A. Mira-Bejaia university Faculty of Exact Sciences Department of Mathematics
First year of mathematics Algebra 1 2024-2025
Tutorial Series N° 4 Binary relations

Exercise 1 Determine whether the relations defined below are reflexive, symmetric, antisymmetric,
transitive.
1. Let Z be the relation given by aZb <= a=|b|,foralla,be Z.
— This relation is not reflexive because we don’t have for all integer a, aZa, for example for
a=-1, 1% -1.(-1#|-1)).
— This relation is not symmetric because we don't have for all integer a, b if aZb, then bZa
for example fora=-1, b=1,1Z—-1. (1=|-1]), but -1%#1. (-1 #[1])

— This relation is antisymmetric because we have for all integer a, b if a%Zb and bZ%a then
a=>bifaZb and bZa then a = |b| and b = |al so a and b positive thus a = b.

— This relation is transitive because we have for all integer a, bc if a%Zb and bZ%c then aZc
ifaZb and bZc then a=|b| and b = |c| so a = |c| thus aZc.

2. Let S be the relation given by aSbh <= a+ b iseven, foralla,be Z.
— This relation is reflexive because we have for all integer a, aSa, which means a+ a =2a is
always even.

— This relation is symmetric because we have for all integer a, b if aSh, then bSa, because
a+b=b+a

— This relation is not antisymmetric because we don’t have for all integer a, b if aSb and bSa
then a = b For example we have 152 and 251 but 1 # 2.

— This relation is transitive because we have for all integer a, bc if aSb and bSc then aSc if
aSb and bSc then a + bis even and b + c is even so a + c¢ is even thus aSc.
Exercise 2 Let Z be the relation on the set of ordered pairs of real numbers, R x R, such that

(X, ) R (1, v) = x*+y* = u*+ 1%

© Show that £ is an equivalence relation.

(@) Show that £ is reflexive.V(x,y) e Rx R, (x, )2 (x,y)
We have x? + y? = x? + y?> which means that (x, y)%(x, y), so Z is reflexive.

(b) Show that £ is symmetric.V(x, y), (u,v) e R xR, if (x,y)Z%(u,v) then (u, v)%(x,y)
We have
(x, R (1, v) = x* + y* = u* + v*
:>u2+1/2:x2+y2
= (u, V)Z(x,Y)
SO % is symmetric.
(c) Show that Z is transitive.V(x, y), (1, v), (a,b) e Rx R, if (x,y)%(u,v) and (u,v)%(a, b) then
(x,y)%(a, b)
We have
(x, NZ(u,v) and (u, v)%(a, b) = X+ y2 —uw?+v’and >+ v* = a® + b?
= x*+y* = a* + b
= (x,y)%(a, b)

so % is Transitive.



® Find the equivalence class of (0,0) and (0, 1), deduce the equivalence class of (1,0).Interpret these
equivalence classes geometrically.

0,00 = {(x, ) ERxR : (x,y)%(0,0)}
={(x,y) eRxR : x*+y*=0*+0?}
={(xx, ) eRxR : x*+y* =0}
={0,0}

0,1 ={(x,y) eRxR : (x,)%(0,1)}
={(x,)) eRxR : x*+y*=0*+1%}
={(x, ) eRxR : x*+y* =1}

geometrically (0, 1) is a circle with origin (0,0) and radius 1.
® Find the quotient set (R?)/Z.

R/ % = {@ : (x,) € R x R} is the the union of singleton {(0, 0)}
and all circle with origin (0,0) and radius r, withr > 0
®R) /% =J{(x,y) eR? : ¥*+y* =r?}

r=0

Exercise 3 We define the following relation S on N*

Vn,meN*, nSm < mdividesn

O Verify that 652 and 5S1. we have 6 = 3.2 which means that 2 divides 6 so 6S52.
The same method to prove that 551, we have 5=5.1 so 1 divides 5, thus 5S1.

