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Exercise 1 Let f :R−→R, g :R−→R be the functions defined by f (x) = 4x −3, g (x) = 4x2−7x +3.

Find ( f + g )(x), ( f + g )(2), , ( f g )(x), ( f g )(0) and ( f ◦ g )(x), (g ◦ f )(x).

( f + g )(x) = f (x)+ g (x) = (4x −3)+ (4x2 −7x +3) = 4x2 −3x,

( f + g )(2) = 10

( f g )(x) = f (x)g (x) = (4x −3)(4x2 −7x +3) = 16x3 −28x2 +12x −12x2 +21x −9 = 16x3 −40x2 +33x −9,

( f g )(0) =−9.

( f ◦ g )(x) = f (g (x)) = 4g (x)−3 = 4(4x2 −7x +3)−3 = 16x2 −28x +12−3 = 16x2 −28x +9.

(g ◦ f )(x) = g ( f (x)) = 4(4x −3)2 −7(4x −3)+3 = 4(16x2 −24x +9)−28x +21+3

= 64x2 −96x +36−28x +24 = 64x2 −124x +60.

Exercise 2

Ê Let f : E −→ F be a constant function f (x) = y0, for all x ∈ E . Determine f −1(B) for B ⊂ F ?

f −1(B) = {
x ∈ E : f (x) ∈ B

}
= {

x ∈ E : y0 ∈ B
}

=


E if y0 ∈ B.

; if y0 ∉ B.

Ë Let f :R−→R, and g :R−→R be the functions given by f (x) = x2 and g (x) = (x −1)2.

(a) Determine f ({−1, 1}), f ([−1,1]), g ([0,2]).

f ({−1, 1}) = {
f (−1), f (1)

}= {
1
}
.

f ([−1,1) = {
f (x) x ∈ [−1,1]

}
= f ([−1,1]) = f ([−1,0]∪ [0,1]) = f ([−1,0])∪ f ([0,1])

= [ f (0), f (−1)]∪ [ f (0), f (1)] (because f is increasing in [0,1] and decreasing in [−1,0])

= [0,1]∪ [0,1] = [0,1].

g ([0,2]) = g ([0,1]∪ [1,2]) = g ([0,1])∪ g ([1,2])

= [g (1), g (0)]∪ [g (1), g (2)] (because g is increasing in [1,2] and decreasing in [0,1])

= [0,1]∪ [0,1] = [0,1].

(b) Determine f −1({1}), f −1([0,1]), f −1([−1,1]), g−1(
{
−1

}
), g−1([−1,1]).

f −1({1}) = {
x ∈R : f (x) ∈ {1}

}= {
x ∈R : x2 = 1

}= {−1, 1
}
.

f −1([0,1]) = {
x ∈R : x2 ∈ [0,1]

}= [−1,1].

f −1([−1,1]) = {
x ∈R : x2 ∈ [−1,1]

}= {
x ∈R : x2 ∈ [0,1]

}= [−1,1].

g−1(
{
−1

}
) = {

x ∈R : g (x) =−1
}= {

x ∈R : (x −1)2 =−1
}=;.

g−1([−1,1]) = {
x ∈R : (x −1)2 ∈ [−1,1]

}= {
x ∈R : (x −1)2 ∈ [0,1]

}= [0,2]



Ì Let f :]0, +∞[−→]0,+∞[ be the function given by f (x) = 1
x . Determine f −1(]0,1[), and f −1([1,+∞[) ?

f −1(]0,1[) = {
x ∈]0, +∞[ : f (x) ∈]0,1[

}= {
x ∈]0, +∞[ :

1

x
∈]0,1[

}=]1, +∞[

f −1([1,+∞[) = {
x ∈]0, +∞[ : f (x) ∈ [1,∞[

}= {
x ∈]0, +∞[ :

1

x
∈ [1,∞[

}=]0, 1]

Exercise 3 Let f : E −→ F be a function. Let A and B be two subsets of E , and let C and D be two subsets
of F . Prove that

Ê f (A∪B) = f (A)∪ f (B).

(a) First, show the inclusion (⊂)
Show that f (A∪B) ⊂ f (A)∪ f (B). Let x ∈ f (A∪B , check if x ∈ f (A)∪ f (B)

x ∈ f (A∪B) =⇒∃t ∈ A∪B : x = f (t )

=⇒ (∃t ∈ A : x = f (t )) or, (∃t ∈ B : x = f (t ))

=⇒ x ∈ f (A) or x ∈ f (B)

=⇒ x ∈ f (A)∪ f (B).

(b) Second show the inclusion (⊃).
Show that f (A)∪ f (B) ⊂ f (A∪B). Let x ∈ f (A)∪ f (B), check if x ∈ f (A∪B)

x ∈ f (A)∪ f (B) =⇒ x ∈ f (A)or x ∈ f (B)

=⇒ (∃t1 ∈ A : x = f (t1)) or(∃t2 ∈ B : x = f (t2))

=⇒∃t ∈ A∪B : x = f (t )

=⇒ x ∈ f (A∪B).

