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Exercisel Let f:R— R, g:R— R be the functions defined by f(x) =4x-3, g(x)=4x>-7x+3.
Find (f+g ), (f+8Q),, (fg(x), (fg)0) and (fog)(x), (gof)(x).

(f+8)(x) = f(x) + g(x) = (4x —3) + (4x* — 7x +3) = 4x° - 3%,

(f+8)(2)=10

(fe)(x) = f(x)g(x) = (4x —3)(4x* —7x+3) = 16x° —28x% + 12x — 12x* + 21x —9 = 16x° —40x> +33x -9,
(fg)(0)=-9.

(fog)(x) = f(g(x)) =4g(x) -3 =4(4x*—7x+3) -3 =16x>—28x+12 -3 = 16x> —28x +9.
(go (%) =g(f(x) =4(4x—3)* = 7(4x—3) +3 =4(16x* —24x+9) —28x + 21 +3
= 64x° — 96X + 36 — 28x + 24 = 64x* — 124x + 60.

Exercise 2
O Let f: E— F be aconstant function f(x) = yp, for all x € E. Determine f‘l(B) for Bc F?
fUB) ={xeE: f(x) e B}
={x€E: yeB}
{ E lfyo € B.

() ify() ¢ B.

O Let f:R— R, and g:R— R be the functions given by f(x) = x% and glx)=(x— 1)2.
(a) Determine f({-1, 1}), f([-1,1]), g([0,2]).
fl-1,1}) = {f(—l), f(l)} = {1}
fl-1,1)= {f(x) xe[-1, 1]}
= f([-1,1]) = f([-1,01u0,1]) = f([-1,0D) U f([0,1])

=[f(0), f(=D]UI[f(0), f(1)] (because f isincreasingin [0,1] and decreasingin [—1,0])
=[0,1]u[0,1] =[0,1].

8([0,2]) = g(10,1] U [1,2]) = g([0,1]) u g([1,2])

=[g(1),g(0)]u[g(1),g(2)] (because g isincreasingin [1,2] and decreasingin [0, 1])
=[0,1]u[0,1] =[0,1].

(b) Determine £~1(1p, £71(10,1), £1(1-1,1), g -1, g (1-1,1D).
iy ={xeR: fWe{l}}={xeR:x*=1}={-1, 1}.
FHo, 1) ={xeR:x*€ (0,11} = [-1,1].
=L ={xeR:x*e[-1,1]} = {xeR: x*€[0,1]} = [-1,1].
g'{-1h={xeR: g=-1}={xeR: x-1*=-1}=9.
g -L1)={xeR: (x-D*e[-1L 1]} ={xeR: (x—1)*€[0,1]} = [0,2]



® Let f:]0, +oo[—1]0,+oo[ be the function given by f(x) = %.Determine £7110,1),and f~1([1,+o0])?
£7100,1D = {x €10, +ool: f(x) €]0,1[} = {x €]0, +ool: ie]o,l[} =]1, +oo[

F7H11, +ool) = {x €]0, +oo[: f(x) € [1,00[} = {x €]0, +ool: %e [1,00[} =10, 1]

Exercise3 Let f: E — Fbeafunction. Let Aand B be two subsets of E, and let C and D be two subsets
of F. Prove that

O f(AUB)=f(A)Uf(B).
(a) First, show the inclusion (<)
Show that f(AuB) c f(A)U f(B). Letxe f(AUB,checkifxe f(A)uU f(B)
x€ f(AUB)=3dte AUB : x=f(1)
= (JteA:x=f()or, AteB : x=f(1)
= x€ f(A)orxe f(B)
— x€ f(A)U f(B).
(b) Second show the inclusion (2).
Show that f(A)U f(B) < f(AuB). Letxe f(A)U f(B), checkif xe f(AUB)
xe f(AUf(B)=x€ f(Aorxe f(B)
= (JheA:x=f(y)or(AnLeB : x= f())
= 3Jre AUB:x= f(1)
= x€ f(AUB).

We conclude that f(AUB) c f(A) U f(B).
@ f~1(Cr(C)) =Cp(f(C)
(a) First, show the first inclusion (<)
Show that f~}(Cr(C)) < Ce(f1(C)). Letxe€ f 1 (Cr(C)), checkif x € CE(f~1(C))
xe fH(Cr(C) = f(x) € CF(C)
= f(x)e Fand f(x) ¢ C
zerandxe:f_l(C)
— x e Cp(fH(C)).
(b) Second show the inclusion (2).
Show that C(f~1(C)) < f~1(Cr(C)). Letxe€ Cp(f~1(C)), checkif x€ f~1(Cr(C))
xe€Cp(f1(C) = xeEand x¢ f1(C)

= f(x) € Fand f(x) ¢ C
= f(x) € Cp(O)
— xe [ HCr(O)).

We conclude that f~1(Cr(C)) = Cg(f~1(C)).

® IfCc D, then f71(C) c f (D).
We suppose that C < D and show that f‘1 (C)c f‘1 (D) Letxe f‘l(C), checkif x € f‘1 (D)
xe fHO) = fweC
= f(x) € D (because C c D)
= xe f D).
So, if C < D, then f~1(C) c f~1(D).



Exercise4 Let f:E — F be a function. Show that
® VAe PE), Ac fH(f(A). Give an example of a function f and a subset A < E, such that

AN ZA
Show that Ac f~1(f(A))
Let x € A and show that x € f~1(f(A))

xeA= f(x)€ f(A)
= xe fHf(A).