® Show that the relation S is a partial order relation on N*.

(a) Show that S is reflexive.Vn € N*, nSn
We have n = 1.n which means that nSn, so S is reflexive.

(b) Show that S is antisymmetric Vn,m € N*, if nSm and nSm thenn=m
We have
nSm and mSn = 3k eN”* : n=k.m) and (Elk/ eN* : m= k,.n)
= 3k, keN*:n=km and, m= k/.k.m)
=3k, k eN*: n=k.mand, k .k=1
= 3k, k eN* : n:k.mand,k,:k:l
= n=m
so § isantisymmetric.

(c) Show that S is transitive.Vn, m, t € N*, if nSm and mSt then nSt
We have

nSm and mSt = 3k eN* : n=k.m)and @k eN* : m=k.1)
— 3k, k eN* : n=kk.t
=3k eN* : n=k .t
= nSt

so S is transitive.



O letA= {2,3,4} be a subset of N*
(a) What are the bounds of A (upper bound and lower bound) ?
i. Find the upper bound of the set A Let M € N*,

Mis an upper bound of A <= Vne A, nSM
<= 2SM and 3SM and 4SM.
<= Mis a commun divisor of2, 3and 4.
— M=1.

So the only upper bound of A is M =1
The least upper bound of A (or supremum) denoted sup(A) is 1. (sup(A)=1), since sup(A) ¢
A then the greatest element of A does not exist. ( maximum of A does not exist.)

ii. Find the lower bound of the set A Let m € N*,

mis alower bound of A < Vne A, mSm
<= mS2 and mS3 and mS4.
<= Mis a commun multiple of2, 3and 4.

<= m is amultiple of12.

So the set of lower bound of A is the set of multiple of 12
The greatest lower bound of A ( or infimum) denoted inf(A) is 12. ( Inf(A)=12), since
Inf(A) ¢ Athen the least element of A does not exist. ( minimum of A does not exist.)

(b) What are the minimal elements? maximal elements?

i. Leta€ A, aissaid to be maximal if
Vbe A ifaSbthen a=b.

We check all the elements of A We have 283 and 284, so 2 is maximal.
382 and 384, so 3 is maximal.
483 but 4S2, so 4 is not maximal.

ii. Let a€ A, ais said to be minimal if
Vbe A, if bSathena=>b.

We check all the elements of A We have 382 but 4S2, so 2 is not minimal.
283 and 483, so 3 is minimal.
284 and 384, so 4 is minimal.

Homework

Exercise 1 Determine whether the relation Z# on the set of all integers is reflexive, symmetric, anti-
symmetric and transitive. Where x 2 y if and only if

O x#y
— This relation is not reflexive because we don’t have for all integer a, aZa, for example for
a=-1, -1#-1.(-1#-1).
— This relation is symmetric because for all integer a, b if aZb, then bZ%Za

— This relation is not antisymmetric because we have aZZb and bZ%a but a # b



— Thisrelation is not transitive because if a%Zb and bZ%c doesnotimply that aZc for example
aZb and bZabut aZa.
O xy=1

— This relation is not reflexive because we don’'t have for all integer a, a%a, for example for
a=0, 0%0.

— This relation is symmetric because for all integer a, b if aZb, then bZa
— This relation is not antisymmetric because we have aZZb and bZ%a but a # b
— This relation is transitive because if aZb and bZc then aZ%c

O x=y+lorx=y-1

O x=y(mod7)

O x+y=7

Exercise 2 Let Z be the relation on the set of ordered pairs of positive integers such that

Y(a,b), (c,d)eZ" xZ", (a,b)R(c,d) < ad = bc.

Show that £ is an equivalence relation.
Exercise 3 Let Z be arelation on the set N*

Va,beN*, aZb < JkeN: %:2’“

1. Show that £ is an order relation on N*.

2. Decide whether £ is a totally order relation on N*. Why?

Remark 1. For the first exercise of homewok, choose only two relations.