We conclude that f (A∪B) ⊂ f (A)∪ f (B).

Ë f −1(CF (C )) =CE ( f −1(C ))

(a) First, show the first inclusion (⊂)
Show that f −1(CF (C )) ⊂CE ( f −1(C )). Let x ∈ f −1(CF (C )), check if x ∈CE ( f −1(C ))

x ∈ f −1(CF (C )) =⇒ f (x) ∈CF (C )

=⇒ f (x) ∈ F and f (x) ∉C

=⇒ x ∈ E and x ∉ f −1(C )

=⇒ x ∈CE ( f −1(C )).

(b) Second show the inclusion (⊃).
Show that CE ( f −1(C )) ⊂ f −1(CF (C )). Let x ∈CE ( f −1(C )), check if x ∈ f −1(CF (C ))

x ∈CE ( f −1(C )) =⇒ x ∈ E and x ∉ f −1(C )

=⇒ f (x) ∈ F and f (x) ∉C

=⇒ f (x) ∈CF (C )

=⇒ x ∈ f −1(CF (C )).

We conclude that f −1(CF (C )) =CE ( f −1(C )).

Ì If C ⊂ D , then f −1(C ) ⊂ f −1(D).
We suppose that C ⊂ D and show that f −1(C ) ⊂ f −1(D) Let x ∈ f −1(C ), check if x ∈ f −1(D)

x ∈ f −1(C ) =⇒ f (x) ∈C

=⇒ f (x) ∈ D (because C ⊂ D)

=⇒ x ∈ f −1(D).

So, if C ⊂ D , then f −1(C ) ⊂ f −1(D).



Exercise 4 Let f : E −→ F be a function. Show that

Ê ∀A ∈ P (E), A ⊂ f −1( f (A)). Give an example of a function f and a subset A ⊂ E , such that
f −1( f (A))" A
Show that A ⊂ f −1( f (A))
Let x ∈ A and show that x ∈ f −1( f (A))

x ∈ A =⇒ f (x) ∈ f (A)

=⇒ x ∈ f −1( f (A)).

An example to show that f −1( f (A))" A
Let f :R −→R be a function defined by f (x) = x2, and A be a subset of R, A = {−1}.Then we have
f (A) = {1}, f −1( f (A)) = {−1, 1}, so, f −1( f (A))" A

Ë ∀B ∈ P (F ), f ( f −1)(B) ⊂ B . Give an example of a function f and a subset B ⊂ F , such that
B " f ( f −1(B)).
Show that f ( f −1(B)) ⊂ B
Let x ∈ f ( f −1(B)) and show that x ∈ B

x ∈ f ( f −1(B)) =⇒∃t ∈ f −1(B) : x = f (t ) ∈ B (By definition of inverse image ofB)

=⇒ x ∈ B.

An example to show that B " f ( f −1(B))
Let f :R −→R be a function defined by f (x) = x2, and B be a subset of R, B = {−1,1}.Then we have
f −1(B) = {−1, 1}, f ( f −1(B)) = {1}, so, B " f ( f −1(B))

Exercise 5 Let f be a function E defined by

f :R−→R

x 7→ f (x) = 2x

1+x2
.

Ê Determine f −1
({

1
2

})
, f −1

({
2
})

. Is f injective? Surjective ?

f −1
({1

2

})
= {

x ∈R : f (x) = 1

2

}
f (x) = 1

2
⇐⇒ 2x

1+x2
= 1

2
⇐⇒ 4x = 1+x2 ⇐⇒ x2 −4x +1 = 0.

Compute ∆

∆= (−4)2−4(1) = 12 > 0, so the equation x2−4x+1 = 0 has two solutions. x1 = 4−p12
2 = 2−p

3.

and x2 = 4+p12
2 = 2+p

3. Thus f −1
({

1
2

})
= {

2−p
3, 2+p

3
}
.

f −1
({

2
})

= {
x ∈R : f (x) = 2

}
f (x) = 2 ⇐⇒ 2x

1+x2
= 2 ⇐⇒ 2x = 2+2x2 ⇐⇒ 2x2 −2x +2 = 0.

Compute ∆
∆= (−2)2 −4(2)(2) =−12 < 0, so the equation x2 −4x +1 = 0 does not have a solutions. Thus

f −1
({

2
})

=;, therefore, we deduce that f is not injective and f is not surjective.