An example to show that f~!(f(A) € A
Let f :R — R be a function defined by f(x) = x%, and A be a subset of R, A = {—1}.Then we have
FA =1}, ) =1-1, 1}, s0, fH(f(A) LA
® VB e P@F),f(f H(B) cB. Give an example of a function f and a subset B c F, such that
BEZ f(f(B).
Show that f(f~'(B)) c B
Let x € f(f~(B)) and show that x € B
xe f(f 1(B) =3te f Y(B) : x=f(t) € B By definition of inverse image ofB)
= x€B.

An example to show that B g f(f 1By
Let f :R — R be a function defined by f(x) = x2, and B be a subset of R, B = {—1, 1}.Then we have
1B ={-1,1}, f(f'B)={1},s0,BL f(f1(B)

Exercise 5 Let f be a function E defined by

f:R—R
2x
1+x2

© Determine ! ({%}), ! ({2}) Is f injective? Surjective?

f—l({%}) {xeR: f(x)=%}

2x 1 2 2
=— < 4x=1+x" < x“"—4x+1=0.
1+x2 2

x— f(x)=

f(x):% —

Compute A
A= (-4)2-4(1) =12 >0, sotheequation x*—4x+1 =0 has two solutions.  x; = 4‘@ =2-4/3.
and x, = %ﬁ =2++/3. Thus f_1 ({%}) = {2— V3, 2+ \/§}

7 ({2}) = {xer: f =2}

fX)=2 <

=2 & 2x=2+2x% < 2x*-2x+2=0.
1+ x2

Compute A
A=(=2)%2-4(2)(2) =-12<0, sothe equation x2 —4x+ 1 =0 does not have a solutions. Thus

ft ({2}) = ¢, therefore, we deduce that f is not injective and f is not surjective.

® For which ye R the equation f(x) = y has solutionsin R? Show that f(R) = [-1, 1].

2
f)=y < 1:;2 =y = 2x=y(1+x*) = yx*-2x+y=0.

if y =0, then x =0 If y # 0 then the equation is the second degree equation, we have to calculate
A. Compute A
A=(-22-4)(y) =4—-4y*=4(1-y?)



(@) If ye[-1,0[uU]0, 1] then 6 =0, so the equation f(x) =y has solutions.
(b) If y €] —oo, —1[U]1, +oo[ then 6 <0, so the equation f(x) =y does not have solutions.
In conclusion, the equation f(x) = y has solution when ye [-1, 1]. thus f(R) =[-1, 1].
® Show that the function g defined by

g : [_1) 1] I [_1> 1]
x—gx) = f(x).
is bijective and find its inverse g~ !.

(a) First show that g is injective or one to one.
Vx,yel-1,1], gx)=g(y) = x=y
2y

1+ y2 1442
:2x(1+y2) :2y(1+x2)

gx)=g(y) =

:>2x+2xyz—2y—2yx2 =0

:»2x—2y+2xy2—2yx2 =0

=2(x—Y+2xy(y—x)=0

=2(x-y)1-xy)=0

—=x—y=0.0rl-xy=0.

= x=yor(x=y=lorx=y=-1)

(because the only solution which belong to [-1, 1],isx=y=1orx=y=-1).

ﬂx:y

So g is injective.

(b) Second, show that g is surjective ( onto)

Vyel[-1,1],Ixe[-1,1] : y=g(x)

=y < 2x:y(1+x2) — yx2—2x+y:0.

W=y =177

ify=0,thenx=0

If y # 0 then the equation is the second degree equation, we have to calculate A.

A = (=2)? -4(y)(y) =4 —4y2 =4(1- yz) since y € [-1,0[u]01] then A = 0, so the equation
f(x) =y hassolutions

2—/4(1-y?) 1—\/1—y2€

X1 = = [_1) O[U]O) 1])
2y y
2+4/40-y? 1+4y/1-y?
X2 = - 2( y ) = . y ¢ [_1) O[U]O) ]-]
y y

Therefore g is surjective.
we deduce that g is bijective, so the inverse function of g exist

gx) =y <= X=g‘1(y):1_—”y1_y2ify¢0.
g l:-1,1] —[-1,1]
1-v1-x2 X#0



Exercise 1 (Homework) Let f(x)= é, x#0,xeR

O Determine the direct image, f(E) where E = {x eER:1<sx< 2}.

fE)=fU1,2)=[f©2), f(D]= [%, 1] (because f is decreasing function in ]0, +oo[ and increasing
in]—o0, 0[.)

® Determine the inverse image f‘1 (@), where G = {x eR:1<sx< 4}.

FHG ={xeR: f(x)eG}
={xeR: f(vell, 4]}

:{xel]%:lsésﬁ
1
:{xe[R%:Zszsl}
1 -1
={xeR: -<x<lor-1l<x<—}
2 2
-1, o
2 2

Exercise 2(Homework) Let f:E— F and g:F— G beafunctions. Let H < G. Show that

(goH'H) = f g H(H)).

1. First, show the inclusion (<)
Show that (go f)"'(H) < f~H(g~ ' (H)). Letxe(gof) ' (), checkifxe f~' (g™ (H))

xe(go ) N (H) = (gofH(x)e H
= g(fx)eH
= fxeg '(H)
= xe f g (H).

2. Second show the inclusion (2).
Show that f~1 (g7 (H)) c (go /)" (H). Letxe f (g~ (H)), checkif x € (go )" (H)

xef N gl H) = feg ' (H)
= g(fx) eH
= (gof) ' eH
= xe(go f)~ (H).

We conclude that (go f)~'(H) = f~ (g~ (H)).



