1{a,b,c,d}
« CeB)={xcE:x¢B}={b,c e}

« Ce(W)y={xcE:xe Al ={d, e}

» M\B={xeE:xeAandx¢ B} ={b, c}

» B\A={xeE:xeBandx¢ A} ={a}

. AAB:B\AuA\B:{b, c, d}

® « AxB={(xy):xeAandyecB|={(a @, (@ d, b a), bad,(ca, (cd}
o AxA:{(x,y):xeAandyeA}:
{(a, a), (a, b), (a,c), (b, a), (b, b), (bo), (c a), (c,b), (c, c)}
« 2B)={1), @), (d}, a, i}

Bxp=9
Bx{s}={(@9) @ o)}

2@ ®B) ={{}, {0}, {la}, {@}, {la.d}, {0, @},

{4, b3}, {8, {a, a3}, {{a}, {d}},
{ia}, {a, d}}, {{d}, {a, d}}, {8, {a}, {d}},
{{a}, {d}, {a, d}}, {8, {4}, {a, d}},

{6 {a), {a, di}, {0, (@), (4}, {a, d}}}

2.1.5 Partitions of set

Definition 2.1.4 Let A be any nonempty set. A partition of A is a collection
(Ai) 1y of non-empty subsets of A such that:
i=1,2,..,n

QO A #¢, wherei=1,2,3,...,n.

@ The sets of (A;) are mutually disjoint which means A;NAj = @ wherei # j.

© U, A=A where AjUAU---UA,=A
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Example 2.1.8 Let A= {1,2,3,n}, Ay ={1}, A2 =1{3,n}, A3 = {2}

S= {Al, Ay, Ag} is a partition on A, because it satisfy the three above conditions.

Exercise 2.1.2 Consider the following collections of subsets of A = {1,2, 3,4,5,6,7,8, 9},
which one is a partition of A?

M (11,3,5),12,6},14,8,9))
a ((1,3,5),12,4,6,8),(5,7,9)]
am ((1,3,5),12,4,6,8),(7,9)

Solution 2.1.2
(D) is not a partition of A since7 in A does not belong to any of the subsets.
(I) is not a partition of A since {1,3,5} and {5,7,9} are not disjoint.

(III) is a partition of A.

Exercise 2.1.3 If A, B, C are sets, then :
(@) AA\(BUC)=(A\B)n(A\(C)

(b) AN\(BNC)=(A\B)U(A\(O)

Solution 2.1.3 To prove (a), we will show that every element in A\ (B U C) is contained
in both set (A\ B) and (A\ C), and conversely.

Ifxe A\(BUC), then x € A, butisnotin BUC. Hence x € A, but x is either in both B nor
in C, therefore, x € (A\B)N (A\C)

Conversely, if x e (A\B)N(A\C), thenx € (A\B) and x € (A\C), hence,x€ Aandx¢ B
and x ¢ C. Therefore, xe Aandx¢ BUC, sothatxe€ A\ (BUCC).

Since the sets (A\ B)N (A\ C) and A\ (B U C) contain the same elements, they are equal.