Ë For which y ∈R the equation f (x) = y has solutions in R? Show that f (R) = [−1, 1].

f (x) = y ⇐⇒ 2x

1+x2
= y ⇐⇒ 2x = y(1+x2) ⇐⇒ y x2 −2x + y = 0.

if y = 0, then x = 0 If y 6= 0 then the equation is the second degree equation, we have to calculate
∆. Compute ∆
∆= (−2)2 −4(y)(y) = 4−4y2 = 4(1− y2)



(a) If y ∈ [−1, 0[∪]0, 1] then δÊ 0, so the equation f (x) = y has solutions.

(b) If y ∈]−∞, −1[∪]1, +∞[ then δ< 0, so the equation f (x) = y does not have solutions.

In conclusion, the equation f (x) = y has solution when y ∈ [−1, 1]. thus f (R) = [−1, 1].

Í Show that the function g defined by

g : [−1, 1] −→ [−1, 1]

x 7→ g (x) = f (x).

is bijective and find its inverse g−1.

(a) First show that g is injective or one to one.

∀x, y ∈ [−1, 1], g (x) = g (y) =⇒ x = y

g (x) = g (y) =⇒ 2x

1+ y2
= 2y

1+x2

=⇒ 2x(1+ y2) = 2y(1+x2)

=⇒ 2x +2x y2 −2y −2y x2 = 0

=⇒ 2x −2y +2x y2 −2y x2 = 0

=⇒ 2(x − y)+2x y(y −x) = 0

=⇒ 2(x − y)(1−x y) = 0

=⇒ x − y = 0.or 1−x y = 0.

=⇒ x = y or(x = y = 1orx = y =−1)

(because the only solution which belong to [−1, 1], is x = y = 1 or x = y =−1).

=⇒ x = y

So g is injective.

(b) Second , show that g is surjective ( onto)

∀y ∈ [−1, 1], ∃x ∈ [−1, 1] : y = g (x)

g (x) = y ⇐⇒ 2x

1+x2
= y ⇐⇒ 2x = y(1+x2) ⇐⇒ y x2 −2x + y = 0.

if y = 0, then x = 0
If y 6= 0 then the equation is the second degree equation, we have to calculate ∆.
∆ = (−2)2 − 4(y)(y) = 4− 4y2 = 4(1− y2) since y ∈ [−1,0[∪]01] then ∆ Ê 0, so the equation
f (x) = y has solutions

x1 =
2−√

4(1− y2)

2y
= 1−√

1− y2

y
∈ [−1, 0[∪]0, 1],

x2 =
2+√

4(1− y2)

2y
= 1+√

1− y2

y
∉ [−1, 0[∪]0, 1].

Therefore g is surjective.
we deduce that g is bijective, so the inverse function of g exist

g (x) = y ⇐⇒ x = g−1(y) = 1−
p

1−y2

y if y 6= 0.

g−1 : [−1, 1] −→ [−1, 1]

x 7→ g−1(x) =
{

1−
p

1−x2

x x 6= 0
0 x = 0.



Exercise 1 (Homework) Let f (x) = 1
x2 , x 6= 0, x ∈R

Ê Determine the direct image, f (E) where E =
{

x ∈R : 1 É x É 2
}

.

f (E) = f ([1, 2]) = [ f (2), f (1)] = [ 1
4 , 1] ( because f is decreasing function in ]0, +∞[ and increasing

in ]−∞, 0[.)

Ë Determine the inverse image f −1(G), where G =
{

x ∈R : 1 É x É 4
}

.

f −1(G) = {
x ∈R : f (x) ∈G

}
= {

x ∈R : f (x) ∈ [1, 4]
}

= {
x ∈R : 1 É 1

x2
É 4

}
= {

x ∈R :
1

4
É x2 É 1

}
= {

x ∈R :
1

2
É x É 1 or −1 É x É −1

2

}
= [−1,

−1

2
]∪ [

1

2
, 1].

Exercise 2(Homework) Let f : E −→ F and g : F −→G be a functions. Let H ⊂G . Show that

(g ◦ f )−1(H) = f −1(g−1(H)).

1. First, show the inclusion (⊂)
Show that (g ◦ f )−1(H) ⊂ f −1(g−1(H)). Let x ∈ (g ◦ f )−1(H), check if x ∈ f −1(g−1(H))

x ∈ (g ◦ f )−1(H) =⇒ (g ◦ f )(x) ∈ H

=⇒ g ( f (x)) ∈ H

=⇒ f (x) ∈ g−1(H)

=⇒ x ∈ f −1(g−1(H)).

2. Second show the inclusion (⊃).
Show that f −1(g−1(H)) ⊂ (g ◦ f )−1(H). Let x ∈ f −1(g−1(H)), check if x ∈ (g ◦ f )−1(H)

x ∈ f −1(g−1(H)) =⇒ f (x) ∈ g−1(H)

=⇒ g ( f (x)) ∈ H

=⇒ (g ◦ f )−1(x) ∈ H

=⇒ x ∈ (g ◦ f )−1(H).

We conclude that (g ◦ f )−1(H) = f −1(g−1(H)).


