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Exercise 1

Ê On E =R∗+×R, we define two binary operations by :

⊕ : (x, y)⊕ (x
′
, y

′
) = (xx

′
, y + y

′
)

× : λ× (x, y) = (xλ, λy).

Show that (E ,⊕, ×) is a vector space over R.

Ë We define, on E , another binary operation by :

⊗ : λ⊗ (x, y) = (x,0), ∀λ ∈R,

Is (E ,⊕, ⊗) a vector space over R?.

Exercise 2

Ê We consider the R - vector space (R2, +, ·) such that (x, y)+(x
′
, y

′
) = (x+x

′
, y+y

′
), λ·(x, y) = (λx,λy).

Which of the following sets are vector subspaces ? Support your answer.

(a) E1 =
{
(x, y) ∈R2 : 2x + y = 0

}
(b) E2 =

{
(x, y) ∈R2 : x + y = 1

}
(c) E3 =

{
(x, y) ∈R2 : x2 + y2 É 1

}
Ë Is H = {

f ∈F (R, R) : f is increasing
}

a vector subspace of F (R, R)(
F (R, R), +, ·) is the vector space of functions from R in R with binary operations defined by

( f +g )(x) = f (x)+ g (x), (α · f )(x) =α f (x)
)
.

Exercise 3
Show that R3 is spanned by

{
u1 = (1,0,1), u2 = (1,1,0), u3 = (0,1,1)

}
.

Let w1 = (1,−2,3) , w2 = (1,1,1) be vectors in R3.

Ê Is w1 in 〈u1, u2〉?

Ë Is w2 in 〈u1, u2〉?

Ì Is
{
u1, u2, u3

}
linearly independent?

Exercise 4
Let F1 =

{
(x, y, z) ∈R3 : x + y + z = 0

}
and F2 =

〈
v1, v2, v3

〉
be two subsets of R3, such that

v1 = (1,1,2), v2 = (1,2,3), v3 = (0,2,1).

Ê Prove that F1,F2 are vector subspaces of R3.

Ë Find a basis for the subspaces F1, F2, F1 ∩F2, F1 +F2

Ì Are F1 and F2 a direct sum in R3 ? if not, determine a complement (or a supplement) to F1 in R3.

Homework
Let E =F (R,R) be set of functions from R in R.

Ê Show that (E , +, ·) is a vector space over R together with two ordinary operations

( f +g )(x) = f (x)+ g (x), ∀ f , g ∈ E .

(α · f )(x) =α f (x), ∀α ∈R and ∀ f ∈ E .

Ë We denote by F the vector subspace of even functions and G the vector subspace of odd func-
tions. Show that F and G are complementary in E .


